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Let X, Xo,... be a sequence of random variables on (2, F,P) where F = {F;}}; is a filtration of
F. We say the sequence {X;}?, is F-adapted if X; is 7; measurable for all T < ¢ < n.

Definition 2. An F-adapted sequence of random variables is an F-adapted martingale ifE[Xt+1|]-"t] =
Xy for all t and E[| X¢|] < co. Furthermore, 3 o '
& 1l ! Ex. \IQ = g.': o l/zz Yt— - 2 e
o X, is a super-martingale if E[ X 41| Fe] < Xy i,
e X, is a sub-martingale if B[ X 41| F] > X3 F[ Xe.u , CF ] E[ Z> {tf'e} Is *El}{ul

Definition 3. Let F = {F; }1en be a filtration. A random variable 7 € N is a stopp%?‘?me w%
respect to F with values in NU {oco} if 1{r <t} is F; measurable for all t € N.

Example 1. Let Z1,Z5,... be an F adapted sequence and define Sy = Zl 1} A valzd stopping
time may be T = min{t € N : Sy > €} because T is F; measurable: given Sy we can determine
whether it is greater than or equal to € or not. An example of a time that is not a stopping time
is 7 = max{t € N : S; > €} because given only F;, the information up to time t, we do not know
whether Sy will exceed € again at some future time t' > t. Thus, 1{7" =t} is not meaurable with
respect to F; and thus, is not a stopping time.

Lemma 7 (Doob’s optional stopping). Let F = {F;}ien be a filtration and {X:}; be an F-adapted
martingale and T be an F-stopping time. If either of the following two events holds

e IN € N such that P(r < N) =1, or

e E[7] < 0o and E[| X411 — X¢||Fi] < ¢ for allt < T for some ¢ > 0,
then X is well-defined and E[X;| = E[Xy]|. Furthermore, if

o X, is a super-martingale then E[X;] < E[X(]

e X, is a sub-martingale then E[X] > E[X]






Lemma 9 (Maximal inequality). Let {X;}: be an F-adapted sequence of random variables with
X > 0 almost surely. Then for any € > 0, if Tz pin {_(: X, % & 3

e X, is a super-martingale then P(max;eny Xy > €) < E[X(]/e H)( Xg >¢ 3 3 E_D:_] < ﬂ?%]
\/Mb_v

e X is a sub-martingale then P(maxycqy, . ny Xi > €) < E[Xp]/e Mer kov e
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0 100 200 ¢ 300 400 500
(a) Fix 0 = 0.05. The ‘fixed time Chernoff’ repre-
sents /2t log(1/d) which holds at each ¢ but not
all t < 500 simultaneously (which is why it is dot-
ted). The ‘max inequality’ holds for all ¢ < 500,
and the linear boundaries hold for all ¢t € N si-
multaneously.

2ol " fixed time Chernoff ,.-/"/
union bound 2 t"2
____ curved boundary: -
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(b) Fix 6 = 0.05. The ‘fixed time Chernoff’
represents 1/2tlog(1/6) which holds at each ¢
but not all ¢ € N simultaneously (which is why

it is dotted). All other curves do hold for all
t € N simultaneously. “union bound 2t*” plots

V/21og(2t2/4).
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