
Maximally entangled and mixed states

7 =HB = (D)
*"

the d.m
. Pn = 1/2 is the maximally mixed

state.

- In
any basis 137, ..., 16d),

the prob of outcome
i

is 2

maximal entropyy.

- Ideal for randomness generation , if we cancertify Alice measures

PA = 1/22
,

we don't need to
worry

about what basis she measures in.

-Finda state 1AB st.
. Pn = trp (1@XD

16) will be a maximally entanyled state.

- Construct a test/game between Alice & Bob that can only
*

be mon if the state shared is 1).

We willsolvehisfor nel ,fael 2and LEPR)
.



The CHSH Game
-Powerofentanglement
- Characterization of 9.

devises

-sertifiable randomness generation.

etup :

no communication

Alice 给 Bob

*
Ref.

Ref samples X
, YE

30, 13 and sends our questions.

Alive & Bob respond with answers a
,

b, resp.

They "win" if
a 8 b = x Y

.

What is the max success prob . they can achieve?



Thm
Classical Strategies

= 3/4.

Q.
. strategies = cos" T/8 ~ 0. 878.

Casical If a = b = 0 regardless of questions.

then the win whenever
XY # 1 (pr3/4).

Deterministic strategy.

≈¥
condition
ー

ㅇ O - alo) ⑥ b( o )

ㅇ ㅣ ㅇ - alo ) ④ b ( . )

1 ㅇ o - a( 1) ① b( o )

1 1

ali)
& b(i)

↑

contradiction
.



Shared randomness :

a,
b
: 50, 13 x 1 -> 30 ,

13.

Prlwin] - o Prlr ) -[ a(x ,
r) ∞ b(x ,

r ) = xy ]

1 max 1(a(x , -) & b(x , -) = xy]

- 年 。

Sharingentanglement ?

Share an EPR pair.

Kay ideas :

& Measurements in similar bases will agree w
.

h
.p

.

& Alice and Bob can choose a basis based on their

question x 00 %

.



Bases at an angle : For
any

OE (0,
/2),

Bo :=[0= Rolo) ,
18t := RoTy10)3 .
_

outcume 8 outcome 1

ptimal)Q.
. strategy

Alice : on input x = 0
, measures with Bo

on input x = 1
,

measures with BT

Bob : on input y = 0
, measures with B

on input y
= 1

,
measures with B-T8.

*tfs '
i."" ?

□



R (win } =介介象ALoob -

xy}
.

plarblx . y
)

& If Alice measures in Bo and Bob meaumes in Bo ,
the

IEPR) state for outcomes a and b
, resp .,

then,

Prla = b) = cos" (0-0) , Pr/a7b) = sin" (8-9).

PI .Prfa - bO) KG , IEPRDP

Pr (a= b = 1) : /0*, ¢* 1EPR) 1

<☆ . A | EPR2 二高 ( <@ , D 10 ,0 > +< , l , D)
“ 高 ( conf - cosf t sin θ sin d )

= 高 cos (o - θ) .

Similarly
, <0 ¢* (EPR) - tcus (0-6). □



Q. strategy analysis.

그 ¥ angle betueanbasesy8

winp
cos

? π18

ㅇ ㅣ
π18 cos? T/8

ㅣ ㅇ Typ cos
? T/8

( ㅣ 3TY8 cos" TY8

Implications

& Experimental way
to disprove classical mechanics.

Get Alise & Bob to play n times
.

If their win pob is% as n -> C
, suggests some other

theory is at play. Q
. is one plausible explanation.

& Disprove the "local" picture of nature.



+ra ( LEPR><EPR 1) →+B

( LEPR)<EPR1)- 其

A local description of the universe would require
that /2 is a

supficient description of Alice's system. However, we know that

1/2 is equal to classical randomness.

Put it another
way ,

the description of the state of a system cannot

be described as the sum of the description of its
parts.

The origin of the name "nowlocal game".

canmdo better?

Ans : No. The listed strategy is optimal . In fact ,
it is the only

strategy (assuming quartum) that can achieve cosTY8.

How dowe prove this ? First we need a

way
to characterize

all
8. . strategies.

Starting state : PABE Ha *#.



Alice's general strategy :

anu
…
_

←
。四亞“。シ

_

σ
Cumbersome ! Find an equivalent strategy that is simpler to

analyze. First
,

remove the intermediate measurements.

principle o deferred measurement :

Let p = (000 Po) be the stateof a system withe

the first qubit identified.

Measuring the qubit transforms the d. m .
to

[ (k)<31 * Pun.
kE E0

, 13



Consider instead introducing an ancilla qubit called S,

and applying CNOTits

=> CNOT
,s)[, 13 ,0[2! 01 0PhW) CNOTTes.

= [ 1k, k)[k', k'1 * Phh'.
kik

"

If weignore qubit for the remainder, the outsome pr.

can be derived from

tr
; 00 " 名 k><el ∞ Pan .

So
,
measurement can be replaced with unitary + ancilla which

is never touched again.


