
Today :

Proof of uniqueness for CHSH strategy.

Certifiable randomness generation

(note (10 ,
8

.] not symmetin)
↳astime :

CSH = AoBo + Arol (+ A , Bo-Do,

CHSH" = 41 + [Ar ,
d

,] [Bo ,Bi]

we showed that given A
= A?=B-B: then IICHSH

p

* 25.

Also Ichsullop2re if Il Co
,/ = //IBo ,Bill = 2

.

op

And Pr(win] = [ +* tr (CrSHP) -

-

Today :

Let's observe that Pas = [Po(41)<Prlais



so them tr (CHSH PaB) 0 [p - (PrICHSH14.7·

Since ICHSHI/E2E = for every
(Tr) is a 25 eigenvector.

So, let's first consider
pure strategies PaB = 147[4/az

and then come back to mixed strategies.

CHSH(4) = 2 14) => (A0A ,] @ /Bo ,
B

1] 143 = 4147
.

Since IIEAo
,
1

,]l , Il CBO ,Bislp - 2
,

can

t
he are Ignoring

a ① Liz ter
·

Il (Ar
,

A
,) 14) /l = 2

. everywhere as

14) e HaHis
-

Claim As ,
A

,
anti-commute writ

.
147

.

meaning AoA
,
14) = -A

, to 14) but Aod
, may not equal

- A
, do

everywhere
.

E
. n =()n = (5)
then A

,
A anticommute wirit.

any
rector (5) but

do not anticommute for all vectors.



The claim is the best we can hope be . We one using
CHSH

game
to characterize the state of Alice's computer .

However
, we can

only characterize the part of the computer corresponding to be
game.

How it behaves on the rest of the space we don't know-

#of claim Since IIDoll
,
IIB . /E1 tun in one Roll o - A

,Dr) (4)/)

= 2
,

we need Art , 14) = AAI) ofmo 1
.

=> (AoA ,
+ A

, do) (4) = 0

-

EAo
,
A

, 3 "anticommutates"

Let S be the nullspace of Eto,].

Notice
,

(5) + 5 => Aolt)eS .

If
. (AoA ,

+ A , Ao)Nolt) = AoddoIt) + A
, It)

- As AoA ,
It) + A

,
It)

= ( - A
,

+ A
,)(t) = 0

.

Similarly ,
A

,
It) ES

.



We've identified thatNo
,
A

, are block diagonal wirt.

7 = 505.

· (A).
Notice

, by definition , Aols and Als met anticommute.

S is precisely the anticommutation subspace .

What's
up

with 5 ?

We know 14) must be supported only on S.

Having now proved to ,
A

, preserve
S

,
we can

whog assure Ha = S.

Why ? J is the space of strategies when she isn't going
↓ win with optimal probability .



Ihm (on pret 2) For observables O
,
02(S) ,

For O ?= 0 ?= 11 and 0
,
0

,
= -0

,
00

,
I unitary

U : S-CoS' st. U Bout-Zo1s
and 20

.
Ut

= X*Is

-

S

We can't apply this theorem to Ao
,
A

,
but we can apply

it to Aols
, Als and to Boly

,
Bily E analogs.

So
,
E U : Selos ! V : T- DOT'

u(A . (s)ut = ze1jv(B)vt = Holy

x(A , (s)ut = XHs I v (B , H)V+= 1
+ !

These unitaries give us that Alice and Bob's strategies within

S andT are equivalent to the canonical strategy. But
the canonical

strategy needs14] to be a 4-eiganector of (XZ-EX)@(HF-FH)
which is uniquely /EPR) .

So
,
for 14) e Set,

Up V /4) = IEPR) Ljunk]s't!



This let's us prove
the following theorem

#m (CHSH rigidity)

given 147EHxt and observables Ao
,
A

, EL (HD)
, BrB, LCHa),

st
.

the strategy wins with COSTY8 prob .
Then E local inometries

U : He Koth · Vi : Hi-D'ofy

such that

(Va Vis) /Pab = IEPR) Ijunk]AlD'
and

(UVB) (A .@1) (4) = (201) IEPR) @ /junk)

(UVB) (A, 1) (4) = (X * 1) IEPR) @ /junk)

(UVB) (1 B) (4) = (1 * H) /EPR) @ Sjunk)

(UVB) (10 B
, ) (4) = (10) /EPR) @ /junk)

This is the best we can do ! We can only completely characterize

the actions of Alice and Bob on the subspaces Sand
T

.

This is what is being expressed here.



What about mixed strategies Pay ? We can prove something
similar

But firstme are going to establish some
necessary

mathematics.

#(Schidt Decomposition)

Any pure state (4) EfexFly can be expressed as

I
↳
Schmidt coefficient

where =min (dim2 ,
dim 4) ,

Xizo
,
[xi = 1

,

Elui)] and Glv]] as othonomal rectors within Fa
.
His

, reept
.

This is a special case of singular value decomposition.

Recall SVD
, for any matrix M :Hel ,

M = HAV

= Glikil , 1 : Chilikil ,
V: likvil.

i4 ↑
· Orthonomal basis of He . 1

1120 , ortronomal basis of His

so M = [xiVis



Pf of Schmidt Decomposition:

-

Let T be l map <ivl(v) for any le His-

For
any

rector (4) = [Yin(j)] =HAH

consider M = [Yjnk).

Then
, 143 = To M

= T([lu :)vil)
(by SVD)

= 2x : (i)(vil
. #

Schmidt decompositions are very useful.

GivenI = [ii]i) ,
it is

easy
to check

↑:= tri(14)(PI) = [xi 14 :>il

Y :=a .(4)<P1) = [x (v)(vi)



Ref . (Purification (

given
a density matrix PeFla ,

a purification is
my

state

14) = Fety St
. tr (14) (41) = Pa.

A purification is a

pure
state whose statistics when acting only on A

mirror that of PA.

O A purification always exists whenFF-

P : [pila :)(i) then 147 = [Mi
is a purification.

(Uhlmann's This
② Let 14 andIts be two purifications of p. Then

- V :H +Hyst . 1OY 147: It)

(PAetch) Consider the Schmidt decompositions of 14) and It)

14) : [xi (i) (vi)

(2) = [Mi (wi)(zi)

The Schmidt coefficient of both are the roots of the eigewalme of P.
So Xi = Mi.



(i) and 1Wi] must be eigeneties of p.

If distinct (easy core) ,
then (i) = /Wi)

up
to global phose.

Then it remains only to identify a mapping (vi)
+PEit. D

Why bother with all of this?

Necessary to observe a powerful quantum phenomenon :

Monogamy of entanglement.

Consider
any

state Pare in Ho Here ,

such that Pay is
pure : PaB = (4)<Pla

.

Then PABE = 14) PlaBOPE -

# Pace is a mixed state so consides a purification IT TABEE
-

But notice
,
147* 10 ,0EE'

is a purification of PAB .

Uhlmann's theorem gives us that I VeL(HOHE)



st

147ABEE) = INT V100E

so
,

A, B are unentangled from E
,
E ! a

This whole business with E is tedious. In most cases
,

we deal

with trepresents the systems of an (Evesdropper .

We

want to typically make arguments where the Eve is as

powerful as possible ,
so we assume Eve has the purification

E' as nell.

So
,

we usually assume a pure
state IPTABE.

Let's consider the CHSH
game

but this time assume - Eve

who
may

be entangled.

↓
Alice fu Bob

* "Al
Ref



We won't show it
,

but our proof can be generalized to the

following theorem :

# (CHSH rigidity) given 14EHHHE
and observables Ao

,
A

, EY(Hp)
, BoB , -L(HD),

st
.

the strategy wins with COSTY8 - E prob .
Then E local issmetries

U : He Koth · Vi : Hi-D'ofy

such that

(V Vi) /Plabelepr) Ijunk]ald'e
and

(UVB) (A .1) (4) = (201) IEPR) @ ljunk)AE

(UVB) (A, 1) (4) r (X * 1) IEPR) @ /junk)AE

(UVB) (1 B) (4) (1H) /EPR) /junknsE

(UVB) (1 B
, ) (4) (1H) /EPR) ① /junk)BE .

where (4)I if Illus-(v> /) = O(E).



Observations

① This subsumes mixed state strategies for Slice & Bob because

that is captured by Eve holding the purification .

② We consider what happens when we win with nearly optimal

prob . Then Ao
,
As approximately anticommute crit .

147.

③ Monogamy of entanglement is in play here. Notice that

this
prove

that the identified qubil for Alice & Bob und in

the
game

can only be OCE) entangled with Eve.

So Alice's measurements of her qubit for ancpt-- strategy
will generate a random variable a sit.

Hmin(a/E) - 1 - O(VE) .

meaning Eve can only guess a with pr * +O()·



A sketch of how to build certifiable randomness.

Suppose the red has a small seed of uniform randomness

independent from everyone
ele. He wants more so he

buys devices named Alice and Bob from Eve (she

built the devices).

He separates Alice and Bob from each other and Eve

and uses tim to play CHSH knowing that hones

Alice produces uniform randomness.

Con he use Alice's outputs as new certified randomness?

Issues :

① Running CHSH requires 2 bits and only generate
1 bit of randomness.

② Alice and Bob as devices
may keep a



memory of past questions.

we will not handle the second which requires much more advanced

techniques.

Meaning ,
we can assume Alice's action in the +'th round only depends

on the the question asked of her and not her
previous questions and

answers
,

For some

ps o ,

Algorithm Play CHSH gamea total times .

For to .... My

With probability 1-p , (Generation game)
ask Xz = Yt = 0.

and record answer at

With probability p ,
(Test game)

ask Xt
, Ye uniformly randomly.

check if agob = X +%z

If : 0
. 849pm test

games are non
,

then accept the stored

[ag3 as randomness. Otherwise about.



Since most questions are (0 , 0) , why cast Alice and Bob creat?

They will there fail the test games.

So
, they have to play near optimally in order to not about.

Analysis
Letye be the prob of winning standard CHSH by these players.

Then passing the test certifies by Chernof,

X = [t is test round) 1/CrSH pares in round +] X : EXE

y(2π/z EX =

Mpn

Pr(p = 2
+

- to not about]
= Pr(ypus(w

+-)n/X =(
*

- pu]
= Pr(X-ypus /not about]

= Pr[X = Mpn(l +=)] -> exp(m)
- expo)

.

He will end up being a constant It so (back of envelope)



=> Pr[M > 2
*

- to not abouting) - 1-2-02(u)

By rigidity thorem,
the Alice and Bob's strategy is IVE

clue to ideal where E : Too
,

so Alice's outputs have

Hmin (a+ (E) = 4/5 .

LetI be te prob of false certification. Then pick ps .

t.

&(pn) = logt

Algorithm uses O(pnlog(t) randomness.

- O(log + log ) = 0 blogn log ·) ·

Roughly speaking an exponential increase in randomness.

See Vazieni Viclick 2012 for full proof with
full pour adversaries.



#(Schidt Decomposition)

Any pure state (4) EfexFly can be expressed as

I
↳
Schmidt coefficient

where =min (dim2 ,
dim 4) ,

Xizo
,
[xi = 1

,

Elui)] and Glv]] as othonomal rectors within Fa
.
His

, reept
.

This is a special case of singular value decomposition.

Recall SVD
, for any matrix M :Hel ,

M = HAV

= Glikil , 1 : Chilikil ,
V: likvil.

i4 ↑
· Orthonomal basis of He . 1

1120 , ortronomal basis of His

so M = [xiVis



Pf of Schmidt Decomposition:

-

Let T be l map <ivl(v) for any le His-

For
any

rector (4) = [Yin(j)] =HAH

consider M = [Yjnk).

Then
, 143 = To M

= T([lu :)vil)
(by SVD)

= 2x : (i)(vil
. #

Schmidt decompositions are very useful.

GivenI = [ii]i) ,
it is

easy
to check

↑:= tri(14)(PI) = [xi 14 :>il

Y :=a .(4)<P1) = [x (v)(vi)



Ref . (Purification (

given
a density matrix PeFla ,

a purification is
my

state

14) = Fety St
. tr (14) (41) = Pa.

A purification is a

pure
state whose statistics when acting only on A

mirror that of PA.

O A purification always exists whenFF-

P : [pila :)(i) then 147 = [Mi
is a purification.

(Uhlmann's This
② Let 14 andIts be two purifications of p. Then

- V :H +Hyst . 1OY 147: It)

(PAetch) Consider the Schmidt decompositions of 14) and It)

14) : [xi (i) (vi)

(2) = [Mi (wi)(zi)

The Schmidt coefficient of both are the roots of the eigewalme of P.
So Xi = Mi.



(i) and 1Wi] must be eigeneties of p.

If distinct (easy core) ,
then (i) = /Wi)

up
to global phose.

Then it remains only to identify a mapping (vi)
+PEit. D



Today :

- The circuit model

- A Paster search aloitum (Grover's

We need a
way

to describe a sequence of elementary
quantum operations.

Quantum gate
: a 1

,
2

,
3, ...

0 (1) qubit unitary.

Depicted as ItFIE
E.

-Et(ii) I (d) NO
-Eli -i)
-Et (e(" ,)
# (ii)

*. (ii
,
)



# (i)

- i)

Measurement :T measurement in the

standard basis
.

- ↳
-

- ·
CNOT gate between

i i and it qubits ,
I on rest.

The can allow gates between my

z
O(1) qubits .

Initialize a qubit :

- 10) or - It) ,
etc.



Ref .

A quantum circuit is a classical description

of a sequence of gates .

quantities of interest :
# of gates, of wires, of uninitialized qubits .

description complexity in torn of # op bits.


