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Previously
,

- Density
matrices are mathematical descriptions of

prob . distributions over para quartum
states .

- If Pas is the dim
. describing the state of a

system between two player/halves of the system
called Alice and Bob

-Def .

(Partial trace) Let 16
,
>
... (bd] be a basis

for Bob's qubits/system , then for anymatrix PAB

tris(PA) :=<bip()



- We define Pa to be the unique matrix s
.

t.

V (4) = &A
,

if us measure Alice's system in a basis including (4)
,

the prob . of measing (4) Writ. In equals that

Wint . PaB .

Pr(X = (4) w.nt. Pn) = +o((4)(4)()
= <41P14]

40(X = 14) w. ri t . Pa)= tr ((14)(41) Pais]



Ihm Pa = tri(Par) iff V 14]
,

tr (IPIPA) = tr (In(13) PaB) ·

#f
D

tr((Ma1) Pas)

- (bi (MB)Plail
dis

& [ (ai (Ma. ) (1(b; 1) Par (Inelbj)) (19 :3)
= i

= CailMatr(PA) (a)

= tr(Matu(Par)) .



# Pa = tri(Par] ,
then is obvious

.

For other direction
, if Patris(Pas) ,

then I

coordinate (ij) where they differ .

I . e.

[ilpalj) + [iltra(Pas)(j)
I

Il

to (1j)(i) Pn) = +r(1j) : 1 tri (Pas)) .

D

Crotteries
- Using Ma = Ha

,

this
proves that to P = 1

.

- Using Ma=1YXPl , this proves Pa2 0 .



Notice if PAD = IP(P) pure and Ma = (x)<x/

for Xe50, - -, da-13 then

to ((Ma * 1) PnB) = +r((x)(x) *1)(n)4)]
= ((x( * + 143/2

= prob .

Alice measures x on 14) .

*
thm

,
we can compute this directly from Pn .

More intuition :

Consider the dim . D 2(4** )

that is diagonal
i
. e

.

Cijlpli ,j) = 0

[ijlplij) = 0 messii
,e



This is a prob ,
dist over states (i

. j)

given by polij) = Lijlpli , j) .

Then < ilpli) = Ciltra (Pabli) .

-

&j Palij)

[P(i . c)
= pr(i) .

So the partial trace is computing the marginal

Laka racued) distribution .



Next let us prove that the def of partial trace dos not

depend on choice of Elbi>3.

Ex . If <PIPIY] = <4/P4) for all unit vectors 14)
then P =

p.

For
any

14)
,
let P := (<Yale 1) Pa (14) 1p)

·

Now,

<Pl tris(Pa) 14]

- (4 ((10 (bil) Par (101bi)) 14

- <bilPbil=(
which is independent of Elb :>] as trace is basis indep

.



& Let Vis be any unitary .
Let It

... Idp) be basic for B.

ti)(gV)Pab (1nevst))
=(1(i) VB) Pay 10 Vili))

i =1

-

equivalent to taking partial trace

w. r.t. basis [V (i) 3
.

= trig(PD) - Bob's actions do not change PA -

②Let up be
any unitary.

Un+ris(Par) up 1

= &(Upe(il) Pas (Unli))
i

: Lil) Un PaBU (1 * (i).)

= tri(UaPais Up) .



Ref. The maximally mixed state in d-dimensions

is to 1d .

For qubits , in Her

Def .

A state Par betwenAlice and Bob each ofm
qubits is maximally entangled if Pa= 12.

Ex. The 4 states he saw duringa teleportation :

1)= (10 ,
a) + (1)(1

, 1 ea))

are maximally entangled

No Po is sometimes referred to as the

reduced density mortrix of Pass.



Today : The CHSH game
and

"spooky-action" at a distance
.

Consider the following game :

Fighten
lights

, g

Alice Ref Bob

Ret samples x
,y + 50 , 13 and sends x do Alice

and y to Bob
.

He askes for answers ab e 30 , 13 Rom
Alice and Bob

, respectively.

Alice and Bob must answer in 2 + E Lightnes.

They win ifa b = X .

y.

What is their opt. success prob?

Space-separation is just to fore no communication.



If Alice and Bob employ classical strategies , the best

strategy only wins w pr
= 3/4.

But if they we quantum strategies , they can win with

probabilities up
to cop/8 ~0. 878

.

Next two lectures : understand the quantum strategy,

prove it is optimal , understand how it characterizes the

state of Alice and Bob's
g .
es.

Classical Best deterministic strategy a = 0
,
b = 0

-

independent of input.

What if Alice & Bob share classical randomness ?

Let Ar
,
Br : 20 , 13 -> 30, 13 be the strategies for rund. ~

Then

Pr(win] = Pr(Ar(x)0Br(y) = xy]
X
, y , r

- [P(J · P (Ark) Br(y)
= xy]



= max P (Ar(x)0B - (y) = xy]
= "M

Quantum What if Alice and Bob share an EPR
pair?

↓dea Depending on the input x 90 , 13
,

Alice

makes a measurement of her half of the EPR pair,

Strategy : 31x)eK23 for Alice

where <Sil * ) = 0.

likmis [18)cK
*

3 for Bob
,

whre <Pi1B) = 0.

When Alice get input i , she measures her half
of the EPR pair with basis (a)

,
16x'] and

answers

accordingly.
Likewise for Bob .

So
,

Pr[a , b(x , y] = /(*, B/EPRL1".



Let us first write out the optimal strategy and

then return to the more interesting part of proving
it's

optimality .

Easiest to draw a picture

IB! 1) iBi

i
↳

How dome analyze this ?

① Recall from earlier leatures our def
10) : = co(0) + sin0(1)



and 1010 + U) = cus U
.

② For
any

basic (v)
,
lw] of D2 ,

IEPR)= ((v> Iv * ) + (w((n*) (on nwa)

Using these 2 facts and the angles between

recting we can analyze the success of this game.

Polwin] = & Polx , y) · [Plasxy] . zao-y -
-

win condition

= (195 , P: /EPR))" + 19 , PilEPR]P (x , y) = (0, 1)

·K ,
BilePr)/" + 19Bl EPR) [ (x ,y) = 10 , 17

-K ,
BilEpr)/" + KBilEPR)? (x

, y) = (1 %)

·KEpr))" + Ka/ EPR]P] (x , y) = (, 1)



Recognize

(YIEPR] = (4):l l-
↑

if Alice Bob =B
messure in Jasis

differing in 8, : Cro angle between 149) , 18)

theirmeguemuts then

Pla = b = co and Prla-o] : t

Notice by design , all terms in Pr(win) evaluate to

Y

So Prfwin] = + 8 . +cu2] = co'o

= 0
. 854

.

So Alice and Bob can win
game

with

quantum strategies with highes prob than classical.



"Claser
,
Haven

, Shimony ,

Holt" (CMSH)

experiment
.

aka Ball inequality experiment.

aka a non-local
game
.

We know thatq mechanics
says
that n-qubit

states can be described by a 2"-dim vector
. Meaning,

that if nature is doing a
lot of computation

"behind the scenes"

But where is that info stred ?

in
a



CHSH
game proves

thatI picture is incorrect!

The information about the state of the system cannot
-

beheldlocally assuming a speed limit on information.

This is because local info could not produce
to

statistics needed to win the
game

with prob>.

To describe the state of the system ,
we need to

have a global description.

Indeed P = IEPRYEPR) 1
then Pa =P

The key is that the coins are correlated !

Can we experimentally verify CHSM?



Can actually condent this and has been done!

Does it
prove

that quantum mechanics is errect?

#r
.
Since the

q , advantage is only probabilistic

it isevidence that our world isn't classical
.

Suppose a ref observes Alice & Bob winning be

game
swi of the time
. How

many games would

they have to play before he is convinced with 1-109

confidence that the world isn't classical ?

Chernoff bounds : X = EX ,
< per game success

Pr(X = (1 + 5)p] = exp)-
here p = 0

.
75m J :< 1

, 07



ur(X = 0
. 0n] = exp)- 0.

27 n)
want exp)-0 . 27n) = 109

0 .27n19 In 10

n = 77.

Does it
prove

he world is getur? No

For all we know
,
dure is a stronger thory consistent

with quantum mechanics.

Ex
. Noisy telepatory ! Alice and Bob are telepathic
with a success rate of 20%. Herfect telepaly and they
win with probability 1 .

Is are "1
,
the optimal quatr strategy?

Can me do better if Alice and Bob share multiple
EPR pain?



Answer : Is !

But to
prove

it
,
we will need a way

to characterize all

quantum strategies Alice & Bob could apply.

General quantum strategy of Alice

Input : PAB - some state over Alice and Bob.

Could include ancillas
.

Her algorithm :

· Apply unitory U ,
to her qubits.

· Measure qubit 1 .

· Apply Us tohe qubits.

· Measure qubit 1 .

i
· Apply Ut

to her qubits .

· Measure qubit 1 and output value .

Note : this is general enough to include any classical

processing of measurements by how I result.



We need to simplify her algorithm.

Step 1 : Principle of deferred measurement

Alice's strategy is equivalent to a strategy with

only 1 measurement (the final measurement). The new

strategy uses T additional ancilla qubits.

If
. f

Recall CNOT =
70 G(%8 ) or CNOT(x)(y) - (x)(yex]
o 0 1

Let o be the state of the computation before theAB

messment of the It qubit . After the measurement the state

will be :

= [i(1k<1) (14 ><k101)
·

ke(r
, 1]

Consider instead initializing an additional ancilla so the

state is E Q 10701 . Apply CNOT between qubit 1 and
Anc

ancilla
.
Then ignore the ancilla for the remainder of

the algorithm.



Since the remainder of the alg . ignores the ancilla, me

know the measurements are equivalent to that of the state

tranc (CNOT, anc (Way@107Colanc) CNOTI anc)
Suffices to show that this equal Gab -

Let MB = [, liki) , * & E generic decomp .

"
,j6(0 , 1)

(Vij = (i) 1)(b)0H))V
=(

tranc (CNOT, anc (Way@107Colanc) CNOTI anc)
= trans)[ki)Gijlanc Wij)

"sj + (0 , 1]

=[ klane a [i] ijlanc Wij) Ikanan(
ht (0, 13 "sj + (0 , 1]

equals
O unless k = i and j = k

-[ 1434k), Wun

kt(0, 1)



Notice o = [i(1k01) (14 ><k101)
·

ke(r
, 1]

= [ (k)<k1@ Wil #

k

Therefore , entangling with ancilla and "discoding" ancilla
is equivalent tomeasurement.

So
,
Alive strategy is to apply a unitary Up and Her

measure the first qubit, without loss of generality.

Same with Bob
.

Y-



What is Alice's prob of outputting I ?

Pr(outputtingi) = tr(()(D1) Na Paul)
= tr (Us(icSilent)Un Pr)

Let Mi = licile 1 Us
.

Them Pr (outputting i) = tr (Mi P) .

Notice M + M= (Eli) (i) @ 1) Un
- US 1 Us : I

and M" = 0
,
and (Mis" = M" projecte.

This is a special case of a

pas ,
valued operation valued measurement.

will show up
in kr2

For now
, suffices to observe that Alices strategy



can be described by Mim' proj for M + M=
A.

In general , for the CHSH game ,
Alice's action depends

on input y ,
so her strategy can be expressed by pairs

&A , AxSxciri S
.
t

. A proj and Ax + Ax : 1A
.

some with Brb : [By , Bi]



Today :

Complete analysis of CHSH game.

Recall we defined the
game as Alice and Bob recieve

X
, y + 10 , 13 and answer with a

,

b e 20 ,
13.

Win condition : a b = x -

y .

Switch to (9 ,
33cE-1 ,

+ 13 and

win condition : a. b = (1)
* Y

.

So last time we should that a general strategy for
Alice and Bob can be mathematically expressed as

117

& Ax , Axxer
, 1)

S
.

t. As proj. and A + A = 1
,

some with Brb : [B") , i)

Assume Alice and Bob share a state PAB .

Then Po(a . 3 (x ,y] tr (**B Pap)
·



Polwin] = [P(x ,· & Polab ,] Egab =EY

=it [, #ga .br
* 3 to (ABPais)

9
,
b
,
X
, y

&(+)t

=+ [ab
*
to (A BPB)

9
,
b
,
x
, 7

() : i + t+r))[(b))Pa
To simplify, lets define Ax := Ax-Ax

Since A + A&
"
= Ha andA are projecting,

Ax = Ha-2A" and

A : In + 4 As
*

- 4A = In since A proj

so Ay has eigenvalues (1 , 1).

Such matrices are called "Binaryobservables".



NoticeI(a) = tr(AxPx) .

Back to solving (* ). Notice that

Axe By = ([a * )0([bB)

·a B
so (t) = + + + +r)([(k*YAxxBy) PnB)X , Y

um
: CHSH

CHSH is an operator o L (H, @HB) ·

So

Claim : to (CHSH Pab) allChs1)onP

max singular value

If
. Pay = [p : (4:)<4) .

Yunit norm

Then tr (CHSH Pap) = <P : (4: /Casu 14:7

= [P : /ICHSH1) = LICHSH/) . i



So
, Polwin] < + -ICHSHII .

Note : cus/8 =+
So suffices to prove , (ICHSH)) < 2

,
or /CHSHill = 8

.

If
CHSH = AoBo + A,Bo + AB

,

-A,B ,

= (Ao + A
,)Bo + (Ar - A,)B,

Use As = A? = Bo = B = 1 to get

CHSM = (Ao + A ,S@1 + (A0-1 ,)1 (no commutation ! )
+ (Ao + A ,) (A :

-A
,) BoB ,

+ (Ao-A , ) (Ao + A
,) B ,Bo .

= 41) + (AoA ,
+ A

, 10 - Art , -A ,10)1
-

O

+ (AoA ,
- A

, 10) ( BoB ,]

+ (b -
1
,
- A ,10) (B ,Bo)



= 41 + [Ao ,

A
,]x(B ,, B .]

where [to ,
A

, ) = commutator it AoA ,
-A

,
So
.

Now 11 [Ao ,All = /1101 , 1) + 111 ,
Doll

- IIAoll · 111 . 11 + 111 . 11 . 11 doll = 2
.

so /ICHSHI = 4 + 11 CA0 ,
1
,]11 . /l [Bo

,

B
,TI

↓ 4 72 . 2 = 8. As

What have we solved ?

We primed , the

following strategy
wins with prob.i
cuz/8

.

(i)

And that every g. strate

is bounded by win prob can +8
.

"



Ret .

(value of game) For game G,

e0(G) = max prob winning over
classical strat

co
*

(G) = sup prob · winning over g
strat.

W
* (CSH) = ca2/8 and w(CrISH) = 3/4 ·

What was the opt strategy ,
we found ?

A = (i)(i)-(i)(i) = E (phae-flip)
AY = X (bit-flip)

B = H (Hadmrd)
Bi = F= ( :) ("rotated" Hademand)

Lets notice that ATAT = - ATA and BOBT -BTB

Canti-commutation)
.

Furthermore
,
IEPR) is the unique

IV eigenvector of
CHSH

*

= AroBo + A
,Bu + AroB

,
- A, B,

Ceasy to computer vriby).



Are there any
other optimal strategies?

#hm All optimal strategies are unitarily equivalent to

to the strategy (A , AT ,
B , BY ,

IEPRT) given .

we will formally define unitarily equivalent.

If . If a strategy is optimal , them all ineq , most be tight :

tr(CHSH Pas) = 25 and 1/CHSH1) = 25.

so Pay = [pi 14;(til with <4: /Cusu/4 ; ) = 25.

So
, Pay is a liner combination of "pure strategies";

each of which is a 252 eigenvalued eigenectar of CHSH.

Note : 1/CHSH11 =25> 1110 ,
A

,]/l = 2 and

1) [Br , B ,J /1 = 2 ·

Does /ICAr , 1 .]/) = 2 imply AoA
,
= -A

, so ?


