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Deutsch-Josza game

Say there
is a bas

two lights two batte
.L

Press a button and one of the two lighter true on

Cdeterministically) .

How
many (button presses) are required to decide if

actions of be two buttres are same/different ?

Classically 2.
Also learn which light.

Quantumly 1 . Don't know which light.



Needdo be able to query
box in superposition

Box :2 : 90 , 13 -> 90,13
.

Want to knew if P(o) = &S1) or not
.

Consider unitary UP St . V X
, y

= 50, 13

(x)(y> (x) (yy))

If is defined everywhere by liverity .

Algorithm

① start with 10) 11]
.

Apply HH H= (ii)
⑤ Apply Up .



④ Apply Ho 1

⑦ Measu 1st qubit

#F
HH

10711) ( (10)-I

(-l
~

S
f(x) = 0 = 10) - 11)

f(x) = 1 =) (1) - 10)

=[G(()
X [0, 13



-

)
Hel

↳ fipf(f(o) +f()

Measurement outputs f(o) + ↑(1) with curtainty !



Today : The
power of entanglement

14) a state on (n, nc) - qubits.

-((
on

, (1) Onc

Does 14) necessarily equal (a) @ 1b>?
↑

(on , 193 yona

Ar!

Ex
.

IEDR]=()
If (5)( * ) = ()
If IEPR) = (5)0(5) ,

to



cu= = c + 0
,
+0 .

so= = B + 0
,
870 .

so ten ad + 0
, BU + 0 , a contradiction .

A stronger inition fromcounting states :

&

Recall from pretty that for any ec 0,

we can find 2
2n

n-qubit phase states of which
-> subset of size 2 ((E2")) which are e-orthogonal.

within a (2m) qubit space there
are
(t(2))

such states. How many states are in tanen product?

2n+
1

# of states of type 14.30/4)] = 22g22

2+ 1 - r(e22)DoHereproductstateem = 2

= zicer) for <20



Ref. A state 14) = 2007 is entangled if 14] cannot

be expressed as a product state.

What is so special about an entangled shate ?

Case Study : The EPM state .

What are the only measurements possible ?
In standard basis :

↓ 100 w pe
111) w pr

measure first qubit in It)
,
1-7 basis .

le(0w()
+ (10) - 112) (102 - (x)

252

-10) + 0107/17 + 0 11) 10) + 211)(1)

28

· lol = IEPR]



So Primary It]: and resulting state a

Ho=quiis
Likewise

, Polmeury 17] -- ande qubit is den 1).

#mk EPR- mixture over 10
,
03 and 1117

.

If
. If we meme fot qubit of loos in It)

,
1) basis

them pr(X = It)) = ↓ but and qubit state is 10%.

& pr(Xo 1-3)= but 24 qubit state is 107
.

If we meure fot qubit of (11) in It)
,
1) basis

them pr(X = It)) = ↓ but and qubit state is 11

an pr(X01-3)= but 24 qubit state is 11)
,



Therefore , X is uniformly random but on outcome It),

2nd qubit is a prob mixture over 107 and 11) and

not It)
.

So
,
we can distinguish /EPR) from 10

.
07 & 11 , 1)

mixture.

Aliv & Bob and EPR

m
Alim EPR Bib

Thm
-

Alicemares her

qubit
in basis (b)

,
16.). Her meanement

will be uniformly random it 10, 13, but Bob's state will be 1bi).

No
,
this does not allow faster than light communication.

Supercoding.

#
wants to send

messages
to b ,

who is leaving

fr a trip fr away ·
Can they some on postage using g . m

.

&asically m bits requires m communication
.



&ten Wide some preparation , only m/z bits of communication.

2 bits for the
price of 1 .

:

F
Laim +** = X

*

z*

100) = lot ,
1)=

10) = A ,
1)=

orthogonal states.

-



State of Alice & Bob is a 2-qubit state e C"
.

There are 4 orthogonal states & ".

Alia can switch the global state to
any of the 4 of

them .

Since dry are orthogonal , there exists a distinguishing
measurement.

Lesson IEPR) = 17) 0 1 +)
u

unentangled.

TEDR) *SE prb 100] shared randomnes.

I pub 1117

Dealing with entanglement and randomness at the

same time : densing matrix.

For a state 14)
, corresponding desity matrix is

143[4) .

For a prob mixture po of 140) and



P
, of 14 .)

, desidy matix

p =

po (4 .(4) + p . 14,3<4 .
1.

In gareal p : & palta)<4al

Properties : Not

① tr(p) = 1
. I If p = (4)(4) (rank1)

called "pure state" else
② p = pt and p30 . "mixed state"

-

Strong converse : given every
dim

. P ,
G a

prob ,
mixture

Elpa] and state [Ita]] sit. P = [Palta)(Yal .

Cf : eigen decomposition of p gires pa and 14a).

Zeiguclus = to and positivity gives pa ? 0 .

Exophy

10 - (0%) (E( % %)



|t - + (ii) (t - t)"))
confp- - (d) .

01

O OERR +00 O O (
O I

shad nbose = (100)
1t) 0 (t) => (all one) ·

Therived conseque of g. computation .

① n-qubit state is a density matrix in 2(On ).

② update by unitary transformations



p + upht

⑤ measurement of a single qubit :

P + (1001) p(10(001)
+ (M)(1(01)p(11(1)01)

S

Pr(meaning 0) = to ((1020111] p)
Pr (measmy 1) = tr((11)(01]p) .

(State conditioned on outcome Of =

1) p((0)0)* 1)
&

tr(0(0) @ 1) P) .

In class : verify that this state has trace 1.

④ If with probability pa , first state is Pa and

second state is Ja
,
then onrall state is

& Pa
· (Pa@a) .



thatdensity matrix computations follow from
the axioms .

-

Consider mixture of states [14at3 with prod. Pa

s .
t
. [Pa = 1

.

①
The corresponding matix is P : [PaltaT4al .

① 020 b
.
c
.

sum of positive motices.

② p = pt b
.
c

.
sum of Herm ,

matrices.

③ tr(p) = tr([Palta)Yal) 1 linearityo
= [patr (14a)<Yal)

1) cyclicing of
: [Patr ([Yalta))
= &Pa =

1
.

So p is a density matrix.


