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Quantum Error Correction
.

Until knew,
,
me have talked about perfect application of

gates
and perfect initializations of g .

states.

What if that is not the care?

Error-correction
gives

a drony of how to recover information
in he presence of noise.

Biggest block to our construction of large scale
go computers

Quantum computation is more succeptible to voice thou

classical computation.

t



Errors can occur in
any component..-

How dome correct
.

O A thony of correction for statio q information.
No computation occuring , just errors.

Run a sequence of corrections to return information
back to original.

Quantum analog of reliable data storage
.

Classical : CDs
,
SSDs

,
Harddrives

,

Pen and Paper

② Correction interspersed with computation
Called Fault-Tolerance and will be covered in Lecture 20

by quest lecturer Michael Beverland.

How do we correct classical information ?

Theory : Rich
.

Practice : Redundancy



WiPi/3G/4G : LDPC codes

CD-Rom : Reed - Solomon codes

Computation : Run it thrice and take majority vote.

Reasonable because a classical bit in a modern transister incurs an

err wit pr > 10-16

To analyzecrror-correction (theretically) ,
we first need a model

for crow

Simplest model bit flip Channel
.

ipuS output-

p + E(p) =

p
. XpX + (1 - p)p .

-
Notion holds for quantum also.



High level : A channel is a

map from density matrices to

density matrices consistent with
g mechanics axioms.

Bit flip on each bit :

z((
=

) p [
*

(p) .

Pr(no bit gets Plipped] = (l-p)" -> 0 as n- + es.

General procedure.

TakinEn logi
date

Easiest classical example : Repetition code.

in Enc(0) = 0 . . . ... O

T : = Enc(1) =
1
.

-...
1

me

n times
.

Assume pc



Dacly) = 30iY
Dudecoding in wrong) =P bit Pipp]e

The 3 troubles of quantum error correction.

O infinite collection of possible errors even just on one

qubit

② No-cloning theorem .

There is no unity mapping
10) 10310) and It) 1* / +)

Therefore quarter repetition code dent make sense.

③ Measurements destroy quarte infor
How do we correct when measurement is perforative

?

Today : Show's 9 qubit code + theory of EC.



Let's correct first for a specific subset of errors :

Single qubit X (bit Plip) ,
E Square Prip) ,

and XZ (bit +phre)

To correct just bid Plip error
, appeal to classical intuition.

map 10) + 1000)

3 Does not violate no cloning117 + /112) as we copy
in I

basis

14) =<10) + B11) +o 1%> = EncIt) = <10007 a $11117 .

in3
Say arrow occus on middle qubit .

= (i) = < 1010) + p1101] .

Measing
would destroy superposition.

Instead
,
we compute error-syndomes and measure these.



pr Sim
I run on 1x ,y,

z)
,

then a =

voy ,
b = yoz .

aob = X0Z
.

By linearity ,

when run on EIT) = < 1010 + p/101)

we get
< 1010711) + 11101711)

= (E)
↓
syndome

What happens for other bit Plip cros?



Ear & ↳

no error O O

zot qubit 1 O

2nd
qubit 1 I

zad qubit o 1

-

·
After correction

,
we can discord the syndrome qubits

(theyhe now unontangled by measurement).

↑Ee= Enco Correction



Correcting only phose errors :

Note HEH = X .
Phone errors one

bit flip cros in a different basis.

10)x( + + +7

(1)D1 -
-

- )
.

(4) = x (0) + pl ++ (5) = <| + + +) + pl - - -

inS
z error on 3rd qubit .

Then

x(+ + +) + pl- -) = (( + + -) + B1 - - +)
.

-
= H

* 3

<100 17 + 1110) .

So correction circuit is

easy
to concoct.



--
Bit Plip--EtJ-Syndomee-
-

- 10)
- 10)

Note ifme encode in phase flip code but X
,

occus Jan

-( + + +) + p - -
-) = (( + + +) - p) -

- -

New state will have syndrome (0,
0) for phone Plip code and

correspondsdo applying E
on underlying logical information.

Same with phae Plip for bit Plip encoding
.

How dome combine to get both error corrections?

Ans : Encode in one code and then in te other.



10)1 1 +)
* -D (1000 + 1111))3

11 -D1-)
*- (1000 - 1111))

*

Could have also done in the other order

-
But has different correction

operators
.

Encoding:

&

I - Pip-10)Enc·-
-



Correction + Decoding
-

&·
This corrects

any
1 bit flip cror per triple and

- phase flip error. To correct bit + phone Plip
door in the sane qubit , both syndromes check.

Fact
. Every Hermitian He

**

equal

n = <1 + pX + u(Xz) + 57.



Next lectures :

① What about infinite family of errors
?

(Rough answer : Pauli erron form a basis Pur
all errors)

② Can we correct without decoding? (Yes]

② How do we encode more than 1 qubit of

logical information?

Is there a general theory of why this
is working?

& general theory of go err correction.

(Slides as thre are a lot of drawings)



Mart2 (of Len (7)

Anabridged) theory of classical error correction.

A subset CE50 ,
13" is a code encoding k bits into

n bits if IC) = 2"

The distance of the code is domin dry
X + Y

the min number of bits required required toPlip smax-C
to yeC .

A code of distance d can correct (
errors.

⑳
%

all words that correct

to a



Typically,
when people talk about classical error correction

they are talking about liners codes.

k = din C and C-Ker A t check matrix.

Notation : C = (n ,
k

, dy code with locality e if
C = Ker A with A being C-rowk-column spoe.

Ex
. a = (ii)

.

Ax = 0

equels

* ex
=

= X
, 0Xz

= 0
.

C = (3 ,
1

, 3] code .

d = mir du(x , y) =mir 1xx + Y
X

,YEC


