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Emportantmath review : Prob
. Theory

Let XIO be a pos .

random variable.

O
Marhor'sIneg . P(X = a] < Ex for all as 0.

If EX-E]Pr(X = a) + E(XIXca]P(x
PrlX = a) +2

②
Let X be a rr

.
With VarX = 22 finite and EX-pe.

Chebyshelneq . V k > O,

Pr[(X-m = kr] = i



If
. Apply Markov for Y = (X-M)2 and a = ki ?

Pr((X - M) = k0] = P-f(X -M) -40]
= Pr(y = kir]

-
③ Chernoff bounds :

Pr(X = a) = p- (e
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Chemoff bounds : X
, . . .. Xne 90 , 13

.

X = EXi
, M

= EX
,

Pr(X = (1 + 5)m] - e

- 53/2 + 5)

Pr(X = ( -5)p) + e

-3/2

Pr((X -+) = &ju] = 2e
- 53/3

Today : Quantum's
power

over classical

① Elitzur-Vaidman Bomb Tester

②Deutsch-Josza game
.

Recall axios of quantum computation :

① The state of a n qubit system is a unitwee in

=



② For
any unitary He

** Y

,
we can transform

the state (4) to

[ ]↳...100 ... 01a (4)
un

2
, l

,
+ 2 +1 = n la

③ Measure the Piet qubit : 143 = 10) /ToS + 11 141)

Transform to li wide p-llI

⑪ Given State 14] on n-qubits ,
me can generate

the state 147010) on (n+) - qubits

Obs General basis single-qubit measurements.
-

Let 160)
,
Ib

,
L be orthonormal rectors in $2.

Axious give us a

way to measure (4) and get

10 n

pr K01431 and

11) w pr 1414LP-



Can me generate a method to get

160) w

pr /<b01471 and

16 ,3 w

pr /<b , 143p·

A let z = (abi)
I is unitary as

yet - [c)
Then UH = (lb )= -1

For islai
, (i) =(b) so ulbi) = (i)

.

Algori

O Apply Yet (also uniting)
② Menue

③ Apply U .



If. state after D is U
+
14]

For it 20 ,
13

, measuring produces (i) with pr

Kille14 = (bil4>
:

Then applying2 means we produce Uli)
= /bi) n

po

Kbi(4>?.

Aphysicsmotivation for qubits .

Polarization of light.



Photons have a polarization :

Photons that travel As "in state" 10)

Photons that travel I "in state" (1)

Photons that truel / "in state" 10 : 1)

Build a sieve :III so dat

outputphoto
What is happening as photon hits the sieve?

As measurement :

14) = < 10) + pl = (5) state of photon before .

collapses toeiden 10) "absorbed" w pr laR

11) "goes through" w

pr I9P.



Random light's polarization can be thought of as a

random angle · Easy to show that ~2 of photons
passthrough in the stat. mech. limit

Problems :

900

-I:
458 go

·
basic measurement.

shokdim by
aa



Another way
to analyze this is to notice that

a sieve at angle O is measuring the qubit
in a non-standard basis given by

160) = cost 10) + Sin 11) "pass troy"
15) = -sine 10) + a O /13

. "Absorb"
.

Ur p

·
↳

what praction of light passes through?

P- [Foo) measment accepts 163]
= / (br/bi /"

= (aVe0 + 2 + sin Use o + 2)
= cri((0 + u - 2)-!



#zur-Vaidman Bomb Tester (1993)

Suppose Chre is a black box (cannot open/see components) sit.

& A photon enters and a photon
leaves

,

⑤ you
know it is I of 2 possibilities :

"Bomb"·
explodes .

Otherine photon
passes through.

"Dud" =- -

wi

Question : Can me detect which box is infront of
us without setting off the bamb?



Ideas :

send 14in) = 10

Dud : Mour) = 103difference
Bomb : 1Pout) = 10).

send (in) = 117

Dud : 1 Mout] = 117
.

too much

Bomb : Strapleion differe

Model the Dud as the identity transform
the Bomb as a standard basis measurement

Let's send in a rotated state

and measure the output in a rotated basis.



Introduce a rotational gate :

Ro @J min
E

Ro = (sin).
Rolo =o

+ sin /1)

R =Ro
.

Diagram :

O
Oz

ez &
measure if

pares
or reflects.



Quantum Circuit :

O basis mearment

-E-E10

by prev , we can write it as

E
R = R

- o,Roo,

#-10



when- =-#"and
"

this simplifiestoa)- 107

which "accepts" n pr
cos" (0 , -82)

, (no explosion
"rejects" w

pr sin
?

(0 .
-0

. ) . (no explosion)

when -T =# "bomb"

--10
"explode" w

pr sin" (-0 ,) + sin" (0 . ).

"survive" w

pr cr2(0) .

Pr & "accept"1"some"] = ca (02)
·

Pr("reject " /"Sure"] = sin" (02) .



say
we are willingdo tolerate & prob of explosion.

want to pick ,
s .
t

. E = sin" (0 ,
)

.

What O2 should we pick ?

Equivalent to comparing two biased cans.

Coinand tails with prob .

sin" (0 . -02]

Coinsoms tails with prob .

sin ? (O2).

Pset 2 will discuss optimal distinguishing measurements
.

For now
,
notices O2 = 0

, yields that "ud" always accept
and "bomb" : explodes n pre,

rejects w pr (l
- 1) E

accept 2
pr (I-eX = 1 - 2-

some amount of bomb detection is going on!



Can we do better ?

Not if we sand a fresh photon in each time.

Cin class discussion as detectability and explosion prob
.

are roughly commensurate
↑ times

&Recycle photo -
maseflo&E

or 117

#[t ... El-[1-E-10s
-

T times
.

pich T=

If "And"
,

then (t)" = Fit : Fit
so circuit always outputs 11).



If "bomb"
,

each
pass through the black box either

explodes with probability sin 0 or resets do 10)

with prob .

cu.

Prob(expleim] = Pr[1 exp.] + Pr(2 exple't not]

+... + Pr[Thexp)1-T not]

= Prim explosion]

= Tsin" O
.

End state will be 10) then with prob .
-1 - Tsin'O

and explain with
pr

- T sin" O
.

If explosion tolerance isa then

Tsino=

pick O =E = O(t) .

T= O(E)
.

Con detect if Bomb with only -> risk of explosion
in time O(t)

.


