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Proving local Hamiltonian is QMA-hard :

Given input circuit C =

gy ... g , acting on n qubit input , mancilla.

Construct a local Ham H and quantities (9 , b),

① = 14) s .t . ((147) accept w pr2 1-t,

then F (4) s .

t. <YIH) : a

⑳ VIP) , ((14)) accept wpo-- >,

ran V 143
,
<Y1H14]1 3.

in class
,
we will only prove

that Ologn)-CH
i Qrs-had.

HW will include problem for proving 5-local hardness.

Quantum analog of the cook-levin therem proving that -SAT is

NP-complete .

Cook-Levin Tableau Review :

given classical computation of T time steps using total space S,

write a T. S tableau with the state of th machine at

time t in rowt.



i
Can we construct the same fr quantum comp

?



Consider a circuit C =

GT .... g) can we create a

table with rous

1 %) = /Twitues) 10m)

14) = g . 140)

142) = g.g . 140) = gal4]

!

(4+) = Cl4)
·

Why does this not work? Local checks cannot verify the evolutions.

Ex
.
(4)=ri and

g++
= Z
.

Then (4th) = Li
Wheres if & : 1

,
then 14tr)=i

Laim Any K *-1) reduced density madeixofis
+ (102)Com + 11) (41).



So a check differentiating if 9th - E>
vs. Al must be

non-local if it can distinguish
IN-JOINED from 142@ (4z]

g7+E 95 :I

We need a better solution that can detect global changes

that occur from local gates.

Let's create a Ologn) - local Hamiltonian whose ground states

a of thforL state
ita

- expressed in MoghT + 17 bits

and14z) = gt---g . 140) (all related)·

In order to write out te Ham
.

Let's first understand

he i120lo2 - 10(1 ou
+
+ 10011

2



-=u)
Then<Ph14] for he 1031403 + 11/4.) - unnouchind exe

( < Pol (t. 1)(t-u)
: = (tol (1) (1402

- x
+

143)- 2140) + 14.3

= ( <PIt - <PolutI4)- CRICtI4 + (14)

= /14 . 3 - 2141)"

h measures distance from states of the form
# 10(4) + 11Ul40]

where 140) is of now 1.



Altomate proof of fact :

Let V = 1110U + 10% 1

U - Lieut + 10) 40) 1

-lo-1100
= 1-1.

So groundstates of WthV are states of te from
1+ /%)

.

andIthV is a projects . So groundstates of h

are states of the form V 1 +) @ 140)

- (10) 140) -(1) 21403) ·

Apply this intuition to general Hamiltoniancircuit

h = (((+ 01 - ( +(t - 1)0g +
- (t -1(+ )g] + (t-)( -10H)



* Each term he acts on time register + 2 extra qubits def.
by ge

same calculation will tell us that for 14) : [IE) (4)

that

[4h(4) = 1) (4) - gol4 I

But how do all the pieces act together ? Analyze a station.

V=Hg
Ut .[ gg

v h +V = = (A)(+ 01) - (t- 1(b) +- - (t)(+-101 + (+ +1(+-10])
= ((t) - 1t-) ((H - (+ -1) ou

·**(



This is a special matrix .
It is the Laplacian of a line

graph and also a circulant matrix
. (aso tri-diagonal)

0-0-0-0-
...

-o -o

O & 23
T-1 T

x for any 14.>

10 = 0 ,
elgenector (i): 14

↑ - exercise/intuition from graph mixing
time

.

So
, removing rotation by

V :

Mprop=he is a Hamiltonian with

grand-every-o , grandstates of he formgog
~

for
any

state 140] · known as a history state

highing degements grands pace.

and first non-zero energy of: 2.

Therefore , Uprpl-p) projectmospar
it



Next : Adding checks for ancilla and output and computing overall

cigenvales to make sure cheating provers are
detected.

History states just check evolution of the computation

To check output of computation ,
we want a term that

checks that when the time register is set to T
,
the

first qubit is in the 11) state.

Hout = IT)This * 103/0I
,

-Penalizes being timeT and first qubit : 0.

To check input, we need to make sure that all the ancilla

registers of the computation were set to 10).

Hin= 100lim@ 11)Cancilled



Hour + Hin is a commuting Hamiltonian meaning every pair

of local terms commute.

Each local term is a projector . So Hout Hin has an

integer spectrum.
· projector onto passing all

Hout + Hin- (1-Trout in $ out checks.

Alaim H = Hprp + Hour* His supices as a Ham.

IntuitionsLet
unless

he gives energy 1) (4-) - ge (4 -1))"

Win gives energy <Dancinac 147/1
Hour gives energy // <01 , 14+>//



Recall V ge---

Let (x) = v
+
143 = [H/ME)

where (t) = g .. g] 145)

Then

he gives energy //(M+-1+-1/12

Win gives energy <Dancinacs (No>/1

bout gives energy // <01 , CIM+ /12

If satisfiable Fan E good choice 1/2 for all (M0] ... (+>·

When unsatisfiable ,
in order for Hin and Hout

energy
to be small... (NO) and (11) are orthogonal.



For intuition only : The following is not the lowest
energy

state
.

Carton : (ML = 10) and (M) = /1) in some 2D space

Com be formal due to Jordan's lemma

Then ideal (Mt) would be 150) & O: to minimize Hprop energy.

Then <41H14)

# =ClrtHul>

= <MIVthVIM]

= T - sin
:
O

(Mo)
- 0()

.

We will prove a
lower bod of (Fs) in the next clas .



#
.

Consider a (yes) instance of QURCUTSAT.

i .e. G (4) s .t . CDNX) accepts w pr31-E .

Then let I-tgtgIP
the History state of 147. By construction,

4(Hprop(4) = 0

[Y(Hin 14) = 0 =>[PIH4) = -
.

<P(Hour14] - E

What about a (no) instanceaf QCircuit SAT ?

Recall the max success prob of a CircuitSAT instance was

carO where O was the angle between 10100m and

2 (I(1 In+m-1) C projecti

# max success prob is small (EE) then O is large (near) .

as cos = E.



We want to show that Xmin (H) is not super small.

Since Hprp2(1 - Ttprp)
it suffices to show lover bound on :

xmin (2 (1-[prop) + (1 - Tiront)
↓ Amin ((1-Ttprop) + (1-Tinome)
-> (2- Xmax (Ttprop + Tiront)
= (2-2cs)= sin

where U = ough between It
prop

andTironttree
To do this

,
let's bring back

V=Hgt -g

We know that

VTV = projecto onto states( (h):= 14prp



v
+

TiroutV = (IT)<To c+(j)( , 0H) C) ·

(10)(01 1n@10m)(om1)
↑
terms commute.

U = angle (Ttprop , Tirrout) = angle(V
+

Ttprop ,
V
*

ThioreV)

To calculate angle betwen spaces :

cov =

max <hulTironhu

=uHPTTiouI

·my ((u
+

((01)(4)
+ (4) 1m 102<02 147)
- Lo



as optimal 14] is midway betwe projectors (
+

(11) (1 ,*H) C

andIm@10m)or which are O apart.

Recall V = 100 = 22 -1 =>

=> Ze = - =

c=F (+ ) = 1 -

sin

Therefore, Xmin(H) = r()
for small E

.

So if yes instance
,

Xmin (H) -

iP no instance
,

Amin (H)?



To complete pf of QMA-hardness , first use amplification to

convert
any QUIRCUITSAT problem to (1-e , e) amplification

for -3 .

Then apply the circuit-to -Hamiltonian construction
.

A more sophisticated analysis proves
that no instances

map to 2(*) .

Note that we only proved QMA-hundress Por O(logT) = 0 (logn)
local Hamiltonians . Your homework includes a transform to 5-local

Hamiltonians-

This will yield a Hamiltonian acting on
T+ n+m qubits.

Also
, we only proved

it was QMA-had to estimate /min (H) to

# where N is the number of qubits in the Ham.

It may
be egion to get a conser approximation


