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Finding a basis <b .....bu] for Sp sit
- only by

anticommty :

① Renumber bases s
.

t
.

b
,

anticommuty
.

② If by anticommates
, replace by with biba.

Next
, computation with a few non-Clifford gates.

non-Clifford gate examples :

T=5-( ! eio) cez
ceX=
(Toffoli)

Tem (Solovay - Kitev) Any 2-qubit uniting can be

- approximated using O(polylog(YE) H
,
T

,
CNOT gates

Soloway - Nitae + Clifford simulation suggests that the number

of T gates in a H
,
T

,
CNOT circuit should be a measure

of the circuits complexity.



Im J a constant as 0
,

S .
t
. computing the output probability of a

quantum circuit consisting of m - Cliffed gates ,
- T-gates on un

qubitsaan be classically computed in time 02
&·

poly (n , m)).

Best: < < 0
. 4 (QaisinsPashyon-Goret)

Today
25 = 3

,
< 1

.
6.

Model of such a computation :

·
↑

one big matrix multiplication :

Replacement :

#T = a 101 + b5S + cZtoz
.



Je
*

==) =(a) + ( b

- x

, ) + ) ... )
Solve a + b + c = 1 a=

a + bi = c = git/ b = Y

a - bi = c = ei c = t -t

By linearity, T
= a s

T



Apply this replacement recusively for every pair of T
gates.

Yields 35 calculations each of which was a only Clifford

computatio n. So previous ,
subroutine gives an efficient poly (n,m)

algorithm.

QuanmComplexity Theory

me defin BQP - the class of
decision problems decidable in poly-time by a family
of uniform quantum circuits .

Other complexity classes.

P-decision problems solvable by deterministic

classical polynomial time computation

BPP - decision problems solvable by randomized

classical polynomial time computation



NP - decision problems solvable by non-deterministic

classical polynomial time computation

also known as efficiently verifiable decision problems.

interaction-

perspective : Prover

↓it => 20 , 13
2

Verifier

V(X , it) poly-time
computation.

xeL if I it st
. V(x , it) accept

XEL if VIT
, V(X , i) rejects.

SPACE

·

3-SAT NP

· CIRCUIT </NP-complete
SAT

EFACTOR -

% BQP

P

-



= FACTOR = &(N , K) : N has a factor - K3
un

as binary numbers

Useful to understand the notion of reductions
.

Def .

Promise long L poly-time reduces do % if

-> a poly-time algorithm fidig
*
-> 20, 13

*
sit.

① xeLyes if f(x) e Le

② Xeno iff f(x) - In
.

Not. 21 L ·

"If we can solve I'
,

then me conssive &" .
Y is an had as I.

Not
.

A long h is hard for a comp class C if

↓ 2C
,

21L !

L'is Cocomplete if LEC and I' is Chard.

E 3. StinNDcompleteacomplete



E. (EFACTOR) - (EORDER-FINDING)

Circuit-sat is NP-complete.

Input :<C) = classical boolean reversible circuit

with some free wires and some fixed ancilla.

Decide if Ex s
.
t

.
C(x) accepts.

My
I

II
1 11111111
~.... 0

X

BQP-complete : Input <C) * quarter circuit.

Decide if D yes : 1/D@# ICIO2/"3

② no :- .

"Canonical BQP-complete problem"

Containment EBQP is becase of the notion of a

mineral quantum circuit.



-

E

El-

&&=
S .

t
. po measurement = 1 is equal to success prob. op C.

=> BGPIPSPACE as me

gave
a PSPACE aly for

this problem.

Zay = &(C)st Da LSe
where //CI/CIO/K" =: p..

Laim Lab BQP for Ei=a- b2

If
.

Use Universal 9 .C .
to run Circut CT times

getting outcome Xy
, ...,

X+. cloy assume ast.

if(C) = Yye (ie . pc2a)
,

there

EX1 = a
.

So X : EXt.



Pr(EX = b) = Pr(X = (at) - (i)]
= Pr[aT - XzeT]
< Po(aT - XzzaT]
= expeat) - exp()

only need error bound of

so T = r() .

BQP can estimate PC to accuracypoly(u).

we can also boat success probability to 2-PCs of outputting
correct answer by chasing T =2) .



~

Next : GMA"Quantum Merlin-Artar"

Easiest to define by complete problem :

QCIRCUIT-SAT



SPACE

·

3-SAT NP

· CIRCUIT </NP-complete
SAT

EFACTOR -

% BQP

P

QMA

-

CURCUIT-SAT : <C) -

q circuit with some inputs
fixed to 0.

Decide if $ G 14) s
.
t

. (1 <11214, 03/1 = 2

0014) /IC1401" = 5
.

un

witness

-=
Generalius circuit-set Canonical BGP-complete problem.



Notion of non-deterministic g computation.

Alw of interest as it relates to major questionsof
interest in

q. mechanics.

Does QMA have the same error-amplification properties of

BQP?

Yes. But it is not as easy as repeat multiple
times.

B .
C. measurement is perturbative . After running ((14) , (01))

the state 14) may be destroyed.

Easiest to switch to Pour & Verifice interaction perspective
Prover

fie
Venti mins (14)10%

and messes.



Goal . Come up
with a better verifier which accept

with near certainty if I an accepting witnes and

reject with near certainly if X
an accepting witness.

Choust)

Idea : Have the
power send 147

*

Te (D jonT

Issue : Prover
may

cheat and sent a different entinged
state (4) E (2)out

Resolution : One can show that best strategy for the
prover

is to send ancrentangled state

But in fact, G a verification algorithm with letter acceptance

and rejection probabilities that only needs I copy.

Requies Jordan's lemma.

The story of a QMA verification circuits C is a take of
two

projective
.



To = 1, 100m

I = <
+

(11411Inrm) C .

To 14) = 15) where (5) = 14 010m).

To checks input has correct ancilla
.

It
,

checks computation + measurement accepts .

Jordan'slemma Given to projectors A
,
Bo***,

-> a change of basis st
.

A
,
B are block-diagonal with

E or 2-dim blocks.

(x + 0)

If .

Let 1v] be X-eigenvector of A + B .

Then
,

* (v) + B(v) = X(r) .

if Alv> espm(iv)
,

then B1) -> spaCID) and so

A and B preserve the block spanned by 12).



if Alr -> Span (Iv)) ,
then

Blus =
span (Al , (v) =: S

Then
, A(AI) + p(vi) = <Al) + BA() - S.

4 B(xA(v) + p(u) = B((X(x) - B(x) + p(r))
& Blv) e S

.

So
,
S is preserved by both A and B

. Recusion finish

decomposition.

Applying Jordan's lemma to QMA verifiese.

Decompare Tto ,
IT

, using Jondai's lemma.

Claim Acceptance prob =

may litoI

# when 15] : 14) @10m) for optimal 14)
,

tan

LIS < RHS.

To shew LHS2RHS
,

whe witness 14) : TTIE)· As



Equir acceptive pub - Xmax (ToTT , TTo)
↑

needed for Horrificity.

Tolt, Ito is also block-diagonal

so /max is may eigewale over blocks.

Consides the block of max zigence.

If cite To or It = 1
,

then
easy as max eigevel : 1

.

So
,
- a 15) st

.
ToT ,TToli) = 14)

.

Othrise
,

let O = angle

X
max

= cos 0.
#

,
= (0)401

·ta
Consider the following procedure.

- Start wit 10). Set No = 0.

- Measure in 3103,
10 + 53] basis

.
Set x = 0 or 1

, respectively.

- Meaue in 310) ,
11] basis

.

Set X = 0 00 1
, respectively.



- Measure in 3103,
10 + 53] basis

.
Set my = 0 or 1

, respectively.

!
I

- Meaue in 310) ,
11] basis

.

Set 4 = 0 00 1
, respectively.

C = ca
,

S = sinO C + s = 1
.

TitPut

#op.
Xo X

, % --- XT

Let Ye = X + &X
+ +1 · Change in +- the step ,

Eye = S
.

Une Chemoft bound agment on yo to estimate s
.

And trefe c.

Lifted to original problem.

Algorithm (14)) :

⑳ Start with (4) = 143010)
.

Se Xo = 0
.

① Apply C
.

Mease output and record as e · Appl CT.



② Meaue POVMETo ,
1-Tho]

·

Record as X2 .

(Not the same as measuring
all ancilla

,
simila to Grover reflection

openta)
17

③ Apply C
.

Mease output and record as . Apply CT.

!

⑦ Meaue POVMETo ,
1-To]

·

Record as XT.

⑪ Compute ye = X +
0 X-1 for t = 1, ...

.

Accept if &y+= T
.

By Chemoff analysis + Jordan's lemma
,

if (C) - Lyss and prover gave
valid 14]

,
then

re accept with prob . 1-exp(CT))

if (C) - Loo
,

V 14)
,

we accept with prob .
< exp)-d(T)) ·



The local Hamiltonian problem

Why study QMA?

- Quantum generalization of NP
- Has a complete problem that is

very interesting
for physics.

Li problem :

* Glocal Hamiltonian term is a matrix hi=htt
*

(wlog 12h : 10) and a site Si(n] with IS = k.

The Ham
,

term can also be seen as (hi) Lensls :

an an operator on (13 you

Alocal Hamiltonian (system) is a collection of
k-local Hamiltonian terms and we define

H =Shex
Xmin (H) = groundengy.



Problem (H) ,
a

, b) :

Decide ifAmin(H) -a or Amin (H) =b .

- un

Yes
No

Note : <H) is the succinct 0 (m .(2h + blogn)
size description given by describing each hi.

① LH is a generalization of CSPs.

3- SAT clase X
, VXaVLXsE)

hir diag (0,
0

,
0

,
0

,
0

,
0

,
1
, 0)
↑

S

(0,
0

, 1)
site

.

Each terme checks a local
energy shem.

When hi an digre ,
xmin (H) occus at a basis vector.

Corresponds to be classical optimal solution to th CSP.

LHs are the Hermitian generalization of CSPs.



② LHs capture Physical system of interest.

·
- --- H = -](z + g(xi)

--
!....
11 transvers field Ising model.

Describes particle interactions in many-body q mechanics.

Calculating groundstates of CH is of critical interest in

physics.

Calculating grandenergy is the decision version of the search problem.

&aim LHE QMA
.

Say prover
sends you

witness 14) - K2·

#gorithm (143) :

Pick a random Ham term hi
, acting on Si.

Write hi =[ 14)4; 1 - spectral decomposition



Measure (4) with POVM Di

& I;>4 :13-:

For measurement outcome j , accept if 1.

Wof
Let's compute the expectation over X

j output :

By construction
, measuring

the POVM P
: gives us expected

outcome

[xj (4) (14,)(4, 101) (4)

- <Phi (4) .

Expectation over
i
gives output (4/Ehi(4)-4)

Let X- 10 , 1] be the outcome of j.

EX =

If yes intence : Ea so EX1

If no instance : E26 so EX-E



Using X(0 , 17
,

we can show /exercise) that

Pr[accept/yes] -1- and Polaccept (no] - 1- m-

gap between completeness and sources=
Since mank

,
as long as b- a-poly(u),

LHay is in QMA.



Proving local Hamiltonian is QMA-hard :

Given input circuit C =

gy ... g , acting on n qubit input ,
mancilla.

Construct a local Ham H and quantities (9 ,
b),

① = 14) s .
t

. ((147) accept w pr2 1-t,

then F (4) s .

t. <YIH) : a

⑳ VIP) , ((14)) accept wpo-- >,

ran V 143
,
<Y1H14]1 3.

in class
,
we will only prove

that Ologn)-CH
i Qrs-had.

HW will include problem for proving 5-local hardness.

Quantum analog of the cook-levin therem proving that -SAT is

NP-complete .

Cook-Levin Tableau Review :

given classical computation of T time steps using total space
S,

write a T. S tableau with the state of th machine at

time t in rowt.



i
Can we construct the same fr quantum comp

?



Consider a circuit C =

GT .... g) can we create a

table with rous

1 %) = /Twitues) 10m)

14) = g . 140)

142) = g.g . 140) = gal4]

!

(4+) = Cl4)
·

Why does this not work? Local checks cannot verify the evolutions.

Ex
.
(4)=ri and

g++
= Z

.

Then (4th) = Li
Wheres if & : 1

,
then 14tr)=i

Laim Any K *-1) reduced density madeixofis
+ (102)Com + 11) (41).



So a check differentiating if 9th - E
>

vs. Al must be

non-local if it can distinguish
IN-JOINED from 142@ (4z]

g7+E 95 :I

We need a better solution that can detect global changes

that occur from local gates.

Let's create a Ologn) - local Hamiltonian whose ground states

a of thforL state
ita

- expressed in MoghT + 17 bits

and14z) = gt---g . 140) (all related)·

In order to write out te Ham
.

Let's first understand

he i120lo2 - 10(1 ou
+

+ 10011

2



-=u)
Then<Ph14] for he 1031403 + 11/4

.) - unnouchind
exe

( < Pol (t. 1)(t-u)
: = (tol (1) (1402

- x
+

143)- 2140) + 14
.
3

= ( <PIt - <PolutI4)- CRICtI4 + (14)

= /14 . 3 - 2141)"

h measures distance from states of the form
# 10(4) + 11Ul40]

where 140) is of now 1
.



Altomate proof of fact :

Let V = 1110U + 10% 1

U - Lieut + 10) 40) 1

-lo-1100
= 1-1.

So groundstates of WthV are states of te from
1+ /%)

.

andIthV is a projects . So groundstates of h

are states of the form V 1 +) @ 140)

- (10) 140) -(1) 21403) ·

Apply this intuition to general Hamiltoniancircuit

h = (((+ 01 - ( +(t - 1)0g +
- (t -1(+ )g] + (t-)( -10H)



* Each term he acts on time register + 2 extra qubits def.
by ge

same calculation will tell us that for 14) : [IE) (4)

that

[4h(4) = 1) (4) - gol4 I

But how do all the pieces act together ? Analyze a station.

V=Hg
Ut .[ gg

v h
+
V = = (A)(+ 01) - (t- 1(b) +- - (t)(+ -101 + (+ +1(+-10])
= ((t) - 1t-) ((H - (+ -1) ou

·**(



This is a special matrix
.

It is the Laplacian of a line

graph and also a circulant matrix
. (aso tri-diagonal)

0-0-0-0-
...

-o -o

O & 23
T-1 T

x for any 14.>

10 = 0
,

elgenector (i): 14

↑ - exercise/intuition from graph mixing
time

.

So
, removing rotation by

V :

Mprop=he is a Hamiltonian with

grand-every-o , grandstates of he formgog
~

for
any

state 140] · known as a history state

highing degements grands pace.

and first non-zero energy of: 2.

Therefore , Uprpl-p) projectmospar
it



Next : Adding checks for ancilla and output and computing overall

cigenvales to make sure cheating provers are detected.

History states just check evolution of the computation

To check output of computation ,
we want a term that

checks that when the time register is set to T
,
the

first qubit is in the 11) state.

Hout = IT)This * 103/0I
,

-Penalizes being timeT and first qubit : 0.

To check input, we need to make sure that all the ancilla

registers of the computation were set to 10).

Hin= 100lim@ 11)Cancilled



Hour + Hin is a commuting Hamiltonian meaning every pair

of local terms commute.

Each local term is a projector .
So Hout Hin has an

integer spectrum.
· projector onto passing all

Hout + Hin- (1-Trout in $ out checks.

Alaim H = Hprp + Hour* His supices as a Ham.

IntuitionsLet
unless

he gives energy 1) (4-) -

ge (4 -1))"

Win gives energy <Dancinac 147/1
Hour gives energy // <01

,

14
+>//



Recall V ge---

Let (x) = v
+
143 = [H/ME)

where (t) = g .. g] 145)

Then

he gives energy //(M+-1+-1/12

Win gives energy <Dancinacs (No>/1

bout gives energy // <01
, CIM+ /12

If satisfiable Fan E good choice 1/2 for all (M0] ... (+>·

When unsatisfiable ,
in order for Hin and Hout

energy
to be small... (NO) and (11) are orthogonal.



For intuition only : The following is not the lowest
energy

state
.

Carton : (ML = 10) and (M) = /1) in some 2D space

Com be formal due to Jordan's lemma

Then ideal (Mt) would be 150) & O: to minimize Hprop energy.

Then <41H14)
=ClrtHul># = <MIVthVIM]

= T - sin
:

O

(Mo)
- 0()

.

We will
prove a lower bod of (Fs) in the next clas .


