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Theytwo facesofquarcomputation
① The theretical model of q computation

- what we will explan in this class

- ialized
,
consistent

, plausible description of reality
- "implementation agnostic"
- testbed for algorithm design and proving impossibility

results.

②Implementations of g. computation
- Youdrops , photonic ,

Neutral atons ata

- Models in which we hope to simulate idealized & .

- Not what we will explore but pertinent to q .
c , implementation

&planition and manipulation ofq informationa

② An example of g computing advantage
.



Notation
express

vectors over Do as follows :

For je 50, ... d - 13
( =[ I 12 =(.

and because of its prevalance ,
we write

<v = (v(0)
+

v(.... v(d)
*)

↑
complex conjugate.

Questions for class : (see pacto for length explanation) .

⑳ What is <11 . (v) ?

we use short form <vIv] for this.

② Let M = 1) <ul (short form 121)

for unit rectors (2)
,

12)· What is MIV) ?

A ofQ.



Axiom1 :/ State description]
The state of exclusively one qubit

can be expressed as a vector in $2 of unit norm.

14) = (4) St. 1 + 181 = 1
.

Not Define 102 = (5) and 171 = (1)
Note : 10)- 0

.

These form a orthonomal basis for D" and are possible
states for a qubit. If the state of a qubit is

either 10) or 117
,

we call it "classical"
.

Ex. (10) + 113]= ((0) + (i)] =(i)
is a non-classical - i . e . "quantum"- possible state .

Axiom2 Transformation of a qubit

Let it be a unitary matrix- &"

We can transform the state14) to U14)
·



HI
&D · (l

·

(4) = () eC2 .

·
V



Recall U is a unitary if (equivalently)
& (14) is unit if 14) is unit

.

② UTH = 1·

Ex
. X-( ! ) "bit Plip"
z = (6 -
i) "phase flip"

H =) !_1) "Madamard"

#xiom3 (Measurement /Born'sRule)

Given a quantum state14) = (*) ,
we can

"measure" the quantum state meaning
with

pr KO14> /2 = 1912
,
the state is now 10)

pr K1143/ = 181"
,

the state is now (1)
·

um

"Collapses"
Plus

,
the classical value "O" or "1" is output.



What does measing trice
in a row do ?

# state is 10) or 11) meaurement does

not change the state.

Hence
, why

10s or 117 are classical values

like classical objects , measurement/observations

do not change the state.

11),
inOp.

14)

*
co po

e



Remah O =(0, 2)
,
the states e

:
14) and 14]

-

cannot be distinguished by measurement.

If.

Pr(e:
%14) collapsing to j)

= Kile: 4/2

= <Ple1j]<jleioIP)
= eigi0 <4(j)<j(4]
= Pr[14] collapsing to j].

co is defined as the "global phase"

Quantum states frmi an equivalence class for

It)~ e014) and set of states is $3.



-

Axiom4 (Initialization)
We can initialize a qubit as 10).

These axioms already imply a perfect random
number

generator
.

①Initialize qubit as 140) = 10) = (6)
.

② Apply H transform :

14.3 = H140)=) -
1) (v)

· (i)
③ Measure the qubit.

~ p-K014 .) 1 :/ = > collapses to 10) ·

~ pr(114, 1 : I o collaps to 117 .

Multiplequbits

Recall the notion of tensor products



Aeqm ,
xn

,

Be [Wexne

()
Ami Amn Bm

,n
,I 11

ABe
Mimexnina

A .B Ar . B
... Ain,B

( i ... (
Ami B Am

,
n,
B

... (4)i i

is (



Properties of the teror product (nw1] :

Ae perm ,

Be qhm , note : ventors are

matrices too !

Cequixm
,

ye
uaxie

so ACe &U BDeq

① (A0B)()D) = ACOBD
.

② linearity .
" (A B) ([CoDi) = [AGOBDi .

② (AB)t = A+ Bt

& (A * B)" = A "0B" when invertible
.



We can also take tensor products of rectors
as vectors are 1-D matrices.

Exercises

① What is 100 /1) 010) ?

② What is 1070 1170 (1) ?

Notation 100 (130 (0) = 10) 11) 10) = 10
,

1
, 07

Remark (4 ,, X- 1 ..., Xn) for X 20 , 73

is the xth basis rector when X = X
,

... Xn

is interpreted in binary
.

Better notation : 10)0 (1(0(0) = 1010)

So for je 50 , ...,
2"-13 we write

I
Note :

(j) = (j ,j -. jn) = (j)0 ... @ /jn] orthogonality .

where ji ... jn is binary value ofj



Additionally ,
when considering rectors in Ka

,
we we

1) =

(M
m

for je [0...
d - 13

This matches the binary description of the rector
.

Bringing multiple qubits together

# we have qubit A in state (4) and qubit B
in state (4) ,

We need a

way
to describe the state of the 2 qubits.

IFAB = 1430143
.

We need axions to describe the composite system
① If qubits don't internet, should reproduce
statistics of 1 qubit.



② A method for entangling the
qubits.

i. e. for anywester (4)-/Y
* 2

there exists a method of generating said state .

~

thAxions for n qubits :

① The state of a n qubit system is a unitwee in

Do De ... o ( = ((y) on = (
*

= :H
- un

n times Hilbert
space .

Every quantum state (N)(Oh is a unit rec.

4(0 .. .. 0) ↑(0)

I)(i



14)=)- =4
amplitude

14) is classical if all amplitudes are O except 1 .

14) is in superposition if Here are multiple
non-zero amplitudes.

② For
any unitary He

** Y

,
we can transform

the state (4) to

[...10 U00 ... 01a] 14)
un

2
, l

,
+ 2 +1 = n la

this only allows action between adjacent qubits
but this turns out to be sufficient (hw1) .



Them
,

(10 ... 10H01 ,
. . .. 01)(x..

.. xn)

- ((x ,](x2) ... (4: 1)) @ 2(Xi
,Xin) @ ((xi+2) .... (n))

= ((x ,>(2) ... (4: 1))@ M(-

By linearity we can compute

(10 ... 10H01 , . .
.. 01)(4)

for any 14]-(3)o by expressing

143 : [ P(x
, ... xn) (4x ...,

*n)
X
... Xi
e

amplitude.



A witiy
2E22 is also called a lequbit

univery .
In particular, MED* is a single-qubit unitary

and He &
**

is a 2-qubit unitey.

10....1 U H..... Da

↑ ↑ ↑

acting on acting on acting on

qubit 1 qubits : it qubit N

is a generat g . C unitary transform.

say 2 =

(You
, &(0,0)

, Coll ... Myol,

(
(

, 2
,
200

-- -- Up ,, )
,

(4, 1)

:
. e . I = [ Minimisin (b) [sinful

↳
,kzjijn + 10 , 23



③ measurement of all qubits . (n-qubitBorn's rule)
For je 50 ,

... -13
,

w prKe14)/
*

collapse
do 1j) and output"" .

problem set I will introduce how to measure

arbidery single qubits .

⑮ measurement of the 1st qubit .

14) = 1030140) + 11 0 (4.)
.a

⑪ Given n-qubit state (4) ,

we can initialize a

"Resh" qubit as 107
, generating state 14) ①10)

Innentegled) on (n+ 1) - qubits .



More generally ,
we can join g systems

143014) from 1493 and 14).

Andme can separate unenteigled systems.

These are not axions as we can derive them

from the axiony.

Why does this def satisfy uninteracting qubit
statistics

.

(F) = 14) 0 14)

1bit multiple qubile
If (N) = <10) < plD) .

Then

(1) =
< 10714) + B11)(4) .

= 10) <(4) + 11) $147 .

So
, p

- 11914/K : 16) collapses to
= e:014)

.



pr 1812 collapses do
So

remaining
state remains a 147.

Matches our intuition for what should happen

Emportantmath review : Prob
. Theory

Let XIO be a pos .

random variable.

O
Marhor'sIneg . P(X = a] < Ex for all as 0.

# EX-EX]IXz]
②
Let X be a rr

.
With VarX = 22 finite and EX-pe.

Chebyshelneq . V k > O,

Pr[(X-m = kr] = i



If
. Apply Markov for Y = (X-M)2 and a = ki ?

Pr((X - M) = k0] = P-f(X -M) -40]
= Pr(y = kir]

-
③ Chernoff bounds :

Pr(X = a) = p- (e
+X-et]

= Ie] (Mako's

so
, Pr(X=a] -

> if I
If X = X

,
+

. .
.. Xm

,

then

P(Xa] =f etaY EledXi] .
25



# X
:

+ 30
,
13 the etXi . Set pr PioEX

pr 1- Pi

le
+ Xi

= (et - 1) Pi +1 ePi(c
+

-

1)

So
, TEc

*i
< e(p1 +..-

+ pullet - 1)

-excet-1)
=EX

= p ,
+.. + Pr

Let a = (1 + 5)M

if e-t T El]
i

->inf e-tl+
Me-

Ex . inf at

- t = In(1 + 8)
.

1 2

-
5y/(2 + &)

m

exercise
.



Chemoff bounds : X
, . . .. Xne 90 , 13

.

X = EXi
, M

= EX
,

Pr(X = (1 + 5)m] - e

- 53/2 + 5)

Pr(X = ( -5)p) + e

-3/2

Pr((X -+) = &ju] = 2e
- 53/3


