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Today : Quantum speedups when structure exists.

The optimality of Grover's search was

proven
in the

"Query model" .
This is where we will be mostly working

for the next few lectnes. Two reasons

① We can

prove
lover boundseasily" in the

query
model.

② It is easier to construct oracles which have

structure than find them "naturally
.

"

Eventually ,
we will find one in facturing

Bernstein-Vazirani's observation.

Let 5 : 10 , 13"+ 30 , 13 be a function st.

there is a "secret" pattern. For some se20 . 13h

f(x) = s . X E inner product over #

i . e. O is a Linear function for some slope s .



They showed there is a quantum algorithm for extracting s

using 1 query (query in superposition) !

Classically ,
it takes n queries

at least since each query
learns 1 bit of S.

"Query eg and learn bit Sjt20 , 13 .

"

The
g. algorithm

:

First note H=()=*
So
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This is the Pinite-dimensional Fourier Transform over #



Bernstein-Vazireni · (1994) :
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The information about s is being hidden in the Farrier

basis
. By rotating to the Farrier basis

,
we can access the

information faster !

We can also convert this to a decision problem of whether

a fut is a lincor fo or far from it.

This is a n us. 1
query separation.

We can actually find at vs O(n) separation due

to Daniel Simon 1994
.

Simon's separation and a key component of Shor's

algorithm are special cases of a general phenomenon
called Abelian Hidden Subgroup Problem

whichme will explore today
.



Simon's problem :

Let f : 30 , 13" - 30 , 13" be a for st . Vx
, y + 30 , 13 with

x + y ,
f(x) = f(y) iffx = yes

for some hidden secret Sto2 Find s . "hidden shiff"

Classical lower bound :

Consider the problem of distinguishing such functions of from

permutations TT : 90 , 15 -> 10, 15 . This is an easier problem
than finding s

But until queries find a collision (x , y
St

. f(x) = Pcys) ,
of

is indistinguishable from some it
. Birthday paradox tells us that

we find a collision after O(c) random queries.

Quantum algorithm :

Construct a subroutine which reveals a random linear
ep.

of s . Repeat O(2) times and solve equations
to extract s .



Access : Op (lybo (x)/yef(x)) ·

I
Before Op grey :,
AfterOp query:<(1)

Let the measurement collapse to ze 20 , 13" ·

Each = occur

uniformly randomly ,
and the resulting state will be

=
for some X = 20 , 13

Apply How to this state gives,

- (H(x) + H
* (x0S))
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y
= 0

So measurement yields a uniformly random y amongst s .

y
= 0.

Also
,

note measurement of z not needed.

Repeating O(n) times will yielda linerly indep -

egs ,
w

pr
99%.

=>S can be extracted
.

Given a s
,

we can also check if it is correct by testing if

f(x) : f(xes) for a random s.

Decision problem : Decide iff is a
hidden shift or a permutation.

If we ran this algorithm with a permutation it just outputs
random

y each time leading to g = 02



Group theory : A
group is a set G with an action

·: GXG + G sit
.

① I an element EG S
.
t

.

e
-

g
=

g
. e = gVgeG

② g. (grigs) = (g . ga) · go V gigng - G-

③ VgEG ,
- a unique element he G sit.

g
. h = h .

g
- e

.

So
, we denote h by g.

LetH be a non-empty subset of G .
H is a subgroup if

① YgiheH , gheH
② VheH

,
EH

.

&
group is abelian if Vg ,

+G
, g

. h = h .

g (commutes)·

For abelian
groups ,

the
group

action o is often represented
as + So gth = h+ ge G

.

And the identity is

expressed as 0 .
And has -h .



For hi ...,LEG ,
let < hy-yhm] be the subgroup of elements

expressible by combining h ...., hm and hi, ..., his

For a subgroup HE G , Sh .
- - hmb is a generating set

for H if H = Chy ..., hm) ·

Think of a generating set as a basis in the case of abelian
groups .

&lef . Given an abelian group G
and a subgroup H = G,

· to p : G -+ 30 , 13 Adde H if Vx ,ye G ,

f(x) = f(y) if x - yeH .

equir If is constant on

every
coset and varies across cosets.

In Simon's problem , G = 90 ,
13" and H = 50 ,

53.

and the fu o hides H.


