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Answer : Is !

But to
prove

it
,
we will need a way

to characterize all

quantum strategies Alice & Bob could apply.

General quantum strategy of Alice

Input : PAB - some state over Alice and Bob.

Could include ancillas
.

Her algorithm :

· Apply unitory U ,
to her qubits.

· Measure qubit 1
.

· Apply Us tohe qubits.

· Measure qubit 1
.

i
· Apply Ut

to her qubits .

· Measure qubit 1 and output value
.

Note : this is general enough to include any classical

processing of measurements by how I result.



We need to simplify her algorithm.

Step 1 : Principle of deferred measurement

Alice's strategy is equivalent to a strategy with

only 1 measurement (the final measurement). The new

strategy uses T additional ancilla qubits.

If
. f

Recall CNOT =
70 G(%8 ) or CNOT(x)(y) - (x)(yex]

o 0 1

Let o be the state of the computation before theAB

messment of the It qubit . After the measurement the state

will be :

= [i(1k<1) (14 ><k101)
·

ke(r
, 1]

Consider instead initializing an additional ancilla so the

state is E Q 10701 . Apply CNOT between qubit 1 and
Anc

ancilla
.
Then ignore the ancilla for the remainder of

the algorithm.



Since the remainder of the alg . ignores the ancilla
,

me

know the measurements are equivalent to that of the state

tranc (CNOT, anc (Way@107Colanc) CNOT
I anc)

Suffices to show that this equal Gab -

Let MB = [, liki) , * & E generic decomp .

"
,j6(0 , 1)

(Vij = (i) 1)(b)0H))V
=(

tranc (CNOT, anc (Way@107Colanc) CNOT
I anc)

= trans)[ki)Gijlanc Wij)
"sj + (0 , 1]

=[ klane a [i] ijlanc Wij) Ikanan(
ht (0, 13 "sj + (0 , 1]

equals
O unless k = i and j = k

-[ 1434k), Wun

kt(0, 1)



Notice o = [i(1k01) (14 ><k101)
·

ke(r
, 1]

= [ (k)<k1@ Wil #

k

Therefore , entangling with ancilla and "discoding" ancilla
is equivalent tomeasurement.

So
,
Alive strategy is to apply a unitary Up and Her

measure the first qubit, without loss of generality.

Same with Bob
.

Y-



What is Alice's prob of outputting I ?

Pr(outputtingi) = tr(()(D1) Na Paul)
= tr (Us(icSilent)Un Pr)

Let Mi = licile 1 Us
.

Them Pr (outputting i) = tr (Mi P) .

Notice M + M= (Eli) (i) @ 1) Un
- US 1 Us : I

and M" = 0
,
and (Mis" = M" projecte.

This is a special case of a

pas ,
valued operation valued measurement.

will show up
in kr2

For now
, suffices to observe that Alices strategy



can be described by Mim' proj for M + M=
A.

In general , for the CHSH game ,
Alice's action depends

on input y ,
so her strategy can be expressed by pairs

&A , AxSxciri S
.
t

. A proj and Ax + Ax : 1A
.

some with Brb : [By , Bi]



Today :

Complete analysis of CHSH game.

Recall we defined the
game as Alice and Bob recieve

X
, y + 10 , 13 and answer with a

,

b e 20 ,
13.

Win condition : a b = x -

y .

Switch to (9 ,
33cE-1 ,

+ 13 and

win condition : a. b = (1)
* Y

.

So last time we should that a general strategy for
Alice and Bob can be mathematically expressed as

117

& Ax , Axxer
, 1)

S
.

t. As proj. and A + A = 1
,

some with Brb : [B") , i)

Assume Alice and Bob share a state PAB .

Then Po(a . 3 (x ,y] tr (**B Pap)
·



Polwin] = [P(x ,· & Polab ,] Egab =EY

=it [, #ga .br
* 3 to (ABPais)

9
,
b

,
X
, y

&(+)t

=+ [ab
*
to (A BPB)

9
,
b

,
x

, 7

() : i + t+r))[(b))Pa
To simplify, lets define Ax := Ax-Ax

Since A + A&
"

= Ha andA are projecting,

Ax = Ha-2A" and

A : In + 4 As
*

- 4A = In since A proj

so Ay has eigenvalues (1 ,
1).

Such matrices are called "Binaryobservables".



NoticeI(a) = tr(AxPx) .

Back to solving (* ). Notice that

Axe By = ([a * )0([bB)

·a B
so (t) = + + + +r)([(k*YAxxBy) PnB)

X , Y

um
: CHSH

CHSH is an operator o L (H,
@HB)

·

So

Claim : to (CHSH Pab) allChs1)onP

max singular value

If
. Pay = [p : (4:)<4) .

Yunit norm

Then tr (CHSH Pap) = <P : (4: /Casu 14:7

= [P : /ICHSH1) = LICHSH/) . i



So
, Polwin] < + -ICHSHII .

Note : cus/8 =+
So suffices to prove ,

(ICHSH)) < 2
,

or /CHSHill = 8
.

If
CHSH = AoBo + A,Bo + AB

,

-A,B
,

= (Ao + A
,)Bo + (Ar - A

,)B,

Use As = A? = Bo = B = 1 to get

CHSM = (Ao + A
,
S@1 + (A0-1 ,
)1 (no commutation ! )

+ (Ao + A
, ) (A :

-A
,) BoB ,

+ (Ao-A
, ) (Ao + A

,) B ,Bo
.

= 41) + (AoA ,
+ A

, 10 - Art ,
-A

,10)1
-

O

+ (AoA ,
- A

, 10) ( BoB ,]

+ (b -
1

,
- A ,10) (B ,Bo)



= 41 + [Ao ,

A
,]x(B ,,

B
.]

where [to ,
A

, ) = commutator it AoA ,
-A

,
So
.

Now 11 [Ao ,All = /1101 , 1) + 111 ,
Doll

- IIAoll · 111 . 11 + 111 . 11 . 11 doll = 2
.

so /ICHSHI = 4 + 11 CA0 ,
1

,]11 . /l [Bo
,

B
,TI

↓ 4 72 . 2 = 8. As

What have we solved ?

We primed ,
the

ifollowing strategywins with prob.

cuz/8
.

(i)

And that every g. strate

is bounded by win prob can +8
.

"



Ret .

(value of game) For game G,

e0(G) = max prob winning over
classical strat

co
*

(G) = sup prob · winning over g
strat.

W
* (CSH) = ca2/8 and w(CrISH) = 3/4

·

What was the opt strategy ,
we found ?

A = (i)(i)-(i)(i) = E (phae-flip)
AY = X (bit-flip)

B = H (Hadmrd)
Bi = F= ( :) ("rotated" Hademand)

Lets notice that ATAT = - ATA and BOBT -BTB

Canti-commutation)
.

Furthermore
,
IEPR) is the unique

IV eigenvector of
CHSH

*

= AroBo + A
,Bu + AroB

,
- A, B

,

Ceasy to computer vriby).



Are there any
other optimal strategies?

#hm All optimal strategies are unitarily equivalent to

to the strategy (A , AT ,
B , BY ,

IEPRT) given .

we will formally define unitarily equivalent.

If . If a strategy is optimal ,
them all ineq ,

most be tight :

tr(CHSH Pas) = 25 and 1/CHSH1) = 25.

so Pay = [pi 14;(til with <4: /Cusu/4 ; ) = 25.

So
, Pay is a liner combination of "pure strategies";

each of which is a 252 eigenvalued eigenectar of CHSH.

Note : 1/CHSH11 =25> 1110 ,
A

,]/l = 2 and

1) [Br ,
B

,J /1 = 2 ·

Il /Ar
,
A ,]/l = 2 # Do and A

,
anti-commute.



Im (on pret2)

For Ap = A?= #A and ArA ,
= -A , do

,
7 unitary Ma

st
. Na Ao U =A = zo
and Us A , Ul = A 1 = X04

Likewise 7 VB st
. VizBoV = Bot

and ViB , Vit =Bi

Therefore ,

(UV) CHSH (UteUp) = CHS
The only eigenvectors of CHSH* 1 of eigenale 25

are
. IEPRY

,
B

,
@ljukS,B

So
,
14) = (UUT] IEPRYar ,

Objunk]hi'

Putting it all together ,



The nuHSH Rigidity

Suppose Alice and Bob win the CHSH
game

with

pr cos/8
with strategy defined by binary observables

No
,
A

,,
Bo

,
B

,
and shared quantum state PAB .

Then
,
7 unitaries Up and Up acting on respective systems sit.

Chaeve) Pab(Magvi)t = ieprtepile P
and

Na A
; Unt = AT01 with A = z

,
A = X

Bi V = B1 wit Bi = H
,
B=.

Interpretation :

We have no idea what Alice is doing when she receives

* Her computer could be 10 qubid ,

100 qubits ,
n qubits ...

She could be mining birecie with half her device and though
could be interacting with the CASH game .



Nevertheless
, by this theorem

,
we can identify 1 qubit

in her device and it must be entangled in an EPR pair
with the I qubit we know of Bob's

A
way of certifying that Alice Bob share I qubit

of entanglement !

Parallel repetition : What if Alie & Bob play i rounds of
CHSH in parallel ?

ice fe Bob

...x Y/ .. b

Ref
If the win with pr (Cri(/)]" , they shoe n EPR pain .

Problem is how to certify that they
win with

prob exactly (cosYg]"



This is the problem of robustness.

hm (Robust CHSM rigidity)

Suppose Alice and Bob win the CHSH
game

with

pr cos/8
- - with strategy defined by binary observables

No
,
A

,,
Bo

,
B

,
and shared quantum state PAB .

Then
,
7 unitaries Up and Up acting on respective systems sit.

(UaeVe) Pab(Mavi) Forleprtepre P
and

Ma A
: Nat ForATe1 with A = z

,
A = X

Bi V FmB1 wit Bi = H
,
B=.

where For means that the values are OCTE) close

in operator norm.

#Sketch) /ICHSH11 : 25 -
->

=> Il 10
,

1
,30 (Br ,

B
,7/1-4-2e



so (l[Ar ,
A

, ]/l = 2 - >

Applying HW they with this ineq instand gives O(VE) - close

do optimal solutions .


