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②
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post-meement d
. m

,

Pa=Cool
put there I together ,

we get measurement ofI4a)<Pal
result

. So now

D' = post O measurement should be defined as

p = [po(a(X = 0) pa

:
pr(y =0)

HdDol
·Imu)p(19(11)

=

& Pa tr(10)ol (4aYPal)



-ou1) (Tab(4al (10) (0101)

to(((0)0(((p)

Exercise show that tr(p2) -1 iff P is
pure (i . e.

p = (4)(41)
.

If
. If P = 144)

,
then p2 = 14)(414)4) = P .

So tr(p") = tr(p) = 1
, proves

E direction
.

-

For => direction
,
write p in eigenbasic so P : [x : (4)Mil

with [I4iL} Orthonomal and [xio1 since to(p) = 1
.

+r(p) = +r)[xix4)(4 : 14,
<4

: 1)
= + ([X: 14:3(4: 1) = [x [Xi = 1



with equality only if di = X : V i
.

so xi = 1

Xz
...

= 0
.

so p : 14
.
)(4 ,

1 pre -

Aside : P : [xi/4i)<Wil means 14:) w posi.

Aside : For First
,
f(p) := [f(xi) (4)<til ·

Why do we need to understand density matrices?

Density matrices help define the partial state of

a system which is entangled.

For instance
,
when Alice & Bob hold an EPR

pair, what is the state of Alie system by
itself ?

Notation IP Pats is the state of the

system over&
un

Alice's qubib Bodo's qubile,



the call Par the state on Alice's system.

Po th
state on Bob's system .

Easy cases : Pa = Pa P.

Then PA is obvious

How about Pas = [PiProPis Spi3
prob,

dist
.

Then we expect Po : & Pips"

Pr = 2 pipi .

It becomes harder when the states are entangled
and not just prob . mixtures

.

Whatere the properties thatPo should have?

① The statistics of measuringPa should

be identical to that of meaning only



Alice's qubits of PAB.

② Leta = (Un1) Par (Ute1)
Then F = UpPpUpt . Meaning , unitary transform
byAlice can be calculated from just Pr.

③ Any action on Bob's qubits cannot change the

state of Alie's qubits .

Def .

(Partial trace) Let 16
,
>

... 1bd] be a basis

for Bob's qubits/system ,
then for anymatrix PAB

tris(Pai) :=GobiPab(1(b)
If Pay is a density matrix ,

what is the operational
meaning of trig (Pai) ?

Ans : Bob measures his system according to basis Elbi)3



but does not tell Alive the outcome.

Note It remains to show that this dep does not

depend on the choice of basis.

Ex
. Par = (E) (0-1) (2014)
* = (Inil) Pa (11 :7)

- (10 <01) (101 - 102) ((011 - (101) (10 10)

+ (10())(10k - 1ro))((01) - (01)(10(1)]
: (( (1))( - (1) + (10) ((x)]
:

Laim Pa = tris(Pab).

Why is this the correct definition?



First let us prove that the def of partial trace dos not

depend on choice of Elbi>3.

Ex . If <PIPIY] = <4/P4) for all unit vectors 14)

then P =

p.

For
any

14)
,
let P := (<Yale 1) Pa (14) 1p)

·

Now,

<Pl tris(Pa) 14]

- (4 ((10 (bil) Par (101bi)) 14

- <bilPbil=(
which is independent of Elb :>] as trace is basis indep

.



& Let Vis be any unitary .
Let It

... Idp) be basic for B.

ti)(gV)Pab (1nevst))
=(1(i) VB) Pay 10 Vili))

i =1

-

equivalent to taking partial trace

w .
r

.

t
.
basis [V (i) 3

.

= trig(PD) - Bob's actions do not change PA -

②Let up be
any unitary.

Un+ris(Par) up 1

= &(Upe(il) Pas (Unli))
i

: Lil) Un PaBU (1 * (i).)

= tri(UaPais Up) .



Ref. The maximally mixed state in d-dimensions

is to 1d .

For qubits , in Her

Def .

A state Par betwenAlice and Bob each ofm
qubits is maximally entangled if Pa= 12.

In class exercise : Every maximally entangled state

is :(10)1)(1)
whe 10): licli).



Today : The CHSH game
and

"spooky-action" at a distance
.

Consider the following game :

Fighten
lights

, g

Alice Ref Bob

Ret samples x
,y + 50 , 13 and sends x do Alice

and y to Bob
.

He askes for answers ab e 30 , 13 Rom
Alice and Bob

, respectively.

Alice and Bob must answer in 2 + E Lightnes.

They win ifa b = X .

y.

What is their opt. success prob?

Space-separation is just to fore no communication.



If Alice and Bob employ classical strategies ,
the best

strategy only wins w pr
= 3/4.

But if they we quantum strategies , they can win with

probabilities up
to cop/8 ~0

. 878
.

Next two lectures : understand the quantum strategy,

prove it is optimal , understand how it characterizes the

state of Alice and Bob's
g .

es.

Classical Best deterministic strategy a = 0

,
b = 0

-

independent of input.

What if Alice & Bob share classical randomness ?

Let Ar
,
Br : 20 , 13 -> 30, 13 be the strategies for rund. ~

Then

Pr(win] = Pr(Ar(x)0Br(y) = xy]
X

, y ,
r

- [P(J · P (Ark) Br(y)
= xy]



= max P (Ar(x)0B - (y) = xy]
= "M

Quantum What if Alice and Bob share an EPR
pair?

↓dea Depending on the input x 90 , 13
,

Alice

makes a measurement of her half of the EPR pair,

Strategy : 31x)eK23 for Alice

where < :)x) = 0.

likmis [18)cK
*

3 for Bob
,

whre <Pi1B) = 0.

When Alice get input i
,

she measures her half
of the EPR

pair with basis (a)
,
16x'] and

answers

accordingly.
Likewise for Bob .

So
,

Pr[a , b(x , y] = /(*, B/EPRL1".



Let us first write out the optimal strategy and

then return to the more interesting part of proving
it's

optimality .

Easiest to draw a picture

IB! 1) iBi

i
↳

How dome analyze this ?

① Recall from earlier leatures our def
10) : = co(0) + sin0(1)



and 1010 + U) = cus U
.

② For
any

basic (v)
,
lw] of D2 ,

IEPR)= ((v> Iv *

) + (w((n*) (on nwa)

Using these 2 facts and the angles between

recting we can analyze the success of this
game.

Polwin] = & Polx , y) · [Plasxy] . zao-y -
-

win condition

= (195 , P: /EPR))" + 19 , PilEPR]P (x , y) = (0
, 1)

·K ,
BilePr)/" + 19Bl EPR) [ (x ,y) = 10 ,

17

-K ,
BilEpr)/" + KBilEPR)? (x

, y) = (1 %)

·KEpr))" + Ka/ EPR]P] (x , y) = (, 1)



Recognize

(YIEPR] = (4):l l-

=B

: Cro angle between 149)
, 18)

Notice by design ,
all terms in Pr(win) evaluate to

Y

So Prfwin] = + 8 . +cu2] = co'o

= 0
. 854

.

So Alice and Bob can win
game

with

quantum strategies with highes prob than classical.

"Claser
,
Haven

, Shimony ,

Holt" (CMSH)

experiment
.



aka Ball inequality experiment.

aka a non-local
game
.

We know thatq mechanics
says
that n-qubit

states can be described by a 2"-dim vector
. Meaning,

that if nature is doing a lot of computation
"behind the scenes"

But where is that info stred ?

in
a



CHSH
game proves

thatI picture is incorrect!

The information about the state of the system cannot
-

beheldlocally assuming a speed limit on information.

This is because local info could not produce
to

statistics needed to win the
game

with prob>.

To describe the state of the system ,
we need to

have a global description.

Indeed P = IEPRYEPR) 1
then Pa =P

The key is that the coins are correlated !

Can we experimentally verify CHSM?



Can actually condent this and has been done!

Does it
prove

that quantum mechanics is errect?

#r
.
Since the

q , advantage is only probabilistic

it isevidence that our world isn't classical
.

Suppose a ref observes Alice & Bob winning be

game
swi of the time

. How
many games would

they have to play before he is convinced with 1-109

confidence that the world isn't classical ?

Chernoff bounds : X = EX ,
< per game success

Pr(X = (1 + 5)p] = exp)-
here p = 0

.
75m J :< 1

, 07



ur(X = 0
. 0n] = exp)- 0

.
27 n)

want exp)-0 . 27n) = 109

0 .27n19 In 10

n = 77.

Does it
prove

he world is getur? No

For all we know
,
dure is a stronger thory consistent

with quantum mechanics.

Ex
. Noisy telepatory ! Alice and Bob are telepathic

with a success rate of 20%. Herfect telepaly and they
win with probability 1

.

Is are "1
,

the optimal quatr strategy?

Can me do better if Alice and Bob share multiple
EPR pain?


