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my drawings of high-dimensional spaces

3. qubit = 2"dim Hilbert space 1110)

In
my drawings, corners

represent orthogonal rectionst
both 90

"

angles
/denoting that

->/002<001
⑤

origin



Direct sum of Hilbert spaces

·



The packing of Hittspays perspective
goal : correct against unitary crows E

,
Es
, ..... Ey (for now)

E,
Ene

*
original Ec - Enc
Hilbert space morally ,

we need orthogonal
spaces per error.

Similar drawing first appears in Nielsen Charg



Simple example of a non-code

·
1

.
e .
E· Enc(1 · )) = E2 . Enc(07)

=> cannot distinguish these
errors

.

If 1) + 10)
,

then

Actually , stronger statement :

these states should be orthogonal .



way

ortrogon
Fact 2 States (a) and 16) are perfectly distinguishable
iff (a) 1 (b) Corthogonal rectors)

Notice : only correcting E, &Ea if we can distinguish

E. Enc(1 · )) and Ea . Enc(10))
=> Theserectors are orthogonal ,



It would be too much to ask that

E.. Enc(1o>) and E2. Enc) >) are orthogonal.

If : consider E, Ea.

By linearity ,
these states must be close. is

But for some errors E
,, Ea , they will be orthogonal.

Morally ,
these errors will form a "basis" for the set

o errors we can correct
.



The benefit of orthogonality :

E,
Ene

#Ec - Enc

E2 · Enc(103) is orthogonal to every

Ej . Enc( ·)



If 1 . > 1 10) ,
then

=>
span &Ej. Enc(10)) 3 to spanGEj . Enc(10)3

=> correcting against errors E
, ..., Ey implies

correcting against unitary cross in their span.

· Suppics to prove my
cro-correction properties for a "basis"

of theerrors. Read follows directly necessarily
.

Why preve only discussed correcting bit-flip (X) and

phae-flip (E) errors.



A basis for the set of errors.

Exercise :

#
Show that(a , 192) = yoz ,

an invariant that only depends on

El , E2 and not the state (a)
.

Hint : Use the no cloning theorem.



Why does this yield a notion of a basis for the

space of errors.?

Ifwe can correct all errors EEE
,
consider a basis s

.

t.

Span & E
. Encla = span &EEncla]

E
, ..., Ej

By excreise
, for any

other state (b),

SpanGE . EncI3 = span &EEnclb]
E
, ..., Ej

=> gives natural notion of a basis E,
.... Ey for E

.



Equir ., can define an inner product on correctable errors

(E ,Ej) Hij
of <alEnct E! Eg Encla) for any

1a).

The basis we found is a basis with respect
to this inner product.



Ok
,
but does the decoding channel/algorithm look like for

the set of continuous errors ?

&·F



Note that and are orthogonal

(assumption that they are a basis for errors)
sinO

F·



- a measurement perfectly distinguishing the,
errors

. If we measure I error using
this
,

it collapses to either # or . Plus
,

we know

sin"D Cos O

which one !

Gives decoding procedure fr a continuous space of
crows from a decoding procedure for discrete set.



Generalized error correction procedure :

O Measure syndrome ,

i
. e . collapse cont

,
error to a basis error.

syndeme = name of basis error.

menterrorbard
on

syndea ① is

mituy
"destructive" "information preserving"

↑
error-correction is amntrolled destructive

process .



E,
Ene

Enc#
original Ec - Enc
Hilbert space -

Decomposition of space into
direct sum from error basis .

Can also correct error channels where elements E.



Classical picture Quantum picture

[0 , 134 T

⑳ IDa el that conea

subspace of states that
correct to (a)



TheKill - Laplaneconditions

Mathematically capture all the orthogonality conditions we drew

in the cartoons.

Let C be a quantum code. i . e
.
C = image of encoding map.

Let It be the projector on to subspace
C.

Then
,
C corrects [E: 3 if

↓
crefficients sit . Yig = Mot

TTE EjT = 1: T
(the inner product
between the error

space)



Not hard to show this is equivalent to V (a)
,

(b),

CalEncEtEaEnc/b> = <a (b) · < E
, Ec]
um

Yij prev defined .

Read Nielsen & Chuang
The 10

.
1 for formal

pf and explicit construction of the recovery chamel
.

But morally ,
its the same as the pictoral argument

we're drawn so far.



Correctingaof size d .

Enor of sized : E can be writtenas
d

,
n-d qubits

Correcting all erros of size o equir ,

to

Correcting all Pauli (X-,
Y-

, E-type) errors of size d .

equir
to. correcting all ensure errors of size d .


