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#
.

Consider a (yes) instance of QURCUTSAT.

i .e. G (4) s .t . CDNX) accepts w pr31-E .

Then let I-tgtgIP
the History state of 147. By construction,

4(Hprop(4) = 0

[Y(Hin 14) = 0 =>[PIH4) = -
.

<P(Hour14] - E

What about a (no) instanceaf QCircuit SAT ?

Recall the max success prob of a CircuitSAT instance was

carO where O was the angle between 10100m and

2 (I(1 In+m-1) C projecti

# max success prob is small (EE) then O is large (near) .

as cos = E.



We want to show that Xmin (H) is not super small.

Since Hprp2(1 - Ttprp)
it suffices to show lover bound on :

xmin (2 (1-[prop) + (1 - Tiront)
↓ Amin ((1-Ttprop) + (1-Tinome)
-> (2- Xmax (Ttprop + Tiront)
= (2-2cs)= sin

where U = ough between It
prop

andTironttree
To do this

,
let's bring back

V=Hgt -g

We know that

VTV = projecto onto states( (h):= 14prp



v
+

TiroutV = (IT)<To c+(j)( , 0H) C) ·

(10)(01 1n@10m)(om1)
↑
terms commute.

U = angle (Ttprop , Tirrout) = angle(V
+

Ttprop ,
V
*

ThioreV)

To calculate angle betwen spaces :

cov =

max <hulTironhu

=uHPTTiouI

·my ((u
+

((01)(4)
+ (4) 1m 102<02 147)
- Lo



as optimal 14] is midway betwe projectors (
+

(11) (1 ,*H) C

andIm@10m)or which are O apart.

Recall V = 100 = 22 -1 =>

=> Ze = - =

c=F (+ ) = 1 -

sin

Therefore, Xmin(H) = r()
for small E

.

So if yes instance
,

Xmin (H) -

iP no instance
,

Amin (H)?



To complete pf of QMA-hardness , first use amplification to

convert
any QUIRCUITSAT problem to (1-e , e) amplification

for -3 .

Then apply the circuit-to -Hamiltonian construction
.

A more sophisticated analysis proves
that no instances

map to 2(*) .

Note that we only proved QMA-hundress Por O(logT) = 0 (logn)
local Hamiltonians . Your homework includes a transform to 5-local

Hamiltonians-

This will yield a Hamiltonian acting on
T+ n+m qubits.

Also
, we only proved

it was QMA-had to estimate /min (H) to

# where N is the number of qubits in the Ham.

It may
be egion to get a conser approximation



Quantum Error Correction
.

Until knew,
,
me have talked about perfect application of

gates
and perfect initializations of g . states.

What if that is not the care?

Error-correction
gives

a drony of how to recover information
in he presence of noise.

Biggest block to our construction of large scale go computers
Quantum computation is more succeptible to voice thou

classical computation.

t



Errors can occur in
any component..-

How dome correct
.

O A thony of correction for statio q information.
No computation occuring , just errors.

Run a sequence of corrections to return information
back to original.

Quantum analog of reliable data storage
.

Classical : CDs
,
SSDs

,
Harddrives

,

Pen and Paper

② Correction interspersed with computation
Called Fault-Tolerance and will be covered in Lecture 20

by quest lecturer Michael Beverland.

How do we correct classical information ?

Theory : Rich
.

Practice : Redundancy



WiPi/3G/4G : LDPC codes

CD-Rom : Reed - Solomon codes

Computation : Run it thrice and take majority vote.

Reasonable because a classical bit in a modern transister incurs an

err wit pr > 10-16

To analyzecrror-correction (theretically) , we first need a model

for crow

Simplest model bit flip Channel
.

ipuS output-

p + E(p) = p
. XpX + (1 - p)p .

-
Notion holds for quantum also.



High level : A channel is a
map from density matrices to

density matrices consistent with g mechanics axioms.

Bit flip on each bit :

z((
=

) p [
*

(p) .

Pr(no bit gets Plipped] = (l-p)" -> 0 as n- + es.

General procedure.

TakinEn logi
date

Easiest classical example : Repetition code.

in Enc(0) = 0 . . . ... O

T : = Enc(1) = 1
.
-...
1

me

n times
.

Assume pc



Dacly) = 30iY
Dudecoding in wrong) =P bit Pipp]e

The 3 troubles of quantum error correction.

O infinite collection of possible errors even just on one

qubit

② No-cloning theorem .

There is no unity mapping
10) 10310) and It) 1* / +)

Therefore quarter repetition code dent make sense.

③ Measurements destroy quarte infor
How do we correct when measurement is perforative

?

Today : Show's 9 qubit code + theory of EC.



Let's correct first for a specific subset of errors :

Single qubit X (bit Plip) ,
E Square Prip) , and XZ (bit +phre)

To correct just bid Plip error , appeal to classical intuition.

map 10) + 1000)

3 Does not violate no cloning117 + /112) as we copy
in I

basis

14) =<10) + B11) +o 1%> = EncIt) = <10007 a $11117 .

in3
Say arrow occus on middle qubit .

= (i) = < 1010) + p1101] .

Measing
would destroy superposition.

Instead
,
we compute error-syndomes and measure these.



pr Sim
I run on 1x ,y,z) , then a = voy ,

b = yoz .

aob = X0Z
.

By linearity ,

when run on EIT) = < 1010 + p/101)

we get
< 1010711) + 11101711)

= (E)
↓
syndome

What happens for other bit Plip cros?



Ear & ↳

no error O O

zot qubit 1 O

2nd
qubit 1 I

zad qubit o 1

-

·
After correction

,
we can discord the syndrome qubits

(theyhe now unontangled by measurement).

↑Ee= Enco Correction


