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Today : Shor's algorithm Order factoring

First some notation/discrete math review .

Factoring :

given a composite integer NEIN , output

integus 1 < a
,
b < N s .t

.
ab = N.

Notation : a IN means "a dividu N".

god (a , b) = max & s .
t

. R/a and R1b .

If ged (a , b) = 1 then a and b are "coprine".

#v
=

group
over 50 ...., N-13 with identityO

and action = addition.

(also denote /NI) .

# =

group over [xE(7, ...,
N - 13/gcd(x , N) = 1)

with identity 1 and action = multiplication.



Enclid's algorithm for computing god (a , b) with azb :

Solve a = gb + r for max &
value.

Ifr = 0
, ged (a , b) = b.

Else
, god (a , b) = god (b , 1) ·

⑮

Runtime : O(loga) as recursion decreases exponentially fast.

Orderfindingproblem Input (stYet
Lequir find minimum o sit

.
X" is an inverse of X

within Th .

)

Thm We can reduce the problem of factoring to the
-

order finding problem.

Algorithm for facturing (N) :

(Assume N is odd)·



O Sample 1 < X < N uniformly at random.

② Calculate god(x , N) . If god(X ,
N) #1

, factor found.

③ Use order founding to calculate o sit.

X 1 mod N
.

④ If r is even
, compute god(X

*
- 1

, N) and

god(x
*

+ 1
, N) . If either 1, factor found.

⑦ Repeat until factre is found.

Easy to see that an output is always a factor of N.

Only remains to show that the algorithm only requires a

few repetitions fill it finds a factor

In class
,

we will show today 10 repetitions are needed

for 993 confidence if No p .

q for primes p , q·



Lemma Given y St
. y = 1 modN but

↑ -mod N and Y -1 mod N
,
then we can

efficiently compute a non-trivial factor of N.

# y"-1 = O mod N
:

Then
,

(y- 1)(y + 1) = 0 mod N
. Since y 1 or E-1 mod N,

we know 1 <

y < N-1 and therefore
gad(y - 1

, i) + 1 or god(y + 1
, N) + 1

.

Either
way ,

one of the god is a divisor of N . Compute
both using Enclid's algorithm.

Collary If we apply
it to

y
= x

*
When r = ord(x)

is even
,

and x
*
#1 or E-1

,
this matches step ⑪.

Next
,
show that steps 0 ,

0
,
0 sample an x s .

t
.

r = ord(x)

is even and x* 1 or -1 with probability



Eat For prime p." = 51 ,
2, ..., p

- 13 is a cyclic group .

7
geT st

. Eg , g , ...., gp= 13 = Ep . (generator)

Ex . p = 7
,

5 is a genetr : 5, 5 = 4
,
53 = 6

,

5" = 2
,
55 : 3

,

5 = 1
.

I isn't a generator : 1
,

2" = 4
,

23 = 1
.

Lemma For odd prime p ,
choose x uniformly at random from Ap".

Then
, ord(x) is even with prob. -.

#f
.

Since x is uniforming chosen
,

X = gh for random b.

- prob ,
h is odd

.
Then

, 1 = yordl = g
kord(x)

.

But

,
D-EE1

. Then eiler Kord(x)(p-1 or p-l)bordx

SinceKis add
, p-1 is even > ord(x) is even

.

It



MereRemaindery Thissimplified)

If m
,

n
, are coprime with N = n

, 12 and

* = a
,

modu
, has a unique solution e [0

, ...,
N-13·

X a
,

mod no

# Suppose x and x' are both solutions. Then

x-x' is a multiple of n
,

and X-X' is a multiple

o ne .

Since n , h) coprime => X-X is a multiple of N.

So
,

X = x' within 20, ...,
N-13. D

In other words
, (9, 92) +eX is an injective map

.

This is a

map In,

" In
,

-> In .

Since both sets are equal
sized

,
this is a bijection.

Fact X = am ,
n , + a

,
m

, m where m
,

m
, are integers

st
.

m
,
n , + Manz = 1

.

# X a
,

m
,

n
,

mod n, Similarly ,
X = a

,
mod me

.

= a (1-m ,
n

, ) mod n, I
= a

,
mod n,



(1 , 1) +o 1 (- 1
,

- 1) +0 - 1

So (1 , -1) and (1 , 1) map
to values not equal to

1 or -1 by injectivity .

Lemma Let N =

pq , product of two old prime numbers.
-

Sample 1 < X < N-1 uniformly . 19 god(x , N) =
1,

Then with prob.8 ,
r = ord(x) is even

and x* 1 or -1 mod N.

If . By Chinese remainder theorem
, sampling ↓ -> Eli is equivalent

to sampling (9 1 923tTp + #g · If 9 0 or a = 0
,

then x

is a multiple of either por f so ged (X , N *1. So
,

a
,
70 and

a + 0
.

"

Let r = ord (9) within It i .e, min r s .
d

. a " 1 mod p
.

r = ord(92) within The i . e .
min is st. E1 mod g.

Note, plu and rlr
, by def of minimality.



Prev lemma proves is and in are (independently) even with prob.

-
,

so wis even with prob . 34 · If r is even
,
then

since = 1 mode then X
*

E1 modp or

x = -1 mod p-

Similarly ,
x = 1 moda or x

*
-1 mod

9

By the previous care work
,

with half probability
xt 1 or F-1 .

Overall prob of lemma statement? = i

Therefore , factoring reduces to solving order finding

How to solve order finding :

Input is ( ,
N) for Xe #-

The goal will be to solve order

finding using the same technique as Simon's or AHSP.



The plus side will be that while both of these were

defined wirt, an oracle
,
the oracle gates here can be efficiently

implemented.

For &EXT
,

let f(l) = x
&

mod N which can be efficiently
computed in logt repeated squarings of x classically.

1 : 0 1 2 3... + v rat Ntz
...

f(e) : 1 X X x3 xi
+

1xx ..

~
observed periodicity

We want to extract this period - similar to a hidden shift.

Trouble is how do we setup the hidden shift problem?

We could pick a large Q and computef on EQ
.

Consider for a moment ifme knew Q was a multiple of r.



Then F(l) = F(e') if e'-e is a multiple of r

So
,

we can solve r using AUSP algoritam .

Issues :

D No
easy way of computing Q which was a multiple

of r

② We only know an efficient circuit for QFT over Q = 2

Resolution : Approximate hidden shift is good enough.

Pick Q as first power of 2 greater than N? (Q = 24)

Now map
eo f(e) for 16 EQ doesn't line-up

perfectly but is "mostly correct".

Algorithm :

O Generate(e) (f()) and measure second

register for output a IN.



② Apply QFT (a) and measure to get y

1...
What values of y are we likely to measure

?

Let 1
,

1 + r
,

1 + 2r
, ...,

l + CJ-1)r be the sols
·

to A
*

(E).

where J = (Grd.

After collapse to z and QFT
,

state is

# at le

where
wee

J-1

yoj
W

me
↑ amplitude on a.



Recall
,

whenrlQ
, only y

= k. are measured

and we calculated GCD of samples y : to learn Q.

Cartoon :

prcyl

MLLL
.

- Y

But instead;when rXQ ,
the picture looks more

like,

prcy)

Wh
-

still peaks at but is noisy .

This is b
.
c . algorithm needs to output an integer



but became rXQ ,
constructive and destructive interferences

will only mosting align

When yo
= O mod Q

amplitude sun looks like constructive

interference

When yo for from O mod Q

amplitude sum lookslikestateea

This time
,

we will show two ideas :

① With probability &(1)
,

we measure y
sit.

r

- yu
mod Q - ·

(constructive interference)

② given such a sample y ,
we can calculate

,
with high pub

.

Let's see O first as it will give us more intuition.

It follows that I kEI s .
t

.



= lyo-hQ/=

=>+

We know y
and we know Q . Reduce fractions to generate

both known)
·

Let's assume* and show this yields a contradiction.

= 1-
= li-l

=I

- (since not equal)

-

=> N'22Q a contradiction since ne chose QIN?

=



Let us guess
w = r' as the order of X

.
It is

easy
to

check if X*E 1 mod N.

This
guess

will be correct if hand r are co-prime.

Note that h is roughly uniformly random- > 30
, ...,

0-13
,

so

the probability k and -are coprime is at least

-
So

,
with? YogN pub ,

our guess
is

good
.

Only remains to show with prob.
-

> I yo
modQ (*)

With this
,

we conclude
,

me generate ord(x) with probability ,

R(Yogiv) .

Pf of (*) :



Recall amplitude only isweirs
with J = (E)

Focus on the wyr's term as this is where the constructive

destructive interference occus. Let B = WY = e(2:)

If yo modQ ,
then B = "O for O an

angle st
.101

Then WYs = B corresponds to angle jo with

1j0) = 150) : IT
.

So
,
the terms ofwri span only and

i



#
& pi

Simple calculation: the terms make angle?to

resuldent vector
. Since overall span? It

,
no rector contributes

negatively to resultant rector.

=

So
, length of resultant rectorofwirs

=

Eit
44

halftems contribution

per term

Conclusion : If - * - yo
modQ F

,
then



the resulting rector ly) has magnitude:i
We next show

many
such vectors

y
exist.

(since re)
.

Y

If ged(r , Q) = 1
,
then Jr sit

. v . r" = / mod Q.

Therefore the map y-yo
is a permutation of 50 ....

Q-13.

So
,

at least r vectors y exist
.

S .t . -- yrmodQ *

cor a pomorsyo.

When
g

:= ged (r,Q) < 1
,

note g Y
.

Then yo are

uniformly distributed over

0, 9 ,
29
, .

. .

., (1) g
with young for g valuey



↑ lg>-
Ther

, for at least & g 2 rectre y

,

- yu mod G&

So
,

total probability mass on
st

. - Yo mod Q &*

is:

Therefore ,
we sample ay according to the algoritam for order finding,

we correctly calculate ord(x) with probability iii) .

E

So our overall algorithm for factoring is efficient in that

it runs in time polylog(v).

Next time : efficient classical algorithm for simulating quantum

computation.


