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Problem :(Abelian Hidden Subgroup)

given an abelian group G
and HEG and a

An f hiding H , find a generating set for H.

A
q algorithm for solving AHSP exists and it will be a

generalization of Simon's algorithm.

Requires quantum Forier transform for an abelian group.

H = QFT(12) and H*QFT(#2) ·

What is QFT ? A unitary finding a different basis for KIG1

Illustrative to understand G
N .

Let wee
imagory

:

For it [0, ...,
N- 13,

QFTIi): wi
· AFT; =<jQFT/i)=wisi

Visualizing QFT/i) (for large N) .



Plot QFT as a f ofj : (For large i)

i =0
= curves are discrete

approximations of size

· & and easine Rus

.

For a generalaction group
G

,
in order to define QFT(G) ,

we need the notion of a characterfrom group
theory.

For now
,
X : G x G -> 1903 s .

t.

① X (g . h) = X (h , g) Yg ,
n - G

② X (g , htha) = X(g ,
h

, ) X (g .
ha)· Vg . lineG

③ [x(g,x(gh) :=g Vgg



Then QFT (G) it
GXIG)

defined by

QFT (g): XIgh) I
· QFT: &X(g.) In

Pf GFT is unitory :

(g) QFT
+
QFT (g)

= Chil X(ghX(g)(

- [X(h
*

Xg

- (G)gg==g

Let's me QFT to solve AHSP and then get to writing
an efficienq circuit for QFT - for all we know it

could be hard to implement.



Idea : Subroutine to learn random element of H
+

where Ht is the subgroup 3gX(g . h) = 1 Vhell]
-

~

EELETE 10) a

E = 104

Alternatively ,
we can ignore the second measurement like in

Simon's problem.

Before Op quey: (09) Ig)o

·Lig
since x(0 · 9) x (h , g) = x(0th , g) = X(0 , 9) = 1

After O queny
and measurement. For some ze 30 , 13m

[ (g)
g : f(g) = z



& g : /(g) =z] = goth = Egoth/heH] for some go.

So state equals 19th

Apply QFT:(g)

F [ (909) X(g) I

· CX(g)(g)
un

IH/ge] ()

=VCg)(ggg
Measuring gives gett" uniformly randomly. *

Pf of ( * ) : Write geG as gi + g2 , get , get

& x(g) = & XChg) X(hg
w
I



· & X(h,gi) . 1

~

[x(g) x (no

= (H) · 1gg, = 03

= IH. gen + 3
.

Oh
, learning samples fromIt can be used to calculate

a generating set for I using Gaussian elimination.

For Simon's problem ,
H = 50 , 33 so Hi - 3 y : y

. S = 03.

Solving AHSP when G=Q ,
r divide Q

f(x) = f(x) if X-X is a multiple of ri

When G = Fa
, X(g . h) = 19 where we eatila

Each sample gives y s
.

t. X(y , r) = 1 E yo
= 0 mod Q



or yo = kQ
.

Sincer divides Q
, t is an into

Each sample y:= ki. is an integer
.

GCD([y :3) = @ with high probability with

O(logQ) samples. Next lecture
,

we will review Enclid's

algorithm for efficiently calculating GCD.

But...

We still need to create a g .
circuit for QFT.

When G = Fa
,

X(g . h) = 19 where w = e
2Ti/Q

And for groups G . Giz

*
GG

(19 - 92) , China) = Xa(g , mi) · Xa (ga , mr) .

equir . QFT(G +G) = QFT(G) QFT (G) .



Note that all abelian
groups are isomorphic do

I.a ,

x ... La
k

We know how to produce H = QFT(2)

andM = QFT(T2)

We will show how to produce QFT(Ip) for N = 2·

Note : 1# Turns out sufficient for Shor's

For xeN
,

write X = X
,
.... Xu as a binary number.

Llaim OFTI)= (10) +w()=

# <yl(10 +w()

=

T
wr



-w

= w(X.
binary decomposition of y

= wX
.

Y
.

A

Notice x2(x2V modo is

X24 modnX. mad i

-X2.

Using this
,

let's write a g. circuit for QFT.

gates : H
,
Re = (!i) and CR = (in)
Li/2n-



Subcircuit : Ci

-
(4) ...--- (x ,)

--- (e)

F - (x3]

i

(xn) - -

--- (n)

14): (10) +w()(x) = 14)

C2
Similarly,
-

(41) -- 1x ,)

14-
(2)

(x) - -- --- (4)

(xy) - -- -- (m)

i ↑ ,

!

(xn) -- IXn]



So
,

14 --·
Correct up

to permutation of gates
.

Need to append SWAPn SWAPqn- 1 1
-- . SWAPEH

This produces QFT transform for my fixed N = 2"·

G hasn gates ,
C has n-1 gates,

.

total O(n2) gates + n swap gates.

There is still a fundamental issue : C-Mu gates may

be expensive to apply.

Not all C-Ry gates may
be necessary

.



Consider replacing gate of
in clet with g's .

t.

llg-gll' E.

By uniterity ,
total change in output POVM is also t

2Tti/chC- Rm =

)1 entirel so

#
1) CoRm-Hell = letile-1)

Notice C-Ry gate appear
n-k times in QFT circuit

.

Total error of replacing each C-Ru gato with 1 for k2K :

--K +1)

If we tolerateE error in our QFT unitary ,
we can ignore every

C-Rm gate for Klog()



We have reducedfrom On gates to 0(nlogE) gates

Time permitting ,
we will see how to generate any remaining

gate approximately from a family of standard gates.

(Solovay-Kitev theorem)

Next time :

The classical setup/mathematics of Shor's facticing
algorithm.

- Order finding and a quantum algorithm for it .


