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CSE 527 Notes for Oct. 29 2003 taken by Charles E. Grant

Last lecture we began an examination of model based clustering. This lecture will be the technical
background leading to the Expectation Maximization (EM) algorithm.

Do gene expression data fit a Gaussian model? The central limit theorem implies that a variable which
is the sum of lots of random variables will have a Normal distribution, but a cell is not random Nonethe-
less it seems to work and a weak model is better than no model.

Probability Basics:

Discrete Example Continuous Example
Sample space {1, 2, ..., 6} R
Distribution P1 P2, D6 0, X0 pi=1 f@) 0, [ fndx=1
2
pr=pr=.=ps= |\ fo= sl e W j20°

Discrete Probability Distribution

2 3 4 5 6

Continuous Probability Distribution
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Population vs Sample

Population Mean Discrete Continuous
w=;ipi p= [xf(x)dx
Population Variance Discrete Continuous

=5 -wp o= [(r-w? f)dx

Sample Mean xX= 1, x/n

Sample Variance ol =30, (x—x)*/n

Parameter Estimation

Assume that a data x;, xp, ..., x, are sampled from a parametric distribution f(x|6). How do we
estimate 6? For example the distribution

f@= s €ORT = 0, o)

is parameterized by u, o

The Maximum Likelihood Estimation is one of many parameter estimation techniques.

Assuming the data are independent, the likelihood of the data x|, x5, ..., x,, given the parameter 6 is
L(x1, x2, .., X, 160) =T1iL1 f(x; 16)

Treating the likelihood L as a function of 6, we ask what value of # maximizes the likelihood. The
typical approach is to solve

g Lx1, x2, oy %, 16)=0
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or
0 In L(x1, x2, ..., x,10)=0

The properties of the logarithm make things easier to work with.

A likelihood is not a probability.

Example 1

Let x1, x2, ..., x, be coin flips, and let € be the probability of getting heads. Suppose we observe ng
tails and n; heads (ng + ny = n).

L(x1, X2, woy X, |10 =(1—-6)" §"
ln L(XI, X2, ey Xp |0) =ny ln(l _0) + n 11’10
n

—n,
P In L(x, x2, ..., x,16) = 1_2 T

Setting this equal to O and solving we get

o =0
n1(1—9)=n09

ny =(ng+ny)6

ny _9

(no+ny)
ny _
. =0
(The sign of 2nd derivative can then be checked to guarantee that this is a maximum not a minimum.

Likewise, you can easily verify that the maximum is not attained at the boundaries of the parameter
space, i.e. at =0 or 6=1.) This estimate for the parameter of the distribution matches our intuition.

Example 2

Suppose x; ~N(u, ), > = 1 and p unknown. Then
I I L S AN
L(x1, X3, ., Xy |0) = ﬂizl ae e
n

In L(.Xl, X2, ey Xp |9) = Z(_ ; In2m7 - ()C,';@)Z )

i=1

g ML(x1, X2, ooy X, [0) =21 (i —0) =21 x;,—n0=0
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So the value of # that maximizes the likelihood is
0=3",x/n
The sample mean is the maximum likelihood estimator (MLE) for the population mean.

Example 3

Suppose x; ~N(u, o), o and u unknown. Then

n 2
LGt 32 e 5 01, )= [ | b e 0020

n

X'—lz
In L(x;, x2, ..., x, |01, 02):51(—; In276, - (’2992) )

1=

n (-6
g, IML(x1, X2, ..., Xn|91,92)=2 1 (xlgzl) =0 i Xi/n= 0,

g, INL(x1, X2, oy X |01, 02) =
n

1 2n (=61 \ _ 1 (=61 \ _ n 02—
El(_z 2n6, ¥ 2 )—El( 2o, T age )=0 XL (i—61)/n=6,

The MLE for the population variance is the sample variance. This is a biased estimator. It systemati-
cally underestimates the population variance, but is none the less the MLE. The MLE doesn't promise
an unbiased estimator but it is a reasonable approach.

Think of a more complex situation. Plot some data, say the height of some individuals. Is the distribu-
tion they come from this?

0.15 |

v v v v

-10 -5 5 10

Or is there some hidden variable, like gender, so the distribution should be more like this:
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Clustering: try to find if there are hidden parameters that cause the data to fall into two distributions
f1(x), f2(x). These distributions depend on some parameter 6: f(x, 6), f>(x, #), and there are also
mixing parameters 7; and 7, 71 + 7 = 1, which describe the probability of sampling from a group.
Can we estimate the parameters for the this more complex model? Let's suppose that the two groups are
normal but with different, unknown, parameters.

The likelihood is now given by

2
L(x1,x2, ces X |T1sT2s M1, M2, 071, 0-2): H?:l Zj:l Tj.fj(xis 0)

If we try to work with this in our existing framework it becomes messy and algebraically intractable,
and remains so even if we take the log of the likelihood.

This leads us to introduce the Expectation Maximization (EM) algorithm as a heuristic for finding the
MLE. It is particularly useful for problems containing a hidden variable. It uses a hill-climbing strategy
to find a local maximum of the likelihood.

Introduce a new variable

0

ST ity dist.

This variable is introduced for mathematical convenience. It lets us avoid a sum over j in the expres-
sion for the likelihood. The full data table becomes

X1 211 <12
X2 221 222
Xn Znl Zn2

If the z were known estimating 71, 7, would be easy, and estimation of the parameters would become
easy again. If we knew the parameters estimation of the z would be easy. The EM algorithm iterates
over these alternatives. It can be proved that the likelihood will be monotonically increasing, and so
will converge to a (local) maximum. [There is a polynomial time algorithm for estimating Gaussian
mixtures under the assumption that the components are "well-separated.," but Ruzzo thinks the method
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is not used much in practice. He doesn't know whether the complexity of the general problem is
known; plausibly it's NP-hard. So, the EM algorithm is probably the method of choice.]

Expectation step

Assume fixed values for 7; and 60;. Let A be the event that x; is drawn from the distribution fi, let B
be the event that x; is drawn from f,, and let D be the event that x; is observed. We want P(A | D), but
it is easier to find P(D | A). We use Bayes' rule:

P(A| D) = PN

P(D)=P(D|A)P(A)+ P(D|B)P(B) =11 P(D|A)+ 712 P(D|B) =11 fi(x; |61) + 72 f2(x; | 62)
P(A| D) is the expected value of zj; given 6; and 6, . This is the expectation step of the EM algorithm.

To be concrete, consider a sample of points taken from a mixture of Gaussian distributions with
unknown parameters and unknown mixing coefficients. The EM algorithm will give estimates of the
parameters that raise the likelihood of the data.

An easy heuristic to apply is

If E(zi1) 1/2 thensetz;; =1
If E(zi;) < 1/2 thensetz;; =0

This gives rise to the so-called Classification EM algorithm (we classify each observation as coming
from exactly one of the component distributions). The k-means clustering algorithm is an example. In
this case, the maximzation step is just like the simple Maximum Likelihood Estimation examples
considered above. The more general M-step (below) accounts for the inherent uncertainty in these
classifications, appropriately weighting the contributions of each observation to the parameter esti-
mates for each mixture component.

Maximization step
The expression for the likelihood is
L(x1, z11, 212, X2, 221, 222, - 16, T)
The x; are known. If the z;; were known finding the MLE of 6, 7 would be easy, but we don't. Instead

we maximize the expected likelihood of the visible data E(L(xy, x3, ..., x,, |6, 7)). The expectation is

taken over the distribution of the hidden variables zj;. Assuming oy 2= 0?2 = 0,2

n _ 2 2 v —11 )2
Lex, 210, 7) = l—[i=1 \/2:ng‘ e~ 120 (X 3= p))

SO
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E(nLx, 2|6, ) =E(), =) In2ro? -, 27 zi0n —p) ) =

n
Z —yIn2r0? - )L 3 EGy) (- pp)?

i=1
And we calculated E(z;;) in the previous step. We can now solve for u; that maximizes the expectation.

We have yet to show that this converges.



