CSE 525: Randomized Algorithms Spring 2025

Lecture 18: Hypergraph Sparsification
Lecturer: Shayan Oveis Gharan 06/04/25

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

18.1 Max Eigenvalue of Random Matrices

We will now use generic chaining to show that the largest eigenvalue of a random symmetric n x n matrix
with Rademacher entries is O(y/n). This is certainly not the simplest way of proving such a result, but it
will give a sense of how these techniques can be applied.

Our “sub-Gaussian” random process is to pick Rademacher random variables r; ;, for each 1 <17 < j < n,
define the matrix Mi,j = Mjﬂ' =Ti,j and let

F(z)=2" Mz
for every x € T. (we assume the diagonal is 0 for simplicity. It thus follows that

eTMz =2 g x5 = (T, 2)
1<i<j<n

So, we let T be the set of vectors

T=A{z¢€ R(:)- . Vi, j: 2y = 23, x4, ||2]] = 1}
Let g be a Radamacher random variable By Hoeffding’s inequality for any vector v we can write

P[{g,v) > €] < exp (_Z{‘w?) _ exp(_|ﬁ”2)’

so, this distribution is 1/4-subgaussian.
It follows that for z,y € R™ with ||z|| = ||y[| =1
1
217 =21 < w2 =gy |7 = (@ = y)2” —y(@ =) |7

<z =" % + lly(@— )" |7
= |lz — yllPlzll* + llz — yI|ly]I
< 2|z —y|*.

Having this we can write

(2", 2%)* = E [(g,2" — 2)?] = ||]2" — 2¥||* < 8|z — y|>.

Now we need to apply generic chaining to F. We can conclude that an e-net over the unit Euclidean sphere
is also a /8 - e-net for the metric space (T, d). For the unit Euclidean sphere there is an e-net of size at most
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(3/e)™. To apply generic chaining, let Ty be an arbitrary subset of T' of cardinality 22" if ok < n, and an
e-net with € = 3- 272"/ otherwise. Applying the generic chaining inequality,

E [supF(z)] <0(1)- ZQ’C/Q : \/g-min{2,3 : 2_2k/”} = O0(v/n)

zeT A

Consider a weighted hypergraph H = (V, E,w) where w, : ¢ € E are nonnegative edge weights. We
associated to H the quadratic expression

Zwe max (z, — x,)2.

u,vee
eckE

The main observation is that If H were a graph i.e., for every edge e we had |e| = 2 for, this would correspond
to the quadratic form of the graph Laplacian.

As our main application of chaining we will explain algorithms to sparsify hypergraphs: That is we want to
construct another hypergraph H = (V, E, ) such that £ C E and such that

Qu(z) — Qp(x)| <e-QH(x), Ve e R" (18.1)

where as usual € > 0 is the accuracy parameter of our sparsifier. Furthermore, similar to the graph case we
would like to make |E| as small as possible, ideally near-linear in |V| (while —E— could be as large as 2!V
in this case).

The following theorem is proved in a paper by James Lee

Theorem 18.1. For any n-verter weighted hypergraph H = (V,E,w) and € > 0, there is a spectral e-
sparsifier H = (V, E, @) for H such that

log D
2

IB| < 0(E = nlogn),

where D := maxeep |e|.

18.2 Independent random sampling

For any edge e let (). defined as
Qe(x) = we ﬂ%}lg(xu —1,)%

Therefore, Qu(z) =Y, Qc(z).

Suppose we have a probability distribution p. : e € E, i.e., p. > 0 and ) _ p. = 1. Similar to the graphic
case, we let X be an unbiased estimator: Namely we let X = %Qe with probability p.. Then, it follows

that
Z De » — Qe =

As usual the difficulty would be in choosing the probabilities p.

Then, we form H by sampling X, m many times and taking the empricial mean of the samples. In particular,
we can write,
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m

Qale) = =3 Y, (1),

M =1 Pex

Observe that
E[Qz(2)] = Qu(z)

for all x € R™. So, as before the main question is how to choose the probabilities p.?

18.3 Auxilury Graph
Define the edge set

ecE

and let G = (V, F, ¢) be a weighted graph, where we will choose the edge conductances ¢ € R;,C later. Let

Lg = Z Cuv(bu,v)(buv”)T’

{u,v}eF
Let R(u,v) denote the effective resistance between u, v in G. For a hyperedge e € H, we let
Rax(€e) :=max {R, , : {u,v} € e},

Having this we define

We Rinax(e)
Z )

where Z := ) _p weRimax(e) is the normalizing constant. Note that in the special case that H is a graph

Rmax(e) = R(e). Now, the question is how to choose the conductances of the edges of G7

De i= foree E.

The following is the main lemma:
Lemma 18.2. Suppose it holds that
l2]? < Qu(Lg'?), vz € R™, (18.2)

then for any 1 >¢€ >0 and m < O(bf—QDZlog n), with a constant probability H is a sparsifier of H.

The proof of this lemma uses the chaining machinery. But, let us first discuss how to satisfy assumptions of
this lemma?

Roughly speaking this auxiluary graph G, puts Qg into isotropic position. Of course, this step is very
straightforward for matrices but as you will see this is fairly more complicated for these non-linear operators.

18.4 Choosing Conductances

We are therefore left to find edge conductances in the graph G = (V, F, ¢) so that (18.2) holds and Z is small.
To this end, let us choose nonnegative numbers

{c5, >0:{u,v} € (5),ecE}
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such that
Z c, =w., VeckE. (3.11)

tigre(5)
For {u,v} € F, we then define our edge conductance

Cuw = Yoo (18.3)

e€E:{u,v}e (;)

In this case,

||L1G/2y||2 = <y>LGy> = Z Cuv(yu - yv)2 = Z Z wa(yu - yv)Q

{i,j}eF eEE{u,u}e(S)

<D max (yu—w)?
ecE {um}e(;) {u,v}E(Q)

= Zwe maxe (yu - yv)2 = QH(@/)

cer {are(s)

Taking y = Lgl/zz gives

lall® < Qu (LG ),
verifying (18.2).
Lemma 18.3 (Foster’s Network Theorem). It holds that

Z cupR(u,v) =n — 1.

{u,v}eF
Proof. The observation is that

Z cuwR(u,v) = Z Cun Tr(bﬁng;lbuw) = Z Cuw Tr(bu,vbwa(_;l) =Tr(L;'Le) =n— 1.

u,v u,v uU,v

Now, define

Rmax
K := max max ﬂﬂ [ce > O] .
eckE u,ve(s) R(u,v)

Then, Z =3 . WeRmax(e) < K(n —1).
such that (18.3) is satisfied and K = 1.

Lemma 18.4. We can choose conductances c, ,,

Proof. The conductances can be computed by solving the following convex program:
max logdet(Lg(cy) +J)
t. = We
sty D, A= (18.4)
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Note that this program is convex as log of the determinant is a concave function. Equivalently, the objective
can be written as log of the generating polynomial of all spanning trees of G: log >, [] {ww}eT Cuv- The
convexity follows by the fact that any real stable polynomials is log-concave.

We don’t go into the details here. The proof uses writes the "KKT” condition for the optimality of the
convex program and deduces the bound on K from that. We remark that O

18.5 Notes on Proof of Lemma 18.2

The proof of Lemma 18.2 is technical but at high-level it uses the generic chaining machinery. The set
T=A{z: QH(L81/2I) < 1} and the proof uses (18.2) which says that T is a subset of the unit ball.

We just explain the first few steps: We let H be an independent copy of H,

Ep  max Qu(y) = Q)| =Eg max [Eg[QzY)] - Qa(y)|

(y)<1 Qu(y)<1
=Ej EqlQn(y) - Qp
i max [BqQpy) - Qa )l
<Ejy max
i e Q) — Qa )l

where we have used that [EX| < E|X| and max(EXy, ..., EXy) < Emax(Xy,..., Xg).

The point of this first few steps is to make the process ”centered”. The second step is to avoid binary 0/1
random variables. Such random variables are very annoying to run a chaining argument for.

The idea is that the distribution of Qg, (y) — Qs (y) is symmetric around the origin, i.e., centered. So,
Qe,. (y) — Qs (y) and —(Qs, (v) — Qz, (y)) have the same distribution.

Ep g max [Qg(y) — Qpy)| < Ese- 1+1}mEHH max

Qu(y)<1 H(Y)<1 1
1 i We,
<2E, mEs max |— s$i—Qe,
(-1 +ymly jmax | m’; peiQ (y)

First, notice
—QS(L_U2 )= We max (L 1/2 ,buﬂ,>2 = max (ac,zZﬂ)Q
DPe uve( ) umé(é)
where 2, = L&l/Qbuﬂ, and z;, , = £ We /Pezyp- If we let

Ni(z) = max |(z,255)]

u,veeg )T
Then,
L
1/2
Qa(Lg*a) = — " Ni()”
i=1

Similarly, the object we need to study is

Lk
— iNi(z)?
— ;8 (2)
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for Radamacher random variables {s;}1<i<m. So, we just need to the expected value of this quantity over
the space T = {z : QH(Lal/Qx) < 1}. This is where the chaining is used. But the details is beyond the
scope of this course.
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