
 

Martingales Today
mare martingales
AzanemaHoeffding

online decisionmaking

Sequenceof r.us XoXX2 called a discrete time martingale

F Hnl
E Xm XoX Xn Xn

Asequenceof r.us XoXi is a martingale
with respect to the sequence YoY if Fn 0

the following conditions hold i

Xn is afin of Yo t Yn thinkofYo Yn as informationuptothe h
F Hnl
F Xm Yo Yn Xn

Exampies

Sumsof indep random variables F YulYi Yue 0

Yo0 AH Ya iid af ECK 0 Fk
Define Xn tY Yat th
Xt is a martingale wet Yt



Doob's martingale process

Y Ya arbitrary seqof randomvans

X r v with finite expectation

Xn F X Y Yn forms martingale art Yn
Xo F X

Example Edgeexposure martingale

Gnip random graph
label m fL potentialedges esea em

let f G be some functionof the graph f 2B 3 IR

Yj I Yedgee present
0 otherwise PrYj 1 p

Xk E f G Y Yk Xo_EffCG
Xm f G F f G Y Ym

Example f G sized maxclique



Some useful facts about martingales

E Xn F Xo ECxlY y wp Pray

by induction F Xnt Yo Yn Xn F END

F F Xntifyo Yn E Xn yEECXlY y PrCY g

EH
E Xna

Defining

A riv T is called a stoppingtime Wrt Ye y
T takes values in 91,2

and y ten 0 the event In is determinedbyYo Yn
i e can determine if F n or Tfn fromknowledge of

valves Yo Yn
know it when you see it

Examples
first time I win 5games inrow
first time I win 100

OptionalStoppingThem Non example
last time I win 5 games

in a row
24 is a martingale wrt XD

For Ta stopping time knew it whenyousee it

F 7 F Zo

whenever anyof the following hold

Zi's bounded Ic s.t.fi Zi sc

T is bounded

ECT Loo and Fc set F Ri i 2 X.geXi Ic



Tail inequalities
F Xn F Xo how far can it be from its expectation

Azuma Hoeffding Inequality

X Xm martingale sit VK XkXkeleck
Ckmay depend onk

Then ft 0
any

R 0
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Caffee e
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taking expectations
on both sides

Efe
t

Efe
t
e

so by induction Efemttysefemgei.EE

Finally Prftp.RJ PrfexEeaR seaREfe t

T
Markov'sIrreg

e Me E

Optimizing wechoose X
Ecf
i

RYZEI.ci

Prak ee

fr MEI fE Rfa

Factory 2 cones frm Rtx L y



Applications
Azuma Hoeffding Inequality

Xo Xm martingalesat VKIXK XK.claas
Gamaydependonk

Then ft 0 any R o

Prflxtxoppyeze
la.IEe

Chromatic in random graph G n

Vertexexposuremartingale

Xk Eff G NH Nta why

Wlvi edgesfrom vito y vi Xo E G

Xn TCG Ixnxx.is'd



Finding interesting patterns e gi in DNA segs

Let X X Xn be sequenceof characters chosen
independently u a n from E 154 5

e.g E Hit c G

Let B bi bk fixed stringy characters

AHTAHTGGCFr.iroccurrences of F

F F F X Xx Doub martingale

Fo ECF Fn F

By Azuma Hoeffding

en e
a e 2ePrf IF Effy

for D ckrn

PM IF ECF okra E2e



Toss fair coin

X Exp steps to see HTH

X 2 t 2 t I LX

Y Exp steps to see HAH

Y 2 t I t'zY t's It'zY



A martingale approach for any pattern

e.g a HTH

Sequence g indep coin tosses G CaCs ci ft Ifp
At eachtimestep t a new gambler arrives

makes a series of double or nothing bets on 6

bets 1 that firsttosscomesup

HE
loses

K1 winsgets 2 F profit 0

bets 2 thatnexttoss is T

EE
loses 2 wins gets 4

bets 4 thatnexttoss is A
t
2

gets 8loses14

Let Xt exp profitg allgamblers upto step t X 00

Xt is a martingale wrt Ct
F 4 1 9 Ct Xt

X IIIprogitygamblerthatarrivedgtfobeginningggsksp.jp

T H H T T H T H

c

T H H T T H H H



Repeated Online Decision Making andthe Multiplicate Weights Algorithm

A setgpossible actions 1Akn
T a time horizon A 1,2 in

6
Setup
At each timestep t 1 T s
a decisionmakerpicks an actionatelt
where pti Pr a i

p Cp'T p72 p'Tn

an adversarypicks rewardvector
Ftfrth Ma r4n
where rti reward to algit pickedaction i

decisionmakes learns rt

Examples

Choosing a route

Choosingstocks tobuy



MWU algorithm

initiate w a L HaEA
for t 1 to T

pick action a with probability proportional toWta
given rt update wts as follows

WHYa wta I Mrta


