



































































































































Today
Last time anotherexampleofcoupling

martingales
approx counting approxsampling

given I dish IT 4T Tu
overeltsg r

how to approx samplefrom this dish

Cool idea

design a MC whose stationary distn Metropolis
is IT
Show that it mixes in polynomial time spectralapproach

i e after T polyn steps coupling
PRIX j FIT V jer






































































































































Coupling simple elegant approach tobounding mixingtime
P

Aven a MC on A a coupling is a MC on 1 1

defining stochastic process X Y set

eachof X Y in isolation is faithfulcopyofMC
PRIX 2 X x pxz
Pr Y w X y pyw

If X Y then Xti Ytt

Coupling temna Let Xt Y be acoupling

Suppose F T s t they

PrfXffYT IX Yo g EE

Then the ET

Int sat variation dist between

dist overstates ofme
at the T

Xt IT EE

HDDall r I feelDialMY nqxDIA Daca



Graphcoloring

Input G V E undirected maxdegree D Kcolors RecallL k OH
Kcolorable

Markovchain K DL t2
pickvertex v color c u.am
recolorv witha ylegal

0 neighbors
aperiodic

pin Otlwth

ooo

IT uniform µ
P symmetric v c

pt o

b

Pss O

ft ft
Conjecture ht k3 0 2 this MC has polymixingtim

evenOfsbgn



Thin Ifk 340 1 then MC has mixingthe 0k6gr

Coupling Xf Yt choose same V c eachstep

Df v1 X Y disagreeoncolorgr 1 1 4

At _V Dt

here d may A Xp Yt

Goodmoves dyed 9e goodmoves 4 k 20

gµchoose CDf

c mustbeBadmoves d P be badmouse 2d colorofsome
choose v D I nodes neighborgv

solo petal in onechain
Echdaffinae of Ebt neighboursD but vetother

butnototter y neighborof
Xp Yt vertex in Dt

1
Before f Y

Jp of ECHY
Xt dBrown Ym ECxlYy upPray

BO F END

After l yEECxlY yPrCYy

Jp xPrlXxHgPray

x PrCXxnY y

All othermoves cause no change in dt xPr X x
Prob ofeachmove En F X

en
e dy t 24

0 deck20 F EAN E X
E d dt left bt St

d It 4,9 Edt 1 In
since k 40 1

E dff ELELdeldtDJEEfdt.tl ten
then

F Cdt do I
t

edge ee t knby
En



Markus ugh

for T knbfZ

Pratt I Xo x Yo g E e TE EknbfZ
dt I

bound can be improved to k 20 1 with more clever coupling
see notes



Martingales

Asequenceof riv s XoXi is a martingale
with respect to the sequence YoY if Fn 0

the following conditions hold i

Xn is afanof YoY Yn think ofYo Yn the Yupto
F Hnl
F Xm Yo Yn Xn

Sequenceof r.us XoXiXa called a martingale
whenit is a martingale wrt itself F Xie ly Yu

TdaE Hnl v.v
E Xm XoX Xn Xn

i
ECX.tn Yi Yi

EfXi Y y s ECYin Y Yi

Example gamblerplays sequenceof fairgames
X O

Yi winnings on in game F Yi _O

X gamblers totalwinnings atend g i game
F Xinf Yi Ym Xi t E Ym Xi

martingale regardlessof amt bet eachgame even
iftheseants aredependent onpreviousresults



Exampies

Sums of indep random variables F Yu Yi Yue 0

Yo 0 Hi Ya iid if ECYK 0 Fk

Define Xn YotYtY2t tYn

Xt is a martingale wet Yt

F Xn Yo in E XntYn i Yo Yn

EfXn Yo Yn tECYn i Yo Yu

Xn 1 F Yun
Xn

Variance gas yn i D y EW o Fk F YE 62

Define Xo 0 Xn EI KP nd

Xt is a martingale wrt Yt

M 7
F HYo in EffIEYkJ CntYo2 Yo YnJ

EfYnEt2Yn E the H d Yo Yn

E ET Xn 62
O

Xn



Doob's martingale process

Y Ya arbitrary songof randomvans

X r v with finite expectation

Xn F X Y Yn forms martingale art Yn
Xo F X

EMw E E Yu w w
F Xnt Y Yn

EfE HY Yn Y yn prove
thisT

C
NVC l ECX Y Mn Xn

E v W w w p P
w

Example Edgeexposure martingale

Gnip random graph
label m fL potentialedges esea em

Let f G be sizeof largest clique in G

Yj I Yedgee present
0 otherwise PrYj 1 p

Xk E f G Y Yk Xo_E fCG
Xm f G E f G I Yi Ym

P T T
eight



Some useful facts about martingales

E Xn F Xo ECxlY y upPray

by induction F Xnt Yo Yn Xn F ENN

F F Xntifyo Yn E Xn yEECXlY y PrCY g

EH
E Xna

Definition Xo Y Yz Yn
a

A riv T is called a stoppingtime Wrt Ye y
T takes values in 91,2

and y ten 0 the event In is determinedbyYo Yn
i e can determine if F n or Tfn fromknowledge of

valves Yo Yn
know it when you see it

T first fmeI wins
games

in arow

i first Ivens 100

Optional stoppingThm last me Iwmmasg.gsXX
Ziff is a martingale wrt XD

For Ta stopping time knew it whenyousee it

F Zt _F Zo

whenever anyof the following hold

Zi's bounded Fc s.t.fi Zi sc

T is bounded

ECT Loo and Fc St F Ri i 2 X.geXi Ic



Applications ofOptional StoppingTheorem

unbiased row on line starting at 0 CI
1111111111111

yi I Fritz Xn Yi martingale

T min n Xn a or Xn b

T is astopping time

Let va Pr Xn reaches a before reachingb

By 0 sat F Xt E Xo

F Xt Va f a th va nb O

va

Same unbiased r w on Lene same T

whats ECT

Zn XP n is a martingale varianceof a sum ECY 4

By O S.T E 7 F Zo 0

ERT va od ta va b ECT O

ECT ab




