
FiniteMarkov Chains

random walk on directedgraph
eachvertex is a state of MC
each arc describescorrespondingtransition probability

UseXf to denote state attimet
Pr 4 1 51Xt i pi Pe pi

transitionprobmatrix

E Cptpat put describes probdish overstatesattimetP
pit PrHei

15041,0 0 means start instatei

Po4T T th means startin uniformly randomstate

Ptt Ftp p
ttm

pstpm

called a Markov chain because it has Markov property
next slate depends on current

Prcxtatlxt i atyxt Iat.si XiaXiao state but not on historyP X at1Xta a r

Irreducible Markov chain corresponding graph strongly
connected

pended of state i god n 1 Pii o

Markov chain is aperiodic f period of everystate is I

AM Markov chains we will consider will be finite
irreducible aperiodic
F N 0 sit P strictlypositive the N

 

today moreMarkerchains

mixingtime
randomwalks on graphs

gegwnagr.v.is Xt ondiscrete

state space
Pr X j XtFi Xia Mo pprfxt.is

Xt i i

ij

stahghn somestate p

Vii
3 t sit
Pij O

PY.j Prfxt.us X i so

I iFEjstaieks.t.Piucs

iyyyssCPY.jso
I

µ
i j



A stationary distn TT ga M C is a prob

dish sit P fixedpoint
T

F FpV j Tj
ftp.jgterwemntbrgenagn

wecompletely
forget abut metal dish

Fundamental Thm of Marker Chains

For any finite irreducible aperiodic MC

F stationary dish TP witntiso fi

is unique

IT L Notationhi i

fi j lem Pif Tj Hij fY XE'sHei
n soo hij E Hij

hi expected first
return time

P z ItP p Ipg ifj

M T2 Tn

ee

unique lefteigenvector w eigenvalue

P stochastic row sums

Simple cases

tetric ITH'T Fn

HT pig InEpis f p i thw
L

P doubly stochastic fool Suns arealso 3

F tn T

P reversible If 7 IT sit Fi j
Ii pij

ltjpjitji.fi pij w Tjpji TjfiIi Tj TS



Random walks on graphs G V E

F D A pw
at Gutt

Tadjacencymatrixofgraph
0 aw

where D is degreeof
vertex 0

graph
connected aperiodic bipartite Cf

mixingtime

F hittingtimes

F cover time

Claim 1Tu
d
m

m total edgesingraph

L E

Nupur Fm Ldu 2M

Trpvu d
m I

Huy Tupw Tvp

Want to bound mixingtime for randomwalksargraphs

I
startat pH

Andforwhat t
goop

tT gE E

0g
distinares
States attimt



MMM for d regular graphs using spectral approach

D Tn T Tu
m n th

Spectral Thm

If MEIR symmetric then

allots eigenvalues are real

F full basis of
orthonormaleigenvectors

7 VI where Ii j
M a

m E air riff fo EoI EE

It I I

P D A symmetric

f alongdigg
73223 an real

VT
orthonormal
basis

rowsunes D

P ft
2E't e

i Fit

2 other facts

Ended
say SEE In

Gis nonbipartite z max
2 en

I 2 governs
rateofconvergence
tostationary

P 2,7Vivi weweeshowtnet tf
tna

pz.E.noivivit

pt zn.tv uit
F



v t zaitv uit

a
man
Eat

t

write

E Eiggit

If
t

pwssu.tt cigjfEsaitnivi c.j cpgyi

EEE

enTn t t
i 2

por Fn Epoi In

popt T

t.Ezciafv.FIpoPt T EEciaiuitH

Ern HEacinivith
Cauchy
Schuetz t.qaciai.tw z

areEacini

i a

t

Ern A SEC
W t is

C a AD a

Ern of tab t ofh polls
0g I

z



O
d regular graphs diameterofgraph yd cast

is reign

d rig graphs with l T S E are called

expander graphs

s

look like random d regular
graph random d regular graph

22 0

F explicit constructions forexpandergraphs

Nonregulon graphs

P D A D A has same eigenvalues as D 7t

G D AD
DKADY a

pea p's DKDkpjkx ND.by

s

DAfD X DKx

p kQD p b
pt DkqtD.snas
IF A

Safavi
g



ranlam II Lim

exptnestahgati toutmntoi
2

Lemme Fedgelij hijthji E2Mp
A edgesingraph

i

isNewly 2M gci.jycjiy d.TK

9ciiiLfgg
o

Claim TPM gFielhondirected
4

edges doubly stochastic

I go djof lis.tn ijjeEiDGjk

i
E

i
P
w
2M



simple upperbound on corentine gang graph
i

hijthji

4919 E efiith

Ohm

E GI 2m

K rent
o o je

ccg of.n

mama




