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MAXCUT

Input G V E wig Hi j EE

Goals partition vertex set so as to max weight of endpts crossing cut

max the wij I yiyj

y l Hi c V

vs
f vVector programming relaxation g

Max wij l Fi

Kiev
ER Jj L



SDP rounding

Intro to semidefinite programming

linear programmingwhere vans are entries in psd matrix

Defn If A is a symmetric n byn matrix
then It is a positivesemidefinite psd matrix Ako

yfany of the following equivalent conditions hold
t.EERn IAC 30

A has nonnegative eigenvalues

A VTV for some Mxn matrix V men

A 2,2 X Xit for some Xi 0 and

orthonormal vectors X EIR

semidefinite program SDP
Vector program

man or min cij ij
man or min Cij Xi VI

subject to i aijk ij bk
subjectto aijk vi us bK

Xij xji Fi j

X Xi ko vie IR il n

givenX X Vtv
set v tobeitncoegV

Key fact
SDPs can be solved to within additive error E

in time
polyfsinginput logE

in our discussions we ignore additive error E



MAXCUT

Input G V E wig Hi j EE

Goals partition vertex set so as to max weight of endpts crossing cut

vs
f vVector programming relaxation g

Max La wij l Fi

v Kiev
ER Jj

Can solve SDP in polytime

Claim MAXCUTOPT E SDP opt

But how to round get large contribution to opt when vi vj very re

Random hyperplane rounding JI
a rsolve SDP Vi y vn T

pickrandomhyperplane thru origin
partitionvertices based onwhichsideofhyperplane Vi

4
Put i into S y Vier o L

Vy
i antos y Vi 0

lkn.uafhT2iNN0 l



F weightofresultingcuffs5 wijPr Ciii getsout

iis
r r't

pi T T
project orthogonalTri g to
this
plane

1
is uniformly distd

around circle

ji
PRC gets out

PRunifranden diam cutsbetween
Tri themr

E
e T

20 anccos.frn Pj
IF it

F weightofresultingcuffs5D wijPr Ciii getsout

x

a e
wii I wiiaI

it
taxes Lxx objof P

L min
gTexel zu x 0.8878

E WWIIproducedbyalg 30878 CPTsop 30878 OPT



Hardness

If F approx dog for MAXCUT with approxratio 30.941
then P NP

If the unique games conjecture is true there is no

approxay for MAXCUT with approx ratio better

than 0.878 is
MAX221N 9

Unique Games Conjecture q prime
input linear equationsmod9
w unknownsV Ezo 3 prime g

Sts x xnEloy 9 B
GEye Gapversion it 7 farm Xi xj G

Xz Xi 87fined97J

m.EE IasIhaiIIEFIgti5 xxx someday
i

if no assignment Xp xq 56 med97Jsatisfiesz refraction
output NO problem Find assignment

admits no polytime
g is thatsatisfies max

som unless P NP possible ofegns

Int gapof the COW SDP 0.878

Everypoly sired LPrelaxahn of MAX
cut

has integralitygapof



polybeag3 Coloring a 3 colorable graph ganabaskolas 00

Gren graph G Cv E HEE.fr oJfBTo
promise that tis 3 adorable L

What is min k sit we can find a k coloring
of G in poly tire

Simple results

A graph with Max degree D can be Greedy
colored with Dtl colors

A 3 colorable graph can be coloredwith a
0 rn colors t

O

nduIFIForsdtodYEFF.rs
neighbors II

neighborhood 2 colorable

Remove it its neighbors fromgraph

by ing graph canbecolored
3h

Y 0 rn colors colors

An SDP based aIg
Claimmin X

s.tv vjeXVCiiDEE if graph is
Pio fiev 3 colorable

FER NE L
S

Vi vector corresponding noon

to node asf L

p wax cos anglebet vidvj 72
i.is
sit.li E IITsS3 2



Claimmm 2
st Parp sa fli jyeE

if graph is
3 colorable

vi vis se ti ne ta
vitelR fi

Aside

If G has a triangle then
optimal Sdn to SDP has 2 3

1
2

Proof Suppose
3

Of fritters tip.is vivTtIa.vItIs.v
at v avg.tv Vz tV YtV V3 1 Vz Vi Vz Vz

Z 3

FG

min X Claim
vi Vj In Hci c E
v on if If G K colorable Re

v EIR If G has K clique Is

Dye 0 G L f AGGIE
Called LevaszTheta fn

O G K

k if Gis K colorable
has k legue

clique s G e chromatic

go go



Back to coloring 3 adorable graphs g
G V11,4 in

mm T

VIER L icj EE
3211

Yt rent rap 3
anglebetweenVi vj

Algorithm

Solve SDP A vi in n r n
T

choose tf randomhyperplanes thru origin i

L J
Color vertices in each regionw diffcolor w

remove anyedges properlycolored

Repeatsteps 2 4 until havepropercoloring

with newcolors

One executionof step uses at colors

Goal produce semicoloring wp 3 AA
in

coloring ofnodes sit

114 edges have samecolor atbothendpts
atleast z vertices properlycolored

Observation y K colors sufficient to get semi coloring
graph can be properly cateredwith Ofklegn colors

what should b be to guarantee ur



Fix Cid EE
vs

d xprfiej get samecolor I F
µIt

Jeri

Let 0 be max degugraph

Ef edges with sane color E
k

4 Lotz E F
T

34 40 ttogzko
ByMarca Img
PM edges y sane color F 3 92 s

use Ofcozy293140 504043

own

n9321

8 no
631



colors
Let D be a parameter

Pick a vertex ofdeg 30 8 3 chart dneighbors 3 h

2 Repeat step1 until all vertices havedegree 10

3 Run SDP basedabg to color rest
graphymaxdegOR 0

1932

get 0
6932

colors

choose 8 to min 32

1963
minimized when I n

n
39

colors

Currentbest 0 n
019

NP hard to color with 4 colors

Huge open problem Is there an alg for 3 coloring a

3 colorable graph that uses polylogn
colors


