



































































































































Today
Optimization

randomizedroundingofLPs
mirymax fanxn whencanwe MAXLSAT
subjecttoconstraints solveefficiently congestion min

projectinfo tonightLinearprogramming L
X2

f x xn linearfin 4 1 3 62 2 5constraints linear

Example Diet Problem
Athletewantsto waxprotein consumption

subjectto 5 5unitsof fatday
5 61day

p t fatIb 1
steak 2 I 4 I

1
peanutbutterPB I 2 I

X lbsofsteakfday
Xa lbsofPBIday

112

objectivefm 4x Xa 6112 2 5Max 2x t Xa
subjectto

4 1 2 6 feasibleset
2 2 5 feasibleregion
XiXs 30 a

feasible ptwithmax objective frvalue I fis optimalsolution l
I f m 224 4 4

224 8 1
u x

feasible setis polyhedron intersectionofhalfspaces 22
italso bounded nonempty polytope

feasible set convex

linearcostfns definefamilyofparallel hyperplanes
optimalfeasible pt mustoccur at Carnes a.k.a vertex

can'tbe expressed as convexcombgfeasiblepts

Unfortunately too manyvertices to enumerate 7 M Ex coexist ien
m constraints h variables n dimensional hypercube






































































































































Max 2x Xa c49
subjectto

Input to LP problem
4 1 2 6 A YLx 2 2 5

find xc IR to x in o b EcIR Max c xMxn
A E IR subjectto Axeb
5 C IRM Xiao Ki

a xEpb E a x E b
Max qxitcaxat tcnxn a X b a X b

a x Eb
s.tn auxtaxxatetannin b unconstrained xt I

amx tant taanxneba x'Txzoi

amXitamaxattamnxnebmxi.br
yXn30

There are efficientalgs for LP ellipsoid sometimes even exponential
exp worstcase sizedLPs can be solved in polytimesimplex smoothed polytine

ellipsoid

interiorptmethods
Polynomialtime

Bottomline If you can formulate your problem asLP
4 canbesolved intimepowgfmiy1oyl.mqjx ij.bci

Using linearprogrammingrelaxations to getapproxalgsfar NPhardproblems
thenapply randomized rounding

MAXSAT
Given a Booleanformulain CNF andfors Maxversioneven whenallclauses

in Boolean vars x xn have 32 literals
M clauses Ci cm

each clauseis ORof some of vans negations eg XzVI5VXi

Wj weightof jtn clause
literals

MAXSAT And assignment that maximizes outof satisfiedclauses
MAXKSAT all clauses have k literals
MAX EKSATE all clauses have exactly K literals






































































































































Random assignment
K Prklansesat

2
3
4

We will consider MAX 2 SAT all clauseshave 1 or 2 literals
a

Step1 Formulate MAX 25kt as integerlinearprogram
wherewe requireallvans tobe c o

Suppose inputformulahas n vans mclauses

Define tears x xn Fran infarmula
2 zm tfclausein formula

vxa
where Xi

oT.int zj l yclause'ssatisfied
O o w I x txa z

Cj Cs
Xs zj

i






































































































































integer linear programming is uphardthough

Step 2 Relax to a LP and save 27 zm XF xn fractional

optgcam
max Wjz

j l

EgLis Z 2J jet m

where y j X if Vaniposing
c 0,1 is n

t Xi neg g

2JC 0,13 j l m

keyobservation

Step 3 Round theSdn integer som






































































































































Corollary

Similar analysis shows randomized rounding
gives 1 Ie approx alg forMAXSAT

Choosing beltsof randomizedroundingsoly
unbiasedrandomizedally
34approx alg

solvingLP d then setting
A True Wp ftxE where
False ow fife 1 0,1

I 4 EFG e 4 1

gives 34 approx alg

Best possible if we compare our solutionagainst OPIp

Ex fxivxajnlxxivxfnlx.vn n 5vIa






































































































































Randomized rounding summary

important technique for obtaining approx algsfor NPhardproblems

Recipe

1 Set problemup as integer linearprogram varsc on
2 Relax ILP LP vars cLoD
3 SolveLP to optimality xi in D
4 Constructsolutionbyrandomlyrounding vans oil

treat x as probability

5 bound qualityofsdn bycomparing to LP opt

Another example congestion minimization

Input directedgraph G YE
setof pairs si ti il K

Output path Pi from Sinti Fist k
sit Congestion is minimized

in
Max paths thatintersectanyedge

NPhard

Approx alg via randomized rounding
Setup ILP multicommodity flow

vars file c oil flowfromsinti onedgee
C congestion

min C
subtetto

fi e file Vv fs.it conservationofflowest est fe cusu e µ warsomeu farsomew

file Vi route 4unityflow fromsi tiest
e Csi u
forsomeu

f e s C 1
congestionboundi

f e c 0,1 Hi e

Relax toLP

Solve LP






































































































































Round Sdn

Bound result

theorem If Escenn forsome caste then whp themax congestion on
any edge e CE CT

approxratio I 2

Proof Fix e fu v
LetX e l Jeep

o ow

F Xie I fpi.fiejpePis.x
eepi






































































































































If only know C 1

theorem Pr anyedgehas congestion 3 E et
T

gives approxratioofa

Proof Fix e fu v
LetX e l Jeep

o ow

F X 4 I fpi.fiejpePis.x.ec

pLetXlei xicej V eE XCeD Efi4e ec

Pr He its Ct e e
Ekitoenuto B

Chernoffbound

L

PrHey act e e
Then't DeeNenaD L a D

P 6bnmnnflnlnntbn6lnbb.ir I
0 71

3 3 bun
3hm

thisis e

Pr anyedge hascongestion xC I Pr Xie xc
7

union
nd th th

Dae

bound

Optimetz
graphswith oP r h n'gYYY

so can't do betterwithsuch an approach

Hardness directedgraphs

Every polytimealg has r l9 approxratio

unless NP E Bp7µE noageogny



MAXCUT recall asagneech
vertexatradntoselle

Input G V E wig Hi j EE

Goals partition vertex set so as to max weight of endpts crossing cut

IP formulation ofMAXCUT

on onesideofpartition
1 onotherside

Zij I edgeli cut
0 aw

Max Eijjeewijz.gr

Zig s xitxj Fli j c E

Zig e 2 xitxj Ffig c E

Xiao I e c V

zijcf.gl F iDEE



Another approach

First notation change
fi Xi C 1,11

define y j Xix Vi jEV

Want F x fiev
Max

a e
wij l Yi

sit yij xix.fi j yij yj fi jeV
yii 1 Fier

purple brown is exact



SDP rounding

Intro to semidefinite programming

linearprogrammingwherevans are entries in a PSDmatrix

Defn If Ais a symmetric nbynmatrix
then It is a positivesemidefinite psdmatrix Ako

yfany of the following equivalentconditions hold
t.EERn IAC 30
A has nonnegative eigenvalues

A VTV forsome Mxn matrix V men

A 2,2 X Xit forsome Xi 0 andorthonormalvectors XEIR

Semidefinite program SDP Vector program

Max or Min cijXij max ormin Cij vi Vj

subject to i aijkXij bk subjectto Fgaijk vi vj bk

xij xj.fi j
Vi c IR i l n

X x ko

givenX X Vtv
set v tobeitncoegV

Key fact
SDPs can be solved to within additive error E

in time
polyfsinginput logE

in our discussions we ignore additive error E




