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In the following we consider how to generalize this definition ton goods.

1.1 Fisher Setting

There aren buyers, denoted byi = 1, . . . , n, with initial moneym1, . . . ,mn, respectively. There areq
heterogeneous goods, denoted byj = 1, . . . , q. Let Bj denote the amount of goodsj. For each buyeri, let
uij be the utility of buyeri from goodsj. Let ui be autility functiondefined onRq → R, representing the
utility i gets from the allocation vector.

Given price vectorp = (p1, . . . , pq), each buyer tries to maximize its own utility according to the
following program:

max ui(g)
s.t. p · g ≤ mi

g ≥ 0, whereg ∈ Rq

Assume the utility function of each buyer isconcave, that is,

ui(g1) + ui(g2)
2

≤ ui(
g1 + g2

2
).
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Then the above program can be solved in polynomial time by ellipsoid algorithm. For each goodsj, we
assume there is at least onei such thatuij > 0.

Similar to the Demand and Supply curve for one goods, we can see there are the following three cases
for each goodsj:

Case 1. total demand> supply,pj should increase.

Case 2. total demand< supply,pj should decrease.

Case 3. total demand= supply,pj should not change.

Theorem 1.1. (Arrow & Debreu, 1954) There exist price vectorp = (p1, . . . , pq) and allocation vector
g = (g1, . . . , gn) such that (i) w.r.tp, the utility of each buyer is maximized, and (ii) for each goodsj,∑

i gij = Bj .

Any solution satisfies the above two conditions is calledmarket equilibrium.

1.2 Linear Utility Functions

In the following we consider linear utility functions, that is, for each buyeri,

ui =
∑

j

uij · gij ,

wheregij is the amount of goodsj thati gets.

max
n∏

i=1

umi
i

s.t.
∑

i

xij ≤ Bj = 1, ∀ j

xij ≥ 0, ∀ i, j

wherexij is the allocation of goodsj to buyeri, and assume w.l.o.g thatBj = 1 for eachj.

The objective function is equivalent to

max
n∑

i=1

mi · log


∑

j

uij · xij


 .

Due to Lagrange relaxation, we have for any fixed price vectorp,

max
n∑

i=1

mi · log


∑

j

uij · xij


 +

∑

j

pj · (1−
∑

i

xij) ≥
n∑

i=1

mi · log


∑

j

uij · xij




xij ≥ 0, ∀ i, j
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If xij > 0,
mi · uij∑
j uij · xij

− pj = 0 ⇒ uij

pj
=

∑
j uij · xij

mi
.

If xij = 0,
mi · uij∑
j uij · xij

− pj ≤ 0 ⇒ uij

pj
≤

∑
j uij · xij

mi
.

Thus, we know each buyer spends its money with utility maximized. In addition, we know1−∑
i xij = 0,

which means all goods are clear. For anyi, j (no matterxij = 0 or xij 6= 0), we have

uijxij =
(
∑

j uijxij)xijpj

mi
,

which implies that
∑

j

uijxij =
∑

j

(
∑

j uijxij)xijpj

mi
.

Thus,

1 =

∑
j pjxij

mi
,

which implies all buyers spend their money. Therefore, the solution of the above program gives a market
equilibrium.

Basically, these are what we have discussed in class. Please refer to the reference for more details. (More
details to be included).
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