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Demand and Supply curve for one goods:

quality Equilibrium point

demand

supply

price

In the following we consider how to generalize this definitiomtgoods.

1.1 Fisher Setting

There aren buyers, denoted by = 1,...,n, with initial moneymy, ..., m,, respectively. There arg
heterogeneous goods, denotedjby 1, ..., q. Let B; denote the amount of goods For each buyei, let
u;; be the utility of buyer from goods;. Letu; be autility functiondefined onR? — R, representing the
utility 4 gets from the allocation vector.

Given price vectop = (p1,...,pq), €ach buyer tries to maximize its own utility according to the
following program:

max u;i(g)
s.t. p-g<m;
g >0, whereg € R?

Assume the utility function of each buyerdsncave, that is,

2 A

ui(g1) + ui(g2) < (91 +g2).



Then the above program can be solved in polynomial time by ellipsoid algorithm. For eachjgooels
assume there is at least ongsuch thatu;; > 0.

Similar to the Demand and Supply curve for one goods, we can see there are the following three cases
for each goodg:

Case 1.total demand> supply,p; should increase.
Case 2.total demandk supply,p; should decrease.
Case 3. total demand= supply,p; should not change.

Theorem 1.1. (Arrow & Debreu, 1954) There exist price vector= (p1,...,p,) and allocation vector
g = (g1,-..,9n) such that (i) w.r.tp, the utility of each buyer is maximized, and (ii) for each gogds

>.:9ij = Bij.
Any solution satisfies the above two conditions is cafteatket equilibrium
1.2 Linear Utility Functions
In the following we consider linear utility functions, that is, for each buyer
U; = Zuij * Gij,
J

whereg;; is the amount of goodgthati gets.

n
max l_Iu;nZ
=1
s.t. inj SBJ:LVJ
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wherez;; is the allocation of goods to buyeri, and assume w.l.0.g that; = 1 for eachj.
The objective function is equivalent to

n
max E m; - log E Usj = Tij
i=1 7

Due to Lagrange relaxation, we have for any fixed price vegtor

n n
max Zmi'log Zuij‘xij —i—ij-(l—Zl’ij)ZZmi'lOg Zuij‘xij
i=1 j j i i=1 j



If Tij > 0,

mi - u; Wiy D Uij " Tij
J ,_pj_Oj 7j:7'7 .
D Uij - i Pj m;
If azij:O,
I _pj<0 = L=l 0 Y

D Ui - i Pj m;
Thus, we know each buyer spends its money with utility maximized. In addition, we krey, z;; = 0,
which means all goods are clear. For any (no matterz;; = 0 or z;; # 0), we have

(22 uijTij)wijp;

Y

Ui L5 —
g mi

which implies that

(22 wijrij) i,
D uigtii = ) -
i

, m;
J
Thus,

- > PiTij

mg
which implies all buyers spend their money. Therefore, the solution of the above program gives a market
equilibrium.

Basically, these are what we have discussed in class. Please refer to the reference for more details. (More
details to be included).
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