CSE 521: Design and Analysis of Algorithms Fall 2025

Problem Set 3
Deadline: Oct 22nd (at 11:59PM) in gradescope

1)

Optional 0 points: Let Xi,..., X, be independent random variables uniformly distributed in [0, 1] and

let Y = min{Xy,...,X,}. Show that E[Y] = n+r1 and Var(Y) < m

Consider the following algorithm for estimating Fp, the number of unique elements in a sequence X1, ..., X,
in the set {0,1,...,n—1}. Let h: {0,1,...,n—1} — [0,1] s.t., h(¢) is chosen uniformly and independently
at random in [0, 1] for each i. We start with Y = 1. After reading each element x; in the sequence we let
Y = min{Y, h(x;)}.

a) Show that by the end of the stream — 1 is equal to Fjp.

BV
b) Use the above idea to design a streaming algorithm to estimate the number of distinct elements in the

sequence with multiplicative error 1 4+ €. For the analysis you can assume that you have access to k

independent hash functions as described above. Show that ¢ < O(1/€%) many such hash functions is

enough to estimate the number of distinct elements within 1+ € factor with probability at least 9/10.
Say we have a sequence of number Xi,...,X,, € {0,...,n — 1}; also let f; = Z]":_& I[X; = 1] for all
0 <i<n-—1. Given an € > 0, we want to output all indices i such that f; > en (with high probability).
You can use memory at most O(% log®(n)) for any constant C' > 0, i.e., it is ok if your algorithm uses
1000 log*®® n/e? amount of memory. The running time of your algorithm is not limited and it can depend
on n. Note that this is a streaming problem and you get the read the input only once. With probability
1 —1/n your algorithm should

(a) output all ¢ such that f; > en, and
(b) any ¢ in the output of your algorithm should satisfy f; > en/2.

Hint: First use a single hash table with a test where any ¢ with f; > en passes the test with probability
9/10 and any @ where f; < en/2 fails the test with probability 9/10. Then use the median trick (and
multiple hash tables) to boost these these probabilities to 1 — 1/n?. Finally use a union bound.
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