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TWO-p €I'so1l ZEro-suin galnes

We begin with the theory of two-person zero-sum games, developed in
a seminal paper by John von Neumann and Oskar Morgenstern. In these
games, one player’s loss is the other player’s gain. The central theorem for
two-person zero-sum games is that even if each player’s strategy is known to
the other, there is an amount that one player can guarantee as her expected
gain, and the other, as his maximum expected loss. This amount is known
as the value of the game.

1.1 Examples

Consider the following game:

Example 1.1.1 (Pick-a-Hand, a betting game). There are two players,
Chooser (player I), and Hider (player II). Hider has two gold coins in his
back pocket. At the beginning of a turn, hdf] puts his hands behind his back
and either takes out one coin and holds it in his left hand (strategy L1),
or takes out both and holds them in his right hand (strategy R2). Chooser
picks a hand and wins any coins the hider has hidden there. She may get
nothing (if the hand is empty), or she might win one coin, or two. How
much should Chooser be willing to pay in order to play this game?

The following matrix summarizes the payoffs to Chooser in each of the

cases.
Hider
= L1 R2
S|l L| 1 0
2lR| 0 2
O

1 In all two-person games, we adopt the convention that player I is female and player II is male.
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How should Hider and Chooser play? Imagine that they are conservative
and want to optimize for the worst case scenario. Hider can guarantee
himself a loss of at most 1 by selecting action L1, whereas if he selects R2,
he has the potential to lose 2. Chooser cannot guarantee herself any positive
gain since, if she selects L, in the worst case, Hider selects R2, whereas if
she selects R, in the worst case, Hider selects L1.

Now consider expanding the possibilities available to the players by in-
corporating randomness. Suppose that Hider selects L1 with probability 1,
and R2 with probability y» = 1 — 1. Hider’s expected loss is y; if Chooser
plays L, and 2(1 —y;) if Chooser plays R. Thus Hider’s worst-case expected
loss is max(y1,2(1 — y1)). To minimize this, Hider will choose y; = 2/3.
Thus, no matter how Chooser plays, Hider can guarantee himself
an expected loss of at most 2/3. See

Similarly, suppose that Chooser selects L with probability x1 and R
with probability xo = 1 — x1. Then Chooser’s worst-case expected gain
is min(z1,2(1 — z1)). To maximize this, she will choose 1 = 2/3. Thus,
no matter how Hider plays, Chooser, can guarantee herself an
expected gain of at least 2/3.

2 2
2(1 — 1) : when Hider 2(1 — y1) : when Chooser
plays R2 plays R
21: when Hider Y1 : when Chooser
lays L1 lays L
Expected P Expected P
gain loss .
of Chooser of Hider |Worst-case
N " loss
Worst-case gain

0 ke 0 hn

2/3 1 2/3 1
Chooser’s choice of x1 Hider’s choice of y1

Fig. 1.1. The left side of the figure shows the worst-case expected gain of
Chooser as a function of 1, the probability with which she plays L. The
right side of the figure shows the worst-case expected loss of Hider as a
function of y;, the probability with which he plays L1. (In this example,
the two graphs “look” the same because the payoff matrix is symmetric.
See Example for a game where the two graphs are different.)

Notice that without some extra incentive, it is not in Hider’s interest
to play Pick-a-hand because he can only lose by playing. To be enticed
into joining the game, Hider will need to be paid at least 2/3. Conversely,



1.2 Definitions 3

Chooser should be willing to pay any sum below 2/3 to play the game.
Thus, we say that the value of this game is 2/3; we can think if it as being
equivalent to the following 1 by 1 game.

Hider

2/3

Chooser

Exercise 1.1.2 (Another Betting Game). Consider the betting game
with the following payoff matrix:

player II
— L R
E; T|0 2
S| B|5 1
o,

Draw graphs for this game analogous to those shown in and
determine the value of the game.

1.2 Definitions

A two-person zero-sum game can be represented by an m xn payoff matrix
A = (a;j), whose rows are indexed by the m possible actions of player I, and
whose columns are indexed by the n possible actions of player II. Player I se-
lects an action ¢ and player II selects an action j, each unaware of the other’s
selection. Their selections are then revealed and player II pays player I the
amount a;;.

If player I selects action 4, in the worst case her gain will be min; a;;,
and thus the largest gain she can guarantee is max; min; a;;. Similarly, if
IT selects action j, in the worst case his loss will be max; a;;, and thus the
smallest loss he can guarantee is min; max; a;;. It follows that

max mjin a;; < mjin max aj (1.1)
since player I can guarantee gaining the left hand side and player II can
guarantee losing no more than the right hand side. (For a formal proof, see
Lemma 1.5.31) As in without randomness, the inequality is
usually strict.

A strategy in which each action is selected with some probability is a
mixed strategy. A mixed strategy for player I is determined by a vector
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(x1,... ,xm)T where z; represents the probability of playing action i. The
set of mixed strategies for player I is denoted by

m
Am:{xERm:xiZO,inzl}.
=1

Similarly, the set of mixed strategies for player II is denoted by
n
j=1

A mixed strategy in which a particular action is played with probability
1 is called a pure strategy. Observe that in this vector notation, pure
strategies are represented by the standard basis vectors, though we often
identify the pure strategy e; with the corresponding action 1.

If player I employs strategy x and player II employs strategy y, the ex-
pected gain of player I (which is the same as the expected loss of player II)

1S
XTAy = Z Z:}:iaijyj.
]

Thus, if player I employs strategy x, she can guarantee herself an expected
gain of

min x’ Ay = min(x” A); (1.2)

. n : T — i
since for any z € R", we have minyea, z' y = min; z;.

A conservative player will choose x to maximize ([1.2)), that is, to maximize
her worst case expected gain. This is a safety strategy.

Definition 1.2.1. A mixed strategy x* € A,, is a safety strategy for
player I if the maximum over x € A, of the function
x — min x! Ay
y€An
is attained at x*. The value of this function at x* is the safety value for
player I . Similarly, a mixed strategy y* € A, is a safety strategy for
player II if the minimum over y € A,, of the function

y — max x! Ay

is attained at y*. The value of this function at y* is the safety value for
player 1T .
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Remark. For the existence of safety strategies see

Safety strategies might appear conservative, but the following celebrated
theorem shows that the two players’ safety values coincide.

Theorem 1.2.2. von Neumann’s minimax Theorem
For any finite two-person zero-sum game, there is a number V, called the
value of the game, satisfying

max min x’ Ay = V = min max x’ Ay. (1.3)
x€A, yEA, YEAL XEA,

We will prove the minimax theorem in

Remarks:

(i) It is easy to check that the left hand side of equation (1.3)) is upper
bounded by the right hand side, i.e.

max min x? Ay < min max x’ Ay. (1.4)
xXEAm yEA, YEAL XEA,

(See the argument for equation and [Lemma 1.5.3). The magic of

zero-sum games is that, in mixed strategies, this inequality becomes
an equality.

(i) If x* is a safety strategy for player I and y* is a safety strategy for
player II, then it follows from that:

. \T T *
nglAIi(x ) Ay =V = Jmax x Ay*. (1.5)
In words, this means: that the mixed strategy x* yields player I an
expected gain of at least V', no matter how II plays, and the mixed
strategy y* yields player II an expected loss of at most V', no matter
how I plays. Therefore, from now on, we will refer to the safety
strategies in zero-sum games as optimal strategies.

1.3 Simplifying and solving zero-sum games

In this section, we will discuss techniques that help us understand zero-
sum games and solve them (that is, find their value and determine optimal
strategies for the two players).
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1.3.1 Pure optimal strategies: saddle points

Given a zero-sum game, the first thing to check is whether or not there is a
pair of optimal strategies that is pure.

For example, in the following game, by playing action 1, player I guaran-
tees himself a payoff at least 2 (since that is the smallest entry in the row).
Similarly, by playing action 1, player II guarantees himself a loss of at most
2. Thus, the value of the game is 2.

player 11
action 1 action 2
~ [ action 1 2 3
% action 2 1 0
a,

Definition 1.3.1. A saddle pointff] of a payoff matrix A is a pair (i*, j*)
such that

MaX Qg = Qjxj* = MIN Q4 (1.6)
i J

If (*,7%) is a saddle point, then a;«j is the value of the game. A saddle
point is also called a pure Nash equilibrium: given the action pair (i*, j*),
neither player has an incentive to deviate. See for a more detailed
discussion of Nash equilibria.

1.3.2 Equalizing payoffs

Most zero-sum games do not have pure optimal strategies. At the other
extreme, some games have a pair (x*,y*) of optimal strategies that are
fully mixed, that is, where each action is assigned positive probability. In
this case, it must be that against y*, player I obtains the same payoff from
each action. If not, say (Ay*)1 > (Ay™)2, then player I could increase her
gain by moving probability from action 2 to action 1: this contradicts the
optimality of x*. Applying this observation to both players enables us to
solve for optimal strategies by equalizing payoffs. Consider, for example,
the following payoff matrix, where each row and column is labelled with the
probability that the corresponding action is played in the optimal strategy.
t The term saddle point comes from the continuous setting where a function f(z,y) of two

variables has a point (z*,y*) at which locally max, f(z,y*) = f(z*,y*) = miny f(z*,y) .

Thus, the surface resembles a saddle that curves up the the y direction and curves down in the
z direction.



1.8 Simplifying and solving zero-sum games 7

player II
— y1 1—wp
i 1| 3 0
Sl 1l—2 ] 1 4
2,

Equalizing the gains for player I’s actions, we obtain
3y1 =y1 +4(1 —y1)

or y; = 2/3. Thus, if player II plays (2/3,1/3), his loss will not depend on
player I's actions; it will be 2 no matter what I does.
Similarly, equalizing the losses for player II's actions, we obtain

3x1+ (1 —x1) =4(1 — xq)

or 1 = 1/2. So if player I plays (1/2,1/2), his gain will not depend on
player II’s action; again, it will be 2 no matter what II does. We conclude
that the value of the game is 2.

See Corollary for a general version of the equalization principle.

Exercise 1.3.2. Show that any 2-by-2 game has a pair of optimal strategies
that are both pure or both fully mixed. Show that this can fail for 3-by-3
games.

1.3.3 The technique of domination

Domination is a technique for reducing the size of a game’s payoff matrix,
enabling it to be more easily analyzed. Consider the following example.

Example 1.3.3 (Plus One). Each player chooses a number from {1,2,...,n}
and writes it down; then the players compare the two numbers. If the num-
bers differ by one, the player with the higher number wins $1 from the other
player. If the players’ choices differ by two or more, the player with the
higher number pays $2 to the other player. In the event of a tie, no money
changes hands.

The payoff matrix for the game is:
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player 11
1 2 3 4 5 6 n
1 -1 2 2 2 2 2
2 1 -1 2 2 2 2
— 3 -2 1 -1 2 2 2
q; 4 -2 =2 1 0 -1 2 2
T‘i 5 -2 -2 =2 1 0 —1 2 2
6 -2 -2 -2 =2 1 0 2 2
n—1|-2 -2 ... 0 -1
n -2 -2 ... 201 0

In this payoff matrix, every entry in row 4 is at most the corresponding
entry in row 1. Thus player I has no incentive to play 4 since it is dominated
by row 1. In fact, rows 4 through n are all dominated by row 1, and hence
player I can ignore those strategies.

By symmetry, we see that player II need never play any of strategies 4
through n. Thus, in Plus One we can search for optimal strategies in the
reduced payoff matrix:

player 11

1 2 3
?3 1 0 -1 2
E 1 0 -1
a3 -2 1 0

To analyze the reduced game, let x7 = (21,2, 23) be player I's mixed
strategy. For x to be optimal, each component of

x"A = (z2 — 233, — 1 + 23, 21 — T3) (1.7)

must be at least the value of the game. In this game, there is complete
symmetry between the players. This implies that the payoff matrix is anti-
symmetric: the game matrix is square and a;; = —a;; for every 7 and
j-

Claim 1.3.4. If the payoff matrix of a zero-sum game is anti-symmetric,
then the game has value 0.

Proof. This is intuitively clear by symmetry. Formally, suppose that the
value of the game is V. Then there is a vector x € A,, such that for all
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y € A, x Ay > V. In particular
xTAx > V. (1.8)

Taking the transpose of both sides yields x? ATx = —xTAx > V. Adding
this latter inequality to yields V' < 0. Similarly, there is ay € A,, such
that for all x € A,, we have X’ Ay < V. Taking X = y yields in the same
way that 0 < V. O

We conclude that for any optimal strategy x in Plus One

xTro — 2.%‘3 >

—x1+x3 =
>

2.1‘1 — X2 5

Thus z9 > 223, x3 > 71, and 2z > xo. If one of these inequalities was strict,
then adding the first, twice the second and the third, we could deduce 0 > 0,
so in fact each of them must be an equality. Solving the resulting system,
with the constraint z1 + z9 + z3 = 1, we find that the optimal strategy for
each player is (1/4,1/2,1/4).

Summary of domination

We say a row £ of a two-person zero-sum game dominates row ¢ if as; > a;;
for all j. When row ¢ is dominated, then there is no loss to player I if she
never plays it. More generally, we say that subset I of rows dominates row
1 if some convex combination of the rows in I dominates row %, i.e., there is
a probability vector (B¢)ses such that for every j

> Beag > aij. (1.9)
lel

Similar definitions hold for columns.

Exercise 1.3.5. Prove that if equation ([1.9)) holds, then player I can safely
ignore row 1.

1.3.4 The use of symmetry

Another way to simplify the analysis of a game is via the technique of sym-
metry. We illustrate a symmetry argument in the following example:
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b .

.

Fig. 1.2. The bomber chooses one of the nine squares to bomb. She cannot
see which squares represent the location of the submarine.

Example 1.3.6 (Submarine Salvo). A submarine is located on two adja-
cent squares of a three-by-three grid. A bomber (player I), who cannot see
the submerged craft, hovers overhead and drops a bomb on one of the nine
squares. She wins $1 if she hits the submarine and $0 if she misses it. (See
Figure 1.2]) There are nine pure strategies for the bomber and twelve for the
submarine, so the payoff matrix for the game is quite large. To determine
some, but not all, optimal strategies, we can use symmetry arguments to
simplify the analysis.

There are three types of moves that the bomber can make: She can drop
a bomb in the center, in the middle of one of the sides, or in a corner.
Similarly, there are three types of positions that the submarine can assume:
taking up the center square, taking up a corner square and the adjacent
square clockwise, or taking up a corner square and the adjacent square
counter-clockwise. It is intuitive (and true) that both players have optimal
strategies that assign equal probability to actions of the same type (e.g.
corner-clockwise). To see this, observe that in Submarine Salvo a 90 degree
rotation describes a permutation 7 of the possible submarine positions and
a permutation ¢ of the possible bomber actions. Clearly 7* (rotating by 90
degrees four times) is the identity and so is o*. For any bomber strategy x,
let mx be the rotated row strategy. (Formally (7x); = ;). Clearly, the
probability that the bomber will hit the submarine if they play 7x and oy
is the same as it is when they play x and y, and therefore

minx? Ay = min(rx)T A(oy) = min(7x)" Ay.
y y y
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Thus, if V is the value of the game and x is optimal, then 7%x is also optimal
for all k.

Fix any submarine strategy y. Then 7Fx gains at least V against y, hence
so does

1
x" = Z<X+7TX+7T2X+ mx).

Therefore x* is an optimal rotation-invariant strategy.
Using these equivalences, we may write down a more manageable payoff

matrix:
submarine
center corner-clockwise corner-counterclockwise
g corner 0 1/4 1/4
g | midside | 1/4 1/4 1/4
Q .
< | middle 1 0 0

Note that the values for the new payoff matrix are different from those
in the standard payoff matrix. They incorporate the fact that when, say,
the bomber is playing corner and the submarine is playing corner-clockwise,
there is only a one-in-four chance that there will be a hit. In fact, the pure
strategy of corner for the bomber in this reduced game corresponds to the
mixed strategy of bombing each corner with probability 1/4 in the original
game. Similar reasoning applies to each of the pure strategies in the reduced
game.

Since the right two columns yield the same payoff to the submarine, it’s
natural for the submarine to give them the same weight. This yields the
mixed strategy of choosing uniformly one of the eight positions containing
a corner. We can use domination to simplify the matrix even further. This
is because for the bomber, the strategy midside dominates that of corner
(because the submarine, when touching a corner, must also be touching a
midside). This observation reduces the matrix to:

submarine

center corner
midside | 1/4 1/4
middle 1 0

bomber

Now note that for the submarine, corner dominates center, and thus we
obtain the reduced matrix:
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submarine
. corner
2 [midside | 1/4
§ middle 0

The bomber picks the better alternative — technically, another application
of domination — and picks midside over middle. The value of the game is
1/4; the bomber’s optimal strategy is to hit one of the four mid-sides with
probability 1/4 each, and the optimal submarine strategy is to hide with
probability 1/8 each in one of the eight possible pairs of adjacent squares that
exclude the center. The symmetry argument is generalized in

Remark. It is perhaps surprising that in Submarine Salvo there also exist
optimal strategies that do not assign equal probability to all actions of the

same type. (See exercise )

1.4 Nash equilibria, equalizing payoffs and optimal
strategies

A notion of great importance in game theory is Nash equilibrium. In
1.3.1, we introduced pure Nash equilibria. In this section, we introduce
mixed Nash equilibria.

Definition 1.4.1. A pair of strategies (x*,y*) is a Nash equilibrium in
a zero-sum game with payoff matrix A if

min (x*)7 Ay = (x*)T Ay* = max xT Ay*. (1.10)
yEA, XEA,

Thus, x* is a best response to y* and vice versa.

Remark. If x* = e;» and y* = ej«, then by Equation (1.2]), this definition
coincides with Definition [[.3.1l

Proposition 1.4.2. Let x € A, andy € A, be a pair of mized strategies.
The following are equivalent:

(i) The vectors x and'y are in Nash equilibrium.
(ii) There are V1, Vy such that:

=V ] h that y; > 0
inazj { 1 for every j suc at y; (1.11)
i

> Vi for every j such that y; = 0.
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and

=V,  for every i such that x; > 0
Z aijy; { (1.12)

<V,  for every i such that x; =0

(iii) The vectors x and'y are optimal.

Remark. If|(1.11) and |(1.12)| hold, then
Vi= Zyjzxiaij = chizaz‘jyj =Va.
J i i J

Proof. (i) is equivalent to (ii): Clearly, y is a best response to x if and only
if y assigns positive probability only to actions that yield II the minimum
loss given x; this is precisely The argument for is identical.
Thus (i) and (ii) are equivalent.

(ii) implies (iii): Player I guarantees herself a gain of at least V; and player
IT guarantees himself a loss of at most V5. Since V) = V5, these are optimal.

(iii) implies (i): Let V = x” Ay be the value of the game. Since playing x
guarantees I a gain of a least V, player II has no incentive to deviate from

y. Similarly for player II.
O]

1.4.1 A first glimpse of incomplete information
Example 1.4.3 (A random game). Consider the zero-sum two-player
game in which the game to be played is randomized by a fair coin toss. If
the toss comes up heads, the payoff matrix is given by AH, and if tails, it is
given by AT,

player II player 11
L R L R
AH _ = AT _ =
i U4 1 Ei vl1 3
S| D|[3 0 < |D|2 5
=8 2

If the players don’t know the outcome of the coin flip before playing, they
are merely playing the game given by the average matrix
1L g 1.0 (25 2
AT = ( 2.5 2.5 >
which has a value of 2.5. If both players know the outcome of the coin flip,
then (since A" has a value of 1 and A” has a value of 2) the value is 1.5 —

player II is able to use the additional information to reduce his losses.
But now suppose that only I is told the result of the coin toss, but she
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must reveal her move first. If I adopts the simple strategy of picking the
best row in whichever game is being played, and II realizes this and counters,
then I has a payoff of only 1.5, less than the payoff if she ignores the extra
information! See §77 for a detailed analysis of this and related games.

This example demonstrates that sometimes the best strategy is to ignore
extra information, and play as if it were unknown. For example, during
World War 11, Polish and British cryptanalysts had broken the secret code
the Germans were using (the Enigma machine), and could therefore decode
the Germans’ communications. This created a challenging dilemma for the
Allies: acting on the decoded information could reveal to the Germans that
their code had been broken, which could lead them to switch to more secure
encryption.

1.5 Proof of Von Neumann’s minimax theorem*

We now prove the von Neumann Minimax Theorem. The proof will rely on
a basic theorem from convex geometry.

Definition 1.5.1. A set K C R? is convex if, for any two points a,b € K,
also lies in K. In other words, for every pair of points a,b € K,

{ra+(1-pb:pe[0,1]} € K,

Theorem 1.5.2 (The Separating Hyperplane Theorem). Suppose that
K CR% is closed and conver. If 0 ¢ K, then there exists z € R? and ¢ € R
such that

O<c<zlv
forallv e K.

Here 0 denotes the vector of all 0’s, and z’ v is the usual dot product
>; %iv;. The theorem says that there is a hyperplane (a line in two di-
mensions, a plane in three dimensions, or, more generally, an affine R9~1-
subspace in R?) that separates 0 from K. In particular, on any continuous
path from 0 to K, there is some point that lies on this hyperplane. The
separating hyperplane is given by {x e R?:zTx = c}. The point 0 lies
in the half-space {x eR?:2Tx < c}, while the convex body K lies in the
complementary half-space {x eRY:zTx > c}.

Recall first that the (Euclidean) norm of v is the (Euclidean) distance
between 0 and v, and is denoted by ||v||. Thus ||v|| = VvTv. A subset of a
metric space is closed if it contains all its limit points, and bounded if it is
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line

Fig. 1.3. Hyperplane separating the closed convex body K from 0.

contained inside a ball of some finite radius R. In what follows, the metric
is the Euclidean metric.

Proof of [Theorem 1.5.2. Let B, = {x € R : ||x|| < r} be the ball of radius r

centered at 0. If we choose r so that B, intersects K, the function w — ||w|[,
considered as a map from KN B, to [0,00), is continuous, with a domain that
is nonempty, closed and bounded (see . Thus the map attains its
infimum at some point z in K. For this z € K we have

|z]| = inf [[wl].
weK

Fig. 1.4. Intersecting K with a ball to get a nonempty closed bounded
domain.

Let v € K. Because K is convex, for any € € (0,1), we have that ev +
(1—-¢e)z=2z—¢(z—v) € K. Since z has the minimum norm of any point
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in K
l2]* < ||z — e(z — v)|I>

Multiplying this out, we get
lz]* < |lz])* - 2e2" (z — v) + ||z — v|.
Cancelling ||z||? and rearranging terms we get
22  (z—v)<|z—v|? or zl(z—v)< %Hz —v|?
Letting € approach 0, we find

z7(z —v) <0 which means that |[|z]|* < z'v.

Since z € K and 0 ¢ K, the norm ||z| > 0. Choosing ¢ = 1|z|?, we get
O<c<zlvforalvekKk. O

We will also need the following simple lemma:

Lemma 1.5.3. Let X and Y be closed and bounded sets in R®. Let f :
X xY — R be continuous. Then

i < mi . 1.13
Ii%glelgf(x,w_ryrggggf(x,w (1.13)

Proof. We first prove the lemma for the case where X and Y are finite sets
(with no assumptions on f). Let (X,y) € X x Y. Clearly

1 X < flx,y) < V).
min f(X,y) < f(%,¥) < max f(x,y)
Because the inequality holds for any x € X,

e o) o o
glee%;rggf(x,w < max f(x,y)

Minimizing over y € Y, we obtain

To prove the lemma in the general case, we just need to verify the existence
of the relevant maxima and minima. Since continuous functions achieve their
minimum on compact sets, g(x) = minycy f(x,y) is well-defined. The con-
tinuity of f and compactness of X x Y imply that f is uniformly continuous
on X x Y. In particular,

Ve 30 @ |x1 —x2| <0 = |f(x1,y) — f(x2,y)| <€

and hence |g(x1) — g(x2)| < €. Thus, g : X — R is a continuous function
and maxyex g(x) exists. O

We can now prove:
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Theorem 1.5.4 (Von Neumann’s Minimax Theorem). Let A be an
m x n payoff matriz, and let Ay, = {x € R™ : x > 0,>,z; = 1} and
Ap={y€eR":y>0,>,y; =1}. Then

max min x! Ay = min max x Ay.
XEA, YEA, yEA, XEA,
As we discussed earlier quantity is called the zero-sum gamelvalue of
the two-person zero-sum game with payoff matriz A.

Proof. The inequality

max min x! Ay < min max x Ay
X€EAm YEA, YEAL XEA,

follows immediately from the [Lemma 1.5.3| because f(x,y) = x' Ay is a

continuous function in both variables and A,, € R™, A,, C R" are closed
and bounded.
We will prove the other inequality by contradiction. Suppose that

max min x? Ay < A < min max x’ Ay.
XEAm YyEA, YEAL XEAy,

Define a new game with payoff matrix A given by a;; = a;; — A. For this

new game, since each payoff in the matrix is reduced by A, the expected
payoffs for every pair of mixed strategies are also reduced by A and hence:

max min x? Ay < 0 < min max x Ay. (1.14)
X€EAm YEA, YEAR XEA,
Each mixed strategy y € A, for player II yields a gain vector Ay € R™.
Let K denote the set of all vectors which dominate the gain vectors Ay,
that is,

K:{fly—i—v:yeAn, veRm,vZO}.

The set K is convex and closed: this follows from the fact that A,, the
set of probability vectors corresponding to mixed strategies y for player II,
is closed, bounded and convex, and the set {v € R™ v > 0} is closed and
convex. (See[Exercise 1.19]) Also, K cannot contain the 0 vector, because if
0 was in K, there would be some mixed strategy y € A,, such that Ay <o0.
But this would imply that maxxea,, foly < 0, contradicting the right-hand

side of (1.14)).

Thus K satisfies the conditions of the separating hyperplane theorem
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(Theorem [1.5.2)), which gives us z € R™ and ¢ > 0 such that z’w > ¢ >0
for all w € K. That is,

2zl (Ay +v)>c¢>0forally € A, and v > 0. (1.15)

We claim also that z > 0. If not, say z; < 0 for some j, then for v € R™
with v; sufficiently large and v; = 0 for all ¢ # j, we would have ZT(Ay+v) =
2l Ay + zjvj < 0 for some y € A,, which would contradict .

It also follows from that not all of the z;’s can be zero. Thus
s = > i 7 is strictly positive, so that X = %(zl, conzm) = 2z)s € Ay,
with X7 Ay > ¢/s > 0 for all y € A,,.

In other words, x is a mixed strategy for player I that gives a positive
expected gain against any mixed strategy of player II. This contradicts the
left hand inequality of . O

1.6 Zero-sum games with infinite action spaces®

Theorem 1.6.1. Consider a zero-sum game in which the players’ action
spaces are [0,1] and the gain is A(x,y) when player I chooses action x and
player II chooses action y. Suppose that A(x,y) is continuous on [0,1]2. Let
A = Ajgq) be the space of probability distributions on [0,1]. Then

maxmin//A(m,y)dF(x)dG( - mlnmax//A z,y)dF (z)dG(y)

FeA GeEA GeA FeA
(1.16)

Proof. If there is a matrix (a;;) for which

Az, Y) = ana) fy) (1.17)

then reduces to the finite case. If A is continuous, then there are
functions Ag and A7 of the form so that Ag < A< Ajand |A;1—Ap| <
€. This implies with infs and sups in place of min and max. The
existence of the maxima and minima follows from compactness of Ay ; as
in the proof of Lemma [1.5.3 O

Remark. The previous theorem applies in any setting where the action spaces
are compact metric spaces and the payoff function is continuous.

Exercise 1.6.2. Two players each choose a number in [0, 1]. If they choose
the same number, the payoff is 0. Otherwise, the player that chose the
lower number pays $1 to the player who chose the higher number, unless
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the higher number is 1, in which case the payment is reversed. Show that
this game has no mixed Nash equilibrium. Show that the safety values for
players I and II are -1 and 1 respectively.

Remark. The game from the previous exercise shows that the continuity
assumption on the payoff function A(x,y) cannot be removed. See also

[lixercise 1.22

Notes
The theory of two-person zero-sum games was first laid out in a 1928 paper by John

von Neumann [vN2§|, where he proved the minimax theorem . The
foundations were further developed in the book The Theory of Games and Economic
Behavior, by Neumann and Morgenstern [vNM53|, first published in 1944. The
original proof of the minimax theorem used a fixed point theorem. A proof based

on the separating hyperplane theorem (Theorem 1.5.2)) was given by Weyl [Wey50],
and an inductive proof was given by Owen |[Oweb7|. Subsequently, many other

minimax theorems were proved, such as due to Glicksberg [Gli52],
and Sion’s minimax theorem [Sio58]. An influential example of a zero-sum game on
the unit square with discontinuous payoff functions and without a value is in [?].
An important class of continuous games that are not discussed in the text are games
of timing. See e.g., [Gar00].

More detailed accounts of this material in this chapter can be found in Fergu-
son [Fer0g], Karlin [Kar59] and Owen [Owe95], among others.

In we present techniques for simplifying and solving zero-sum games by
hand. However, for large games, there are efficient algorithms for finding optimal
strategies and the value of the game based on linear programming. See e.g., [MGOQT]
for an introduction to linear programming.

Exercise is from [Karh9]. Exercise comes from [HS89]. Exercise is
an example of a class of recursive games studied in [Eve57].

Exercises

1.1 Show that all saddle points in a zero-sum game (assuming there is
at least one) result in the same payoff to player I.

1.2 Show that if a zero-sum game has a saddle point in every two by two
submatrix, then it has a saddle point.

1.3 Find the value of the following zero-sum game and determine some
optimal strategies for each of the players.

8 3 4 1
4 71 6
0 3 85
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1.4

1.5

1.6

1.7

1.8

1.9

1.10

Two-person ZETO-SUuM games

Find the value of the zero-sum game given by the following pay-
off matrix, and determine some optimal strategies for each of the
players.

0
5
2

= O ©

1
6
3

W =3

Find the value of the zero-sum game given by the following payoff
matrix and determine all optimal strategies for both players.

3 0
0 3
2 2

Given a b by 5 zero-sum game, such as the following, how would you
quickly determine by hand if it has a saddle point?

201 4 31
2 3 8 4 4
10 8 7 6 9
5 6 1 2 2
3 791 5

Give an example of a two-player zero-sum game where there are no
pure Nash equilibria. Can you give an example where all the entries
of the payoff matrix are different?

Define a zero-sum game in which one player’s optimal strategy is
pure and the other player’s optimal strategy is mixed.

Player II is moving an important item in one of three cars, labeled 1,
2, and 3. Player I will drop a bomb on one of the cars of his choosing.
He has no chance of destroying the item if he bombs the wrong car.
If he chooses the right car, then his probability of destroying the
item depends on that car. The probabilities for cars 1, 2, and 3 are
equal to 3/4, 1/4, and 1/2.

Write the 3 x 3 payoff matrix for the game, and find some optimal
winning strategies for each of the players.

Using the result of Corollary[T.4.2]give an exponential time algorithm
to solve an n by m two-person zero-sum game. Hint: Consider each
possibility for which subset S of player I strategies have x; > 0 and
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1.12

1.13

1.14
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which subset of player II strategies 7" have y; > 0.

Consider the following two-person zero-sum game. Both players si-
multaneously call out one of the numbers {2,3}. Player 1 wins if
the sum of the numbers called is odd and player 2 wins if their sum
is even. The loser pays the winner the product of the two numbers
called (in dollars). Find the payoff matrix, the value of the game,
and an optimal strategy for each player.

Consider the four mile stretch of road shown in Figure ?7?7. There are
three locations at which restaurants can be opened: Left, Central,
and Right. Company I opens a restaurant at one of these locations
and company II opens two restaurants (both restaurants can be at
the same location). A customer is located at a uniformly random
location along the four mile stretch. He walks to the closest location
at which there is a restaurant, and then into one of the restaurants
there, chosen uniformly at random. The payoff to company I is the
probability that the customer visits a company I restaurant.

Determine the value of the game, and find some optimal mixed
strategies for the companies.

Bob has a concession at Yankee Stadium. He can sell 500 umbrellas
at $10 each if it rains. (The umbrellas cost him $5 each.) If it shines,
he can sell only 100 umbrellas at $10 each and 1000 sunglasses at $5
each. (The sunglasses cost him $2 each.) He has $2500 to invest in
one day, but everything that isn’t sold is trampled by the fans and
is a total loss.

This is a game against nature. Nature has two strategies: rain and
shine. Bob also has two strategies: buy for rain or buy for shine.

Find the optimal strategy for Bob assuming that the probability
for rain is 50%.

The number picking game: Two players I and II pick a positive inte-
ger each. If the two numbers are the same, no money changes hands.
If the players’ choices differ by 1 the player with the lower number
pays $1 to the opponent. If the difference is at least 2 the player with
the higher number pays $2 to the opponent. Find the value of this
zero-sum game and determine optimal strategies for both players.
(Hint: use domination.)
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1.15

1.16

1.17

1.18

Two-person ZETO-SUuM games

Show that in Submarine Salvo the submarine has an optimal strat-
egy where all choices containing a corner and a clockwise adjacent
site are excluded.

A zebra has four possible locations to cross the Zambezi river, call
them a, b, ¢, and d, arranged from north to south. A crocodile can
wait (undetected) at one of these locations. If the zebra and the
crocodile choose the same location, the payoff to the crocodile (that
is, the chance it will catch the zebra) is 1. The payoff to the crocodile
is 1/2 if they choose adjacent locations, and 0 in the remaining cases,
when the locations chosen are distinct and non-adjacent.

(a) Write the payoff matrix for this game.

(b) Can you reduce this game to a 2 x 2 game?

(¢) Find the value of the game (to the crocodile) and optimal strate-
gies for both.

Generalized Matching Pennies Consider a directed graph G =
(V, E) with nonnegative weights w;; on each edge (i,7). Let W; =
Zj w;;. Bach player chooses a vertex, say 4 for player I and j for
player II. Player I receives a payoff of w;; if i # j, and loses W; —wj;
if i = j. Thus, the payoff matrix A has entries a;; = w;; — 1= Wi.
If n = 2 and the w;;’s are all 1, this game is called Matching Pennies.

e Show that the game has value 0.
e Deduce that for some z € A, xT' A = 0.

A recursive zero-sum game. An inspector can inspect a facility
on just one occasion, on one of the days 1,...,n. The worker at the
facility can cheat or be honest on any given day. The payoff to the
inspector is 1 if he inspects while the worker is cheating. The payoff
is —1 if the worker cheats and is not caught. The payoff is also —1
if the inspector inspects but the worker did not cheat, and there is
at least one day left. This leads to the following matrices I',, for
the game with n days: the matrix I'; is shown on the left, and the
matrix I'y, is shown on the right.

- worker ~ worker
% cheat honest % cheat honest
% inspect 1 0 éﬂ inspect 1 -1
k= wait -1 0 k= wait -1 Iq
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Find the optimal strategies and the value of I';,.

Prove that if set G C R? is compact and H C RY is closed, then
G + H is closed. (This fact is used in the proof of the minimax
theorem to show that that the set K is closed.)

Find two sets Fi, F» C R? that are closed such that F; — Fb is not
closed.

* Consider a zero-sum game A and suppose that 7 and o are permu-
tations of I's strategies {1, ..., m} and player II’s strategies {1, ...,n}
respectively such that

aﬂ.(i)g(j) = aij (El.l)

for all ¢ and j. Show that there exist optimal strategies x* and y*

such that =] = a:;"r( ) for all ¢ and y; =y, for all j.

i o(4)
Two players each choose a positive integer. The player that chose
the lower number pays $1 to the player who chose the higher number
(with no payment in case of a tie). Show that this game has no Nash
equilibrium. Show that the safety values for players I and II are -1
and 1 respectively.

Two players each choose a number in [0, 1]. Suppose that A(z,y) =

[z —yl.

e Show that the value of the game is 1/2.

e More generally, suppose that A(z,y) is a convex function in each
of x and y, and continuous. Show that player I has an optimal
strategy supported on 2 points and player II has an optimal pure
strategy.

Consider a zero-sum game in which the strategy spaces are [—1,1],
and the gain of player I when she plays x and player II plays y is

A(z,y) = log Pl

Show that I picking X = cos ©, where © is Uniform on [—1, 1], and
IT using the same strategy is a pair of optimal strategies.
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Adaptive decision making

Suppose that two players are playing multiple rounds of the same game.
How would they adapt their strategies to the outcomes of previous rounds?
This fits into the broader framework of adaptive decision making which we
develop next and later apply to games. In particular, we’ll see an alternative

proof of the Minimax Theorem (see [Theorem 2.4.2). We start with a very

simple setting.

2.1 Binary prediction with expert advice and a perfect
expert

Example 2.1.1. [Predicting the Stock Market] Consider a trader trying
to predict whether the stock market will go up or down each day. Each
morning, for T' days, he solicits the opinions of n experts, who each make
up/down predictions. Based on their predictions, the trader makes a choice
between up and down, and buys or sells accordingly.

In this section, we assume that at least one of the experts is perfect, that
is, predicts correctly every day, but the trader doesn’t know which one it is.
What should the trader do to minimize the number of mistakes he makes in
T days?

First approach — Follow the Majority of Leaders: On any day, call the
experts who have never made a mistake leaders. By following the majority
opinion among the leaders, the trader is guaranteed never to make more
than logy 7 mistakes: Each mistake the trader makes eliminates at least half
of leaders and, obviously, never eliminates the perfect expert.

Second approach — Follow a Random Leader (FRL): Perhaps sur-

24
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prisingly, following a random leader yields a slightly better guarantee: For
any n, the number of mistakes made by the trader is at most H,, — 1 in
expectation[f] We verify this by induction on the number of leaders. The
case of a single leader is clear. Consider the first day on which some number
of experts, say k > 0, make a mistake. Then by the induction hypothesis,
the expected number of mistakes the trader ever makes is at most

k
—+H, +—1<H,—-1
n

This analysis is tight for 7" > n. Suppose that for 1 < ¢ < n, on day 1,
only expert ¢ makes a mistake. Then the probability that the trader makes
a mistake that day is 1/(n — i+ 1). Thus, the expected number of mistakes
he makes is H,, — 1.

Remark. We can think of this setting as an extensive-form zero-sum game
between an adversary and a trader. The adversary chooses the daily advice
of the experts and the actual outcome on each day ¢, and the trader chooses a
prediction each day based on the experts’ advice. In this game, the adversary
seeks to maximize his gain, the number of mistakes the trader makes.

Next we derive a lower bound on the expected number of mistakes made by
any trader algorithm, by presenting a strategy for the adversary.

Proposition 2.1.2. In the setting of|[FExample 2.1.1 with at least one perfect

expert, there is an adversary strategy that causes any trader algorithm to
incur at least |log, n| mistakes in expectation.

Proof. Let 28 < n < 2+l Define Fj to be the first 2* experts, and let E;
be the experts in E;_; that predicted correctly on day ¢.

Now suppose that on day ¢, for 1 < ¢t < k, half of the experts in F;_;
predict up and half predict down, and the rest of the experts predict down.
Suppose also that the truth is equally likely to be up or down. Then no
matter how the trader chooses up or down, with probability 1/2, he makes
a mistake. Thus, in the first & days, the algorithm makes k/2 mistakes in
expectation. In other words, the expected number of mistakes is at least
[loggn|/2 > [logyn].

O

To prove a matching upper bound, we will take a middle road between
following the majority of the leaders (ignoring the minority) and FRL (which
weights the minority too highly).

t Recall that H, = > 7 % € (lnn,Inn +1).
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Third approach — Boosted Majority of Leaders: Given any function
p:[1/2,1] — [1/2,1], consider the trader algorithm A,: When the experts
are split on their advice in proportion (z,1 — z) with > 1/2, follow the
majority with probability p(x).

If p(x) =1 for all x > 1/2 we get the deterministic majority vote, while
if p(x) = = we get FRL.

For which a > 1 can we prove an upper bound of log, n on the expected
number of mistakes? To do so, by induction, we need to verify two inequal-
ities for all z € [1/2,1]:

log,(nz) + 1 — p(x) <log,n (2.1)
log,(n(1 — 1)) + p(z) < log,n

The LHS of is an upper bound on the expected mistakes of A,
assuming the majority is right (using the induction hypothesis) and the
LHS of is an upper bound on the expected mistakes of A, assuming
the minority is right.

Adding these inequalities and setting x = 1/2 gives 2log,(1/2) +1 < 0,
that is, a < 4. We already know this, since |log, n|is a lower bound for the
worst case performance. Setting a = 4, the two required inequalities become

p(z) > 1+ logyx
p(z) < —logy(1 — )

We can easily satisfy both of these inequalities, e.g. by taking p(xz) = 1+
log, z, since z(1 — z) < 1/4.

2.2 Nobody’s perfect

Unfortunately, the assumption that there is a perfect expert is unrealistic.

In the setting of [Example 2.1.1} let L! be the cumulative loss (i.e., total

number of mistakes) incurred by expert i on the first ¢ days. Denote

L!=minL! and S;={t|L'=j}.

7
Suppose that, for each ¢, on day t + 1 the trader follows the majority
opinion of the leaders, i.e., those experts with L! = L!. Then during S;, by
the discussion of the case where there is a perfect expert, his loss is at most
logyn + 1. Thus, for any number T of days, the trader’s loss is bounded by
(logy n+1)(LT+1). Similarly, the expected loss of FRL is at most H,, (LI +1)
and the expected loss of Boosted Majority is at most (log,n + 1)(LT + 1).
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Remark. There is an adversary strategy that ensures any trader algorithm
that only uses the advice of the leading experts will incur an expected loss

that is at least [log,(n)]LT in T steps. See

2.2.1 Weighted Majority

There are strategies that guarantee the trader an asymptotic loss that is at
most twice that of the best expert. One such strategy is based on weighted
majority, where the weight assigned to an expert is decreased by a factor
1 — € each time he makes a mistake.

Weighted Majority Algorithm

Fix € € [0,1]. On each day t, associate a weight w! with each expert 1.
Initially, set wy = 1 for all i.
Fach day t, follow the weighted majority opinion: Let U; be the set of
experts predicting up on day t, and D, the set predicting down. Predict
“up” on day tif Wy (t—1) = >y, wit > Wp(t—1) = Yien, Wi w!™! and
“down” otherwise.

At the end of day ¢, for each i such that expert ¢ predicted incorrectly
on day t, set

= (]_ — 6)’(1};571 (2.3)
Thus, w! = (1 — e)LE.
For the analysis of this algorithm, we will use the following facts:
Lemma 2.2.1. Let € € [0,1/2]. Then e < —In(1 —¢) < e+ €2

Proof. Taylor expansion gives

—ln(l—e):Z?Ze.

>1

@)
B

=

On the other hand,
ek e ad
D pSerg2 e
k>1 k=0

since € < 1/2.
O

Theorem 2.2.2. Suppose there are n experts. Let L(T) be the number of
mistakes made by the Weighted Majority Algorithm in T steps with ¢ < %,
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and let LZ.T be the number of mistakes made by expert i in T steps. Then for
any sequence of up/down outcomes and for every expert i, we have

21
L(T) <2(1+¢)LT + ?” (2.4)

Proof. Let W(t) = >, w! be the total weight on all the experts after the
t'" day. If the algorithm incurs a loss on the t** day, say by predicting up
instead of correctly predicting down, then Wy (¢t — 1) > W (¢t — 1). But in
that case

W) <Wpt—1)+(1—eWy(t—1) < (1 - %) W(t—1).

Thus, after a total loss of L = L(T),

W (T) < (1 . g)LW(o) - (1 - %)Ln

Now consider expert ¢ who incurs a loss of L; = LiT. His weight at the end
is

wiT =(1- E)L",

which is at most W (T"). Thus

L
(1-e)ti < (1 - E) n.
2
Taking logs and negating, we have
—L;In(1—¢€)>—LIn (1 - %) —Inn. (2.5)
Applying [Lemma 2.2.1] we obtain that for € € (0,1/2],

Li(e+¢*) > Lg —Inn

or
21
L(T) <21+ e)Lf + =20
€
O
Remarks:
1. Tt follows from |(2.5)| that for all € € (0, 1]
In(1 —e)|LT +1
L(T) < 2L =9l +Inn (2.6)

(1 =3)]

If we know in advance that there is an expert with LiT = 0, then letting
€ T 1 recovers the result of the first approach to
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2. There are cases where the Weighted Majority Algorithm incurs at least
twice the loss of the best expert. In fact, this holds for every deterministic

algorithm. See

2.3 Multiple choices and varying costs

”I hear the voices, and I read the front page, and I know the speculation.
But I’'m the decider, and I decide what is best.”
George W. Bush

In the previous section, the decision maker used the advice of n experts to
choose between two options, and the cost of any mistake was the same. We
saw that a simple deterministic algorithm could guarantee that the number
of mistakes was not much more than twice that of any expert. One drawback
of the Weighted Majority algorithm is that it treats a majority of 51% with
the same reverence as a majority of 99%. With careful randomization, we
can avoid this pitfall, and show that the decision maker can do almost as
well as the best expert.

In this section, the decider faces multiple options, e.g., which stock to
buy, rather than just up or down, now with varying losses. We will refer to
the options of the decider as actions: This covers the task of prediction with
expert advice, as the i*" action could be “follow the advice of expert i”.

Example 2.3.1 (Route-picking). Each day you choose one of a set of n
routes from your house to work. Your goal is to minimize the time it takes
to get to work. However, you do not know ahead of time how much traffic,
and hence how long each route will take. Once you choose your route, you
incur a loss equal to the latency on the route you selected. This continues
for T' days. Let LZ.T be the total latency you would have incurred over the T’
days if you had taken the same route every day, say 7, for some 1 <1 < n.
Can we find a strategy for choosing a route each day such that the total
latency incurred is not too much more than min; LiT?

The following setup captures the stock-market and route-picking examples
above and many others.

Definition 2.3.2 (Sequential adaptive decision making). On day ¢, a
decider D chooses a probability distribution p! = (pi,...,pl,) over a set of n
actions, e.g., stocks to own or routes to drive. (The choice of p’ can depend
on the history, i.e., the prior losses of each action and prior actions taken
by D.) The losses £' = (¢4,...,¢L) € [0,1]™ of each action on day ¢ are then
revealed.
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Given the history, D’s expected loss on day ¢ is p' - £/ = Y | plét. The
total expected loss D incurs in T days is

T
LT _ Zpt . et'
t=1

(See the chapter notes for a more precise interpretation of L% in the case
where losses depend on prior actions taken by D.)

Remark. In stock-picking examples, D could have a fraction pf of his port-
folio in stock 7 instead of randomizing.

Definition 2.3.3. The regret of a decider D inT steps against loss sequence
L = {£%}]_, is defined as the difference between the total expected loss of
the decider and the total loss of the best single action, that is

Rr(D,L) := L5 —min LT,

T _ N pt
where L; =%, (.

We define the regret of a decider D as
Rr(D) := mLaXRT(D,L). (2.7)

Perhaps surprisingly, there exist algorithms with regret that is sublinear
in T, i.e., the average regret per day tends to 0. We will see one below.

Discussion

Let L = {¢!}L_, be a sequence of loss vectors. A natural goal for a decision-
making algorithm D is to minimize its worst case loss, i.e., maxy, LiT). But
this is a dubious measure of the quality of the algorithm, since on a worst-
case sequence, there may be nothing any decider can do. This motivates
evaluating D by its performance gap

where B(L) is a benchmark loss for L. The most obvious choice for the
benchmark is B* = Z’le min £}, but this is too ambitious: E.g., if n = 2,
{¢t}_, are independent unbiased bits, and ¢4 = 1 — ¢}, then E [L}, — B*| =
T/2 since B* = 0. Instead, in the definition of regret, we employ the bench-
mark B(L) = min; LT. At first sight, this benchmark looks weak, since why
should choosing the same action every day be a reasonable option? We give
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two answers: (1) Often there really is a better action and the goal of the
decision algorithm is to learn its identity without losing too much in the
process. (2) Alternative decision algorithms (e.g., use action 1 on odd days,
action 2 on even days, except if one action has more than double the cumu-
lative loss of the other), can be considered experts and incorporated into the
model as additional actions. We show below that the regret of any decision
algorithm is at most /7 logn/2 when there are n actions to choose from.
Note that this grows linearly in T if n is exponential in T'. To see that this
is unavoidable, recall that in the binary prediction setting, if we include 27
experts making all possible predictions, one of them will make no mistakes,
and we already know that for this case, any decision algorithm will incur
worst-case regret at least 7/2.

2.3.1 The Multiplicative Weights Algorithm
We now present an algorithm for adaptive decision making, with regret that

is o(T") as T'— oo. The algorithm is a randomized variant of the Weighted
Majority Algorithm; it uses the weights in that algorithm as probabilities.

The algorithm and its analysis in deal with the case where

the decider incurs losses only.

Multiplicative Weights algorithm (MW)

Fix € < 1/2 and n possible actions.

On each day t, associate a weight w! with the i** action.
Initially, w9 = 1 for all i.

On day t, use the mixed strategy pt, where

t—1
t w

— i
p'L Zk w’tﬁfl

For each action i, with 1 < i < n, observe the loss ¢! € [0,1] and update
the weight w! as follows:
w! = w! ™ exp(—el?). (2.8)

K2

In the next proof we will use the following lemma.

Lemma 2.3.4 (Hoeffding Lemma). Suppose that X is a random variable
with distribution F' such that a < X < a+1, for some a <0, and E [X] = 0.
Then for any X,

E {e)‘X] < e)‘2/8.
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For a proof, see [Appendix A1.2.1] For the reader’s convenience, we prove
here the following slightly weaker version.

Lemma 2.3.5. Let X be a random variable with E [X] = 0 and | X| < 1.
Then

E {e)‘X] < e)‘2/2.

A

Proof. By convexity of the function f(z) = e, we have

e < QXN A0y

for x € [—-1,1]. Thus, since |X| <1 and E [X] = 0, we have

e}\ e—)\ o0 2k
B[] <E[x)] = 5 = 2 (;\k)!

0 A2k 222
<> okp ¢
k=0

O]

Theorem 2.3.6. Consider the Multiplicative Weights algorithm with n ac-
tions. Define

T

LTMW = Zpt : ﬁta
t=1

where €' € [0,1]". Then, for every loss sequence {€'}_,, and every action
1, we have

Te logn
U < 27+ 0y 1o,
8 €
where LT = ;‘F:l k. In particular, taking e = Bli}g”, we obtain that for

all 1,

/1
LYw < LT + 5T logn,

i.e., the regret of MW in T steps is at most \/%Tlog n.

Proof. Let Wt = Zlgign wh = Zlgign wffl exp(—elt). Then

Wt wl?_l X
WL = V[/Zt—l exp(—ell) = pr exp(—el) = E [eiﬁ t], (2.9)
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where X; is the loss the algorithm incurs at time ¢, i.e.,
P [X; = £] = pi.
Let
I =E[X,]=p' £
By Hoeffding’s Lemma (Lemma 2.3.4), we have
—t =t =t o
F [e—eXt] _ e—ef E |:€—5(Xt—€ )] < e—ef e€ /8.
so plugging back into [(2.9)] we obtain
—t
Wt < e ¢ EBWEL and thus W7 < el T /8y,
On the other hand,
W1 > w!l = ekl
[l 1 )
so combining these two inequalities, we obtain
efeLlT < efeLTeTez/Sn
Taking logs, we obtain

Te logn
Liw < LT + 5 + ===,

The bound of [Theorem 2.3.6]is optimal as T and n go to infinity.

Proposition 2.3.7. Consider a loss sequence L in which all losses are in-
dependent and equally likely to be 0 or 1. Then for any algorithm D,

1
Rr(D,L) = 5\/T’yn-(1+o(1)) as T — oo (2.10)
where
Yo =E Lrgag% Yl] and Y; ~ N(0,1).
Moreover,

Yo =1v2logn(14+o0(1)) as n— oo. (2.11)

Proof. Action i’s loss, LZT, is binomial with parameters 7" and 1/2, and thus
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T_
by the Central Limit Theorem Li/%Q converges in law to a normal (0,1)

random variable Y;. Let LT = min; L,LT. Then as T' — oo,

E [LT —T/2] ,
———— > E | min Y;| = -,
T/4 1<i<n
which proves [(2.10)l See [Exercise 2.6 for the proof of [(2.11) O

2.4 Using adaptive decision making to play zero-sum
games

Consider a two-person zero-sum game with payoff matrix A = {a;;}. Sup-
pose T rounds of this game are played. We can apply the Multiplicative
Weights Update (MW) algorithm to the decision-making process of player
II. In round ¢, he chooses a mixed strategy p’, i.e., column j is assigned
probability pt. Knowing p’ and the history of play, player I chooses a row
i¢. The loss of action j in round ¢ is E; = a;,j, and the total loss of action j
in T rounds is L]T =0 aij.

The following proposition bounds the total loss LT, = ZtT:l(Apt)it of
player II.

Proposition 2.4.1. Suppose the m x n payoff matriz A = {a;;} has entries
in [0, 1] and player II is playing according to the MW algorithm. Let szp €
A, be a row vector representing the empirical distribution of actions taken
by player I in T steps, i.e. the it" coordinate of XZmp 18 % Then the
total loss satisfies

Tlogn

LT < Tm}}n xeTmpAy + 5

Proof. Tt follows from Corollary 77 that player II’s loss over the T rounds
satisfies
Tlogn

Lyw < L] + -

The proposition then follows from the fact that
mjin LJT = TIrbin(xeTmpA)j = Tm}}n xzmpAy.

O]

Remark. Suppose player I uses the mixed strategy & (a row vector) in all T’
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rounds. If player II knows this, he can guarantee an expected loss of
min Ay,
y
Xep)

&, so even with no knowledge of &, the proposition bounds player II's ex-
pected loss by

which could be lower than v, the value of the game. In this case, E(

T1
Tmin Ay + (;gn.
y

Next, as promised, we rederive the Minimax Theorem as a corollary of
Proposition 241}
Theorem 2.4.2 (Minimax Theorem). Let A = {a;j} be the payoff matric

of a zero-sum game. Let

vy = maxminx’ Ay = maxmin(x’ A);
X y X i
and

vy = minmax x’ Ay = min max(Ay);
y X y )

be the safety values of the players. Then vy = vjr.
Proof. By adding a constant to all entries of the matrix and scaling, we may
assume that all entries of A are in [0, 1].

From Lemma [1.5.3] we have vy < vyy.

Suppose that, in round ¢, player II plays the mixed strategy p’ given by
the MW algorithm, and player I plays a best response, i.e.

iy = argmax;(Ap');.
Then

7= max(Ap'); > min max(Ay); = v,
(2 Yy 7

whence
LY > T (2.12)

(Note that the proof of |(2.12)| did not rely on any property of the MW
algorithm.) On the other hand, from Proposition we have

Tlogn
2 Y

LYw < Tminx! Ay +
y

emp
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T
emp

and since miny x;,,,, Ay < vr, we obtain

Tlogn

T < T+ 5

and hence vy < vy.

2.5 Adaptive decision-making as a zero-sum game

Our goal in this section is to characterize the minimax regret in the setting
of |Definition 2.3.2} i.e.,

min max Ry (D 11, {£€ 2.13
foin mes 7(Djo,1),{£'}) (2.13)

as the value of a finite zero-sum game between a decider and an adversary.
In ((2.13)} the sequence of loss vectors {€'}[_ is in [0,1]"", and Djyy is a
sequence of functions {p’}L_,, where

p': [0, 170D 5 A,

maps the losses from previous rounds to the decider’s current mixed strategy
over actions.

2.5.1 Minimazx regret is attained in {0,1} losses
Given {¢! : 1 <i<mn,1<t<T}, denote by {£!} the sequence of indepen-
dent {0, 1}-valued random variables with

E [ég} —

Theorem 2.5.1 (“Replacing losses by coin tosses”). For any decision
strateqgy D that is defined only for {0,1} losses, a corresponding decision
strategy Dy 1] s defined as follows: For each t, given {Ej};;ll, applying D
to {EJ ;;11 yields pt. Use p' =E [f)t] at time ¢ in Dy 1}. Then

E [Rr (D, {£)] = R (Dy), 1), (2.14)
Proof. We have

Et |:f)t i ét] — f)t . Et |:Zt:| — f)t . etj
since p! is determined by history prior to t. Thus

E [f)t.ét} —pt. g,
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Also,

E [mm IA/ZT] <minE [ﬁﬂ = min L7,

(2 3 K3

Thus,
ZE [f)t ft] —E |:II1111[A/1T:| > Zpt o — mjnL;,
t ! t ’

yielding |(2.14) O

Remark. From an algorithmic perspective, there is no need to compute p’ =
E [f)t] in order to implement Djg 1)’s decision at time ¢. Rather, D) can
simply use p’ at step t.

2.5.2 Optimal adversary strategy

The adaptive decision-making problem can be seen as a two-player zero-sum
game as follows. The pure strategie of the adversary (player I) are the loss
vectors {£€'} € {0,1}"T. The pure strategies for the decider D (player II)
are {a;}1_,, where a; : {0,1}*=1) — [n].

By the minimax theorem

. t _ .
min I?e?i{RT(D’ {€}) = max min Rr(D, L)

By Theorem ??, we may restrict attention to behavioral strategies for the
decider, player II, i.e. D = {p'}L;, as in the previous section.

Remark. Formally, a behavioral randomized decision strategy D could de-
pend on previous actions of the decider, i.e., p? could be a function of {as}’;;ll
as well as the losses {£° 2;11 Clearly,

E[R7(D,L)] = Rr(D, L),

where in D, each p? is replaced by its average over past actions pt = E [pt].
This justifies the restriction to decision strategies that are independent of
previous actions.

Optimal adversary strategy

An adversary strategy L is a probability distribution over loss sequences
{11, We say that adversary strategy £ is balanced if, for every time

1 These are oblivious strategies, which do not depend on previous decider actions. See the notes
for a discussion of adaptive, i.e., non-oblivious, adversary strategies.
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t and every history of losses through time ¢t — 1, the expected loss of each

expert is the same, i.e., for all pairs of actions ¢ and j, E; [Eﬂ =E; [Eﬂ
Proposition 2.5.2. Let Ry (L) := minp Ry(D, L). Then
. DL —
max min Rr(D, L) max Rr(L)

1s attained in balanced strategies.

Proof. Clearly minp R (D, L) is achieved by choosing, at each time step
t, the action which has the smallest expected loss in each step, given the
history of losses. We claim that for every £ that is not balanced at time ¢
for some history, there is an alternative strategy £ that is balanced at ¢ and
has

Rr(L) > Rr(L).

Construct such a L as follows: Pick {£'} according to £ conditioned on the
history. Let £° = £° for all s # t. At time ¢, define
0k = 010
where
min; [ {fﬂ
6; €{0,1} and E;[0;]= GRS

This change ensures that at time ¢ all experts have expected loss equal to

min; [£; [fﬂ The best response strategy of D is still a best response at time

t. But the benchmark loss min; £ [LJT} is weakly reduced. ]

Against a balanced adversary, to calculate regret, D is irrelevant. Taking
a uniform D, we have

1 n
Rr(L) = Rr(D, L) = - L - min Lt (2.15)
=1

2.5.3 The case of two actions

For n = 2,/(2.15)| reduces to
1 i 1
R (L) = §(L1T +L3) —min(L{, L3) = §\L1T — L3
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Clearly, X! = ¢ — ¢! defines a random walk Sy = ZZ:1 Xt We have
X' € {~1,0,1} with E; [X'] = 0. To maximize E|Sp| = 2Rp (L), we let
Xt € {—1,1}. Specifically, £ is i.i.d., equally likely to be (1,0) or (0,1).
Thus, by the Central Limit Theorem, we have

1 1
Ry = Re(L) = SEISr| = SVTE|Z|(1 +o(1))
with Z ~ N(0,1), s0 E|Z] = /2.
Optimal decider

To find the optimal D, we consider an initial integer gap h > 0 between
the actions, and define

rr(h) = IDZ%D IIlLaXE [L% — min{LT + h, L2T}]
where LE = thl £! - p'. By the minimax theorem,
rr(h) = max mDaxE (L} — min{L{ + h, LL}].
As in the discussion above, the optimal adversary is balanced, so we have
re(h) = (23 + I§) — min(Lf + 5, 28) = 2 (13 +h — L5] ~ ).

Again, the adversary’s optimal strategy is to select £! i.i.d., equally likely to
be (1,0) or (0,1), so

rr(h) = %IE (1 + S| — h). (2.16)

We now calculate the optimal strategy for D. To emphasize the depen-
dence on T and h, write gr(h) = p%, the chance that the optimal D chooses
action 1 in the first step.

Observe that for h > 0,

rr(h) = max(rT_l(h v 1) 4 qr(h), rr_i(h—1) —1+1— qT(h)>

At optimality, the decider will choose ¢r(h) to equalize these costs, if he
can, in which case:

qT(h) _ T‘T_l(h — 1) ; ’I“T_l(h + 1)'

Thus by |(2.16)

1
gr(h) = ZE“h—lJrST_l\ — A+ 1- S| +2].
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Since

=2 ifSp 1 +h>0
E[|h—l+ST_1|—|h+1—ST_1‘ = 0 ifSr—1+h=0
2 ifSp_14+h<0

we conclude that
1
gr(h) =P[Sr—1 +h <0+ SP[S7—1 +h =0]. (2.17)

In other words, gr(h) is the probability that the action currently lagging by
h will be the leader in T steps.

Theorem 2.5.3. For n = 2, with losses in {0,1}, the minimaz optimal

regret 1s
/T
Rr =1/—(1+0(1)).
27

The optimal adversary strategy is to take £' i.i.d., equally likely to be (1,0)
or (0,1).

The optimal decision strategy {pt}tT:1 1s determined as follows: First,
pl =(1/2,1/2). Fort € [1,T —1], let Lft = min(L!, LY) and hy = |L}{ — LL|.
At time t + 1, take the leading action i; with probability p'™ =1 — qp_;(hy)

it
and the lagging action 3 — iy with probability p?jt = qp—¢(he).

Let @ denote the standard normal distribution function. By the central
limit theorem

qr(h) = ®(=h/VT)(1 + o(1)) as T — 00

so the optimal algorithm is easy to implement.

2.5.4 Adaptive versus oblivious adversaries

In the preceding, we assumed the adversary is oblivious, i.e., selects the loss
vectors £¢ = £'(D) independently of the actions of the decider. (He can still
use the mixed strategy of D but not the actual random choices.)

A more powerful adversary is adaptive, i.e., can select loss vectors £/ =
4D, ay,as,...,a;_1) that depend on previous actions. With the (standard)
definition of regret that we used, for every D, adaptive adversaries cause the
same worst-case regret as oblivious ones; both simply equal the maximum
over individual loss sequences maxy Ry (D, L). For this reason, it is often



2.5 Adaptive decision-making as a zero-sum game 41

noted that low regret algorithms like Multiplicative Weights work against
adaptive adversaries as well as against oblivious ones.
Against adaptive adversaries, the notion of regret we use here is

T
Rr(D,L) =E [L;@ —min Y li(ay, ... at_l)] . (2.18)
! t=1

An alternative known as policy regret is
T
RA(D,L)=FE [L;g —min » 6(i, .. .i)] : (2.19)
(2
t=1

The notion of regret in is useful in the setting of learning from expert
advice where it measures the performance of the decider relative to the
performance of the best expert. Next we give two examples where policy
regret is more appropriate.

(i) Let £ = {£'} be any oblivious loss sequence. Imposing a switching
cost can be modeled as an adaptive adversary £ defined by

O =0+ Lo, (20, 0y Vist.
The usual regret will ignore the switching cost, i.e.,
Rr(D, L) =Rr(D,L) VD,

but policy regret will take it into account. E.g. if £} = Lzt mod 2}
then Ry (MW, L) = O(1), but R&(MW, L) = T/2 + O(1).

(ii) Consider a decider playing repeated Prisoner’s Dilemma (as dis-
cussed in Example 7?7 and §77?) for 7' rounds.

player 11
cooperate  defect
cooperate | (—1,—1) (—10,0)

defect | (0,—10) (—8,-8)

player 1

Suppose that the loss sequence L is defined by a opponent playing
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Tit-for-Tat[f] In this case, defining ag = C, the losses at time ¢ are:

1 (at_1, Z) = (C7 C)
. )0 (at-1,%) = (C, D)
A= 10 (s = (D.0)

8 (at-1,i) = (D, D).

Since it is a dominant strategy to defect in prisoner’s dilemma,

T T
L defect = Lcooperate'

(This holds for any opponent, not just Tit-for-Tat.) Thus, for any
decider D,

Rr(D,L) = La—c}(Lia,_y—c} + 2L{a,_,—D})-
t

Minimizing regret will lead the decider towards defecting every round
and incurring a loss of 8(T' — 1). However, minimizing policy regret
will lead the decider to cooperating for T'— 1 rounds yielding a loss
of T —1.

Notes

The origins of the material in this chapter go back to the work of Hannan [Han57],
who was motivated by the question of how to play a repeated game. These issues
received renewed attention starting in the 1990s due to their applicability in machine
learning settings. For in-depth expositions of this topic, see the book by Cesa-
Bianchi and Lugosi [CBL0O6] and the surveys by Blum and Mansour (Chapter 4
of [Nis07]) and Arora, Hazan and Kale [AHKI2].

The Weighted Majority algorithm and its analysis in[§2.2.1] are due to Littlestone
and Warmuth [LW94]. The Multiplicative Weights algorithm discussed in
and variants thereof are from Littlestone and Warmuth [LW94], Cesa-Bianchi et al
ICBFHT97] and Freund and Schapire [FS97]. A suite of decision-making algorithms
closely related to Multiplicative Weights achieves similar or the same regret bounds
and go under different names including Exponential Weights, Hedge, etc. The use of
the Multiplicative Weights algorithm to play zero-sum games discussed in is due
to Grigoriadis and Khachiyan [] and Freund and Schapire [FS97].
is due to [Cov65]. Our exposition follows [?], where optimal strategies for three
experts are also determined. The notion of policy regret discussed in is due
to Arora, Dekel and Tiwari [ADT12].

Some important extensions of the material in this chapter include the “bandit”
setting and “swap regret”. The bandit setting addresses the situation where the
decider learns his loss each round, but does not learn the losses of actions he did
not choose. Surprisingly, it is possible to achieve regret O(y/Tnlogn) in the bandit
setting [?].

1 Recall Definition ?7?: Tit-for-Tat is the strategy in which the player cooperates in round 1 and
in every round thereafter plays the strategy his opponent played in the previous round.
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In swap regret, the benchmark loss is strengthened to allow for replacing each
action i selected by the player by a corresponding action f(i) as opposed to a
replacing all actions i € [n] by some action j. Hart and Mas-Collel showed how
to achieve sublinear swap regret using Blackwell’s Approachability Theorem [?].
When players playing a game use sublinear swap regret algorithms, play can be
shown to converge to a correlated equilibrium. A final topic related to the material
in this chapter is that of online convex optimization. See, e.g., the survey by
Shalev-Shwartz [SS11].

One of the first strategies proposed (by Brown [?]) for repeated play of a 2-
player zero-sum game is known as fictitious play or Follow the Leader: At time
t, each player plays a best response to the empirical distribution of play by their
opponent in the first ¢ — 1 rounds. Julia Robinson showed that if both players
use fictitious play, their empirical distributions converge to optimal strategies [?].
However, as discussed in this strategy does not achieve sublinear regret in
the setting of binary prediction with expert advice. A variant, known as Follow
the Perturbed Leader, in which each action/expert is initially given a random loss
and then henceforth the leader is followed, achieves essentially the same bounds as
the Multiplicative Weights algorithm, and has the advantage of also achieving low
policy regret? Follow the Perturbed Leader was analyzed by Hannan [Han57] and
Kalai and Vempala [?].

sublinear regret - Hannan consistent

[Exercise 2.3is due to Avrim Blum.

Exercises

2.1 Consider the setting of and suppose that u; (respectively dy)
is the number of leaders voting up (respectively down) at time t.
Consider any trader algorithm A that decides up or down at time ¢
with probability p;, where p; = p;(uy, d;). Then there is an adversary
strategy that ensures that any such trader algorithm A incurs an
expected loss of at least |log,(n)|LT.

Hint: Adapt the adversary strategy in [Proposition 2.1.2] ensuring
that no expert incurs more than one mistake during Sy. Repeat.

2.2 Show that there are cases where any deterministic algorithm in the
experts setting makes at least twice as many mistakes as the best
expert, i.e., for some T, L(T) > 2LT.

2.3 Consider the following variation on Weighted Majority:

On each day t, associate a weight w! with each expert i.

Initially, when ¢ = 1, set w} =1 for all 4.

Each day t, follow the weighted majority opinion: Let U; be the
set of experts predicting up on day t, and D; the set predicting
down. Predict “up” on day t if Wy (t) = Y. wi > Wp(t) =

€Uy
t « »”» :
> iep, Wi and “down” otherwise.
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On day t+1, for each i such that (a) expert ¢ predicted incorrectly
on day ¢, and (b) wf > 7= 37 wt, set

1 — 4n
t+1 1 t
Wi = S (E2.1)
Show that for every contiguous subsequence of days, say 7,7 +
1,...,7 + r, the number of mistakes made by the algorithm dur-

ing those days is O(m + logn), where m is the fewest number of
mistakes made by any expert on days 7,7+ 1,...,7 + .

2.4 Consider the sequential adaptive decision-making setting of with
unknown time horizon T'. Adapt the MW algorithm by changing the
parameter € over time, to a new value at ¢t = 27 for j = 0,1,2,....
(This is a “doubling trick”.) Show that the sequence of € values can
be chosen so that for every action 4,

V2 1
—~Tlogn.
v2-1V2 8

2.5 Generalize the results of [§2.5.4] for n = 2 to the case where the time
horizon T is geometric with parameter ¢, i.e., the process stops with

" <L+

probability 0 in every round:

e Determine the minimax optimal adversary and the minimax re-
gret.
e Determine the minimax optimal decision algorithm.

2.6 (a) For Y a normal random variable, N(0,1), show that

[N

Yy

2
ez ) <Py >yl<e T as y— .

(b) Suppose that Yi,...,Y, are iid. N(0,1) random variables. Show
that

E [max YZ] =+/2logn(1+o0(l)) as n— oo. (E2.2)

1<i<n

Solution:

(a)
> —x2/2 1 [~ —x2/2 L _ 2/2
e dr < — ze dx = —e Y
y Y Jy Y

y+1 2

22 _+H)?

and / e TPy > e 2.
y
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(b) Let M, = E [maxj<;<p Y;]. Then by a union bound

:| < ne—(logn—f—ax) — e T

x
P (M, > /21 e
[ "= Ogn+\/210gn

On the other hand,

P [Yz > \/2alog n} = p~otel)
so P [Mn > \/2alogn} = (1 — n_a+°(1))n —0 fora<l.

2.7 Consider an adaptive adversary with bounded memory, that is ¢! =
C4(at—m,...,as_1) for constant m. Consider a decider that divides
time into blocks of length b, and uses a fixed action, determined by
the Multiplicative Weights Algorithm in each block. Show that the
policy regret of this decider is O(v/Tblogn+ Tm/b). Then optimize
over b.



Appendix 1

Some useful mathematical lemmas

Lemma A1.0.4. For any n x n stochastic matriz Q (a matriz is stochastic
if all of its rows are probability vectors), there is a row vector ™ € A, such
that

T =70Q.

Proof. This is a special case of Brouwer’s Fixed Point Theorem 7?7, but there
is a simple direct proof: Let v € A,, arbitrary and define

vT:%V(I+Q+Q2+...+QT*1).

Then

VTQ_VT:%V(QT_I) —0

as T' — 00, so any limit point 7 of vy must satisfy w = 7w Q.

Remark. In fact, vy converges for any v € A,,. See Exercise

Exercise A1.0.5. Prove that vy from Lemma converges for any
v EA,.

Solution:

Let P be any n x n stochastic matrix (possibly reducible) and denote
Qr = %ZtT:_Ol Pt. Given a probability vector v € A, and T > 0, we
define vr = vQr. Then |lvr(I — P)||y = |[v(I — PT)||1/T < 2/T, so any
subsequential limit point z of vp satisfies z = zP. To see that vy actually
converge, an additional argument is needed. With I — P acting on row
vectors in R™ by multiplication from the right, we claim that the kernel and
the image of I — P intersect only in 0. Indeed, if z = w(I—P) satisfies z = zP,
then z = 2Qr = w(I — PT) must satisfy ||z|; < 2||wl||1/T for every T, so

46



A1.1 The Second Moment Method 47

necessarily z = 0. Since the dimensions of Im(/ — P) and Ker(I — P) add up
to n, it follows that any vector v € R™ has a unique representation v = u+ 2z
(*) with u € Im(I — P) and z € Ker(I — P). Therefore vy = vQr = uQr+2
, so writing u = z(I — P) we conclude that ||jvp — 2|1 < 2||z||1/T. If v € A,
then also z € A,, due to z being the limit of vp; The non-negativity of the
entries of z is not obvious from the representation (*) alone.

A1.1 The Second Moment Method
Lemma A1.1.1. Let X be a nonnegative random variable. Then

(E[X])?

P(X > 0) > SR

Proof. The lemma follows from the following version of the Cauchy Schwartz
inequality:

(E[XY])* <E[X?|E[Y?]. (1.1)
Applying to X and Y = 1x-, we obtain
(E[X])? < E[X? E[Y?] =E[X?|P(X > 0).
Finally, we prove |(1.1)l Without loss of generality E[X?] and E[Y?] are

both positive. Letting U = X/+/E[X?] and V = Y//E[Y?], and using the
fact that 2|UV| < U% + V2, we obtain

2E[|UV|] < E[U?] +E[V?] =2.
Therefore,
EUV]?<1

which is equivalent to (|1.1]). O

A1.2 The Hoeffding-Azuma Inequality

Lemma A1.2.1 (Hoeffding Lemma). Suppose that X is a random variable
with distribution F' such that a < X < a+1, for some a <0, and E [X] = 0.
Then for any X,

E [6,\)(] < N2/8
Proof. Let
U(A) =logE [e)‘X}.
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Observe that
EIX AX
V(\) = E[Xe] /a:dF,\,

E [eAX]
where
Fy(u) [ eMdF
MU) = —— 0
o eMdF
Also,

E []E [X22Y] — (B [Xxe)])”
(E [eXX])”

2
= / z2dFy — < / xdFA> = Var(X)),
where X has law F).

For any random variable Y with a <Y < a+ 1, we have
1\?| 1

Y —a——= < -

< “ 2) ] =1

[TV < 1/4

\Il”()\) —

Var(Y) < E

In particular,

for all \. Since W(0) = W/(0) = 0, it follows that [¥/(X)| < 2l and thus

A 2
0 A
A4ﬂ—s

for all A. 0

TN <

Theorem A1.2.2 (Hoeffding-Azuma Inequality). Let S; = >_ | X; be a
martingale, i.e. B [Sit1|H¢] = Sy where Hy = (X1, Xa,...,Xt) represents
the history. If all | X;| < 1, then

P[S, > R] < e /2

Proof. Since —% < Xt;l < %, the previous lemma gives

(20?2
E [eAX”WHt} <e 8 = /2
SO
2
E [6A5t+1|Ht} = ME [e/\Xt+1|Ht} <t 12eA8t



A1.2 The Hoeffding-Azuma Inequality
Taking expectations
E |:€/\St+1] < 6)\2/2]E |:6)\St:|,
so by induction on ¢
E [exst} < oN2/2
Finally, by Markov’s Inequality,,
P [St > R] ) |:€)\St > e)\R:| < ef)\Ret)ﬂ/Q.
Optimizing we choose A = R/t, so
P[S; > R] < e B/
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