
*Overview
· Graphical Models &Markov Properties
· Inference Problems : given PG(C) find-P(x.)

Largmax PG(x)
C

Compute Z
- Belief Propagation
-Variational methods

- Gibbs sampling

· Learning Graphical model
given samples : x"

,
x)
, ...,

N) =A

↳ tearn the structure of the graph 4
↳ Learn theparameters of factor.



Astructural Learning.
· XG*" Random Vector
Directed Graphical Model : (E) = (2)=

#of possible fraphs E31-3
·Given <, ... xN) indep. samples from unknown P(x)

- How do we "Score" each fraph ?

- How do we find the graph with highest scome ?

· There are I ways to approach such statistical problems·

Frequentist Bayesian
· Assume graph G and P

= [P(X/XTi)3 · Assume (G,P) is ade
are deterministic but unknown drawn from

· Maximum Likelihood (ML) estimate Q,
find (4

, PS that maximizes : Maximum A Posteriori (MAP)
W

Max E, lop(C"
estimate

, maximizes :

e ** IP(G, PICC, .... d)
SCORE (G

,P)

* Frequentist : structural Learning.

Garymax]Pa
,I re



* simple case with n=2 , X
= (X

, x2) = 90, 132
2

samples 10
.
0) 10, 1) (1,0) (1,1) Pap=

Case 1: G,

= (D &2) independent -> Pic, 2)= P.(((.) · PrPC2)
ML estimate :

max I *, byP(C) + m*** P2)P,def. of
empirical bution = max B

, (0)
· (P,(0) + P,<1) - byPCI) + ...

distri Pi = (P, (1, P,(11)
=> max - -.

Pl P, )
- LyPC)

= P ,(c) be) +, ,xslo + ...
#D

me
- H(! ) -P!)↳Dres not depend P, max

achieved when

P,
= P , Pr = P2
I

for G, (08) p it, Picass ·Pul

SCORE (G,) = - H (P) - H(P)
Case 2 : G2 = (0-+2)

max , P2(x) = - H(P ,z)EePn)
P,z(,2) max achieved at

P, z = P ,2

SCORE(G2) = -H(P ,2)



2(02) = - H(P , ) -H(P)

-
follows from Independice2(D-() = -H(P ,2)

makes entropy
Remark 1 : - H(P,2) - - HCP, ) -H(P2)

M(P2)[P)

Refresher on H
,
I . X. Y random vectors from joint Pxics)

P(x,-)
I(X5Y) = P1x,4) · 18 PE,
H(X) = -Pax) by PoC)

H(YIX) = -Pe 1P(1K)
H(x) H() H(y) = H(y)X) + [cxjy)

H(x1) Fexjs) H(Y(X) H(x) + H(y) = H(x,y) + [cxiY)

2-[H(x,x)

R(D-2) -2100)
19

- "T 152) - (P, )=H(P2)

always fet the densest graph = everfitting
↳ even if the truth is D & ,

you chrose D-

Remark2 depending on N and target false Positive rate B
decision is made by

2(D-2) - 2(D2) =-H(P,2)+ H(0) + H(P2)
= +I Piz (X ;Xz)

ouputs
DeD if I

sxjx2)>
D + 2 else



- Maximum Likelihood Approach for a DAG
W U

4
*

Earfmax & maxSPIXIXa)3, , . , p
Pi(x/Xxi) = P , (xi(Xxx)

sct( !
-, ,

by ,
(e) (!)

->emstrbutton -
an

B
=
(x=
, xxi) - byPi(x: /x,)

= 2
,
9 - Hp(X: /X)3 = H(x1)= H(X)-1(x>S)

= E
,

ICX: jXxi) - H(Xi)
e

p q does not dependon G ,
depends an
Graph

* Remark - this gives a "SCORE" : likelihod for any given DAGG.L
L
Search over all DAGS

.

Ip(X:jXi) - Ip(XXY) If MiC T

=> We need to restrict the family of graphs we are
searching over. = Setof frees



xchow-lin alprithm : searches over all Trees , efficiently,
exactly.

Step 1 : Create a completegraph (undirected)
Over V= 21,2, ...,43

five edge weight Wij=Ip(i ; Xs)
W =

L
Wi;

I -
Step2 : find ther spanning tree , for example,

using Kruskal's algorithm .
claim: Char his finds the optimal tree that maximizes

maX

GeTrees - Ip(Xis Single node

·Yoe



* Impractical approach fo wirected graphical model learning.D

e
consider learning an Ising Model (G, [R;3. , 30;3,je1)

*G [-, +B
2

G,

disXiX; &=

<Po... *]Pa =I*eYs z
samples [C, (C, ..., (N)3 =D

The Rikelihoo

PG
,
(D) =Pa

,
(c)

(ii) E
edis -Nex
·= ea

=exp5-NIgZa + N.+ENMij Kij
I I

the ly-likelihod is = + EXX:
min LIG

,RD) =I *↳ Pa
,xD)

I (O) - <M
, x] . N-=118

fZa

Remark: Droives ↳ja]e
Convex

linear in R
exp-time

* learning is easier if inference is easier.


