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Probabilistic GMs ↑ factorizes"
Wrt G

Graph Separation> I(6] = & I (P)
↑

=> Factorization=)
Graphs 6 P(x) =I Cand I (1)
-

LitedCMs) - (i
,j) =j; i)

Def Undirected graph 6: (V, E)-

A cique <I is a set of modes
Situ fitj , i,je

C
,
(i
,j) +t

· A Lique(is amisaldue
if I IEC Sit . SiYUC is a

clique
Denote the set of all cliques
as I



Lef : An undirected GM on 6 : (V
,E) is a-

-

family of distributions an X = <X
, .

. - , Xn]
that facolorizes as

[AKA P(X) = Eπ fc(Tc)
-

Markov Rand ceC

Fields] fr :
x'* - RI are called fers

or mability fis
z : = 55 eft, )3 is called

x-x
a partition fr .

Unstructured S"its/small StructDense IIIP)1
large4(X) graph dense
groph sparse

sparse

miner
6

Q ① ① ①
/ / ↳ L
23⑧-0 ② ③ ⑦ ③ & ③

P(x) D(x) <fiz(X,,Xz)- D(x) fiz(X ,,xz) ·f(x3)
x , ,42 ,43f(x(X ,, xz)

↓ HW1 ↓ mutually
ind

X2H X, /X , x
3H X ,Xz



Def Coraph Separation]
BIV separates A

,
LIV if every

path from any
atA

,
<- C passesthreB.

[Casually written A-B-C]

/
O ⑩

-- O

o !
-d d

Def <Global Markov Propery (C)]
A distribution P(X) satisfies the global
markov proy if for any A-B-Ccertyx

A
,

X
we have XC 1 B

.

Dunchline
: Factorization=) (6)- -

ple



Q : Give a Badirected Net that can't beyesian
represented using

a MRF

② BN 88 Yetxaly,
xzHXe

Q : Give a MR F that can't be

represented usin a BN
I

q2
0-02

↳ 3 ⑳8⑭ X=Hx/x,y
x, HXy(Xz , X5

-

Def Shocal
Markov Property (2)]

P(X) satisfies (h) Wir . t . 6 if

Xi ↓X rest/X 2 :
2i = boundary or neighborhood of i

jt 2i if (i, j)= E

X rest = V((5i302 i) ↑
oo-i-0 ⑧

ob I
0



Lef (Pairwise Markov Property (P)]
P(X) Satisfies (4) Nrt 6 if

Xi1X
; (V1ij3 Fi , j not

connected
· -mo
-

od ↳
-
Claim

(6) = (1) -> (P) (6) XANXcIXi

-

-
() Xi IXrestY2 ;

Proof
p - Followsyi

from i-2i-Rest
()XiIXj

aka i is separated from when

-
rest by 2i .

B (i
,)* E
-

LECh puf Xi X vizizus : IXai Fix ;FiI
can (i ,j)4E
-> XiHXv1:3U2 : /XVn2:,
(b)
=> XillX

; 1Xvx2 :, 13



(a) Follows bKC

A BIC = A1B1CUh(B)
· X2; VE :,i th

-

(b) Follows b/C j42 : j Fi

So je V12:308 ;
And XHYIE = XIMIZ Oh
Cata Processing inequality] X -z -Y - h(1)

-
P = 61
-claim : If P(X)30 F X

,
then PEG

IP is a PMF
, P(X)C0 F x = c x , , . . . ,xa]=x"7
--ILemma [Intersection Lemma]
-

For P(X) >0 if

XA HY ((Xc , xD)
* X

= +Xc((Xz , Xx)
them

x* H (x3
,
xc) IXg
-



of ofClaim/Xvisij if (ij)E
=>

XA1XIXB
Let's show by induction based on 1B1

-n-2
,
n-7
...

① (B1 = n -2
,
A = 5i3 B = Ej3

1
them 6

, P are Identical .

⑯ Suppose (6) halds & (BIS

7will show 6 for is w . (B) = s-1
-n-2

Suppose (A)=2 (WLOG) , IBIS

A - B - C (cholds)
-

=> A 193-BUSi3-C
(a)

, size st so XaisH XalXBusin
also\i3-3-C separated

E 151> S
(b)

Xc1Xi /Xirai
Intersection lemma + (a) ,(h)

=> XcHXA /B XA
,B ,C Sit

.

A-B-

↑(B) = S B



If PIX40 , them there's a counterexample
(HW1] .

Enterization(F)]
-

We say P(X) factorizes wirt . 6 if

P(x) = Es ef(x)
↳
maximal clique set,

Claim (F) => (6) all cliqqes

Idea behind pf : P(X)4f(X)-
(No#B - C factor has afA Dc=C)

-> P(X) <FAB /Xx , xz) ·Fisc(YB,x)
In HW1 -> Xx1xcl XB

(6) E F ,
ifC)(X) > 0 Hammersdy

lifford the]
So
,
if G(x)CO (F)CE(6)(EILE> (P)

it p(X)Po 6 =F


