6. Max-product algorithm

@ MAP elimination algorithm
@ Max-product algorithm on a tree

e Example: LDPC (Low-Density Parity Check) code over BSC (Binary
Symmetric Channel)
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Inference tasks on graphical models

consider an undirected graphical model (a.k.a. Markov random field)
@ = 5[] vetwd
nlxr) = 7 c\Le

where C is the set of all maximal cliques in G
we want to

o calculate marginals: p(z4) = va\A w(x)

@ calculating conditional distributions

w(ra, zp)

realen) = 7o)

calculation maximum a posteriori estimates: arg max; u(Z)

calculating the partition function Z

sample from this distribution
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MAP estimation = Mode computation

MAP estimation of x given y Mode computation

x € arg max ul(x
g max ()

¥ € arg max u(x
g max yi(zly)
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MAP elimination algorithm for computing the mode

MAP elimination algorithm is exact but can require O(|X|IVl) operations

T1T2 ,—T1T3 $2$5€—$3CE4J)5

p(x) o e*1*2e e

o x; € {+1, —1}
@ we want to find z* € arg max, u(x)
@ brute force combinatorial search:

max  p(x) « max  eTiT2eT F1¥3 T2 o T LTS
ze{+1,—1}5 Z1,T2,73,%4,%5

e requires O(|C| - |X|°) operations
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@ consider an elimination ordering (5,4, 3,2,1)

max p(x) o max eT1T2 T TS oT2T5 o T3TATS
x T1,T2,T3,T4,T5
= max  e*1¥2eT %3 max e(*2~%34)T5
x1,T2,T3,T4 xs€X

e —

=ms(z2,r3,24)=el®2-23%4]  with x}=sign(ze—x314)

= max  e"1P2eT 1 mg (19, 13, T4)
Z1,T2,T3,T4

= max e 172eT 1T max ms (2, T3, Tq)

x1,T2,T3 T EX

=my(z2,x3)=e2, with zj=—(z223)

=  max e"'%2e” "1 my (g, x3)

T1,T2,T3
= max "' max e " " my(xs, x3)
x1,T2 r3€EX

=m3(x1,z2)=e3, with zi=—x;
= max e"'"?mg(x1, z2)
T1,T2
in the final step, let (2}, 23) € argmax 37122, that is 23 = 21 and 2} = +1 or
-1
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e from
xy € {£1}, 25 = 21,085 = —x1, 2} = —wows, xf = sign(xa — x324),
we can find a MAP assignment by backtracking (5,4, 3,2,1):

a*=(+1,+1,-1,41,+1)or ( =1, -1, 41,41, —1)

maximizes ef1¥2e ™ F1¥3 T2%5 o~ T3L4L5

@ since we are only searching for one maximizing configuration, we are
free to break ties arbitrarily

@ computational complexity depends on the elimination ordering

@ how do we know which ordering is better?
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Computational complexity of elimination algorithm

T1T2 ,—X1T3 .7,‘2£E5€—$3$433'5

p(zy) o max _ e"1%%e e

T2,%3,T4,T5 EX
= max e 1"2e 1% max er2%5 e F3T4aTs
Z2,T3,T4E€EX r5E€EX

=ms5(Ss), Ss={w2,x3,x4}, Y5={e"275,e~ 37475 }
= max e %27 "1,

max ms(To, X3, T4
T2, x3€EX raEX ( ’ ’ )

=my(S4), Sa={z2,23},¥y={ms}

= max e max e~ "1*3my(xa, x3)
ToEX r3EX

T1T2

=m3(S3), Sa={z1,x2}, U3={e™ 173 ,my}

= maeTn) = m)
2

=ma(S2), So={z1}, Y2={e"172,m3}

e total complexity: >, O(|¥;| - |X|*H1%]) = O(|V]- max; [¥;] - |& | Hmaz:lSil)
@ use induced graph for graph theoretic complexity analysis
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MAP elimination algorithm

e input: {?.}.cc, alphabet X, elimination ordering I
e output: z* € arg max pu(z)
1. initialize active set ¥ to be the set of input compatibility functions
2. for node i in I that is not in A do
let S; be the set of nodes, not including 7, that share a
compatibility function with %

let U, be the set of compatibility functions in ¥ involving z;
compute

mz(xsl) = III;?X H ¢(xiax5i)
PpeY;
z;(rs,) € argmax H U(x,xs,)
x;
pev;
remove elements of ¥; from ¥
add m; to ¥
end
3. produce z* by traversing I in the reverse order

* * * .
Tin = Tioa(x i<k
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Max-product algorithm

o max-product algorithm computes max-marginal:

fi(r;) = max ()
TV (i}

@ when each max-marginal is uniquely achieved, that is
x} € argmaxy, fi;(z;) is unique for all i € V', then 2* = (z7,...,z},)
is the global MAP configuration

@ when there is a tie, we can keep track of ‘backpointers’ on what
maximizing value of the neighbors are to recover a global MAP
configuration

@ note that in general arg max,, fi;(x;) # arg maxy, 1(z;)
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Max-product algorithm for factor graphs

6

«+factor 1o (1, x5, x6)
T3 a

d T2 ¥

p(e) = [T talean)

acF
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@ most generic form of max-product algorithm on a Factor Graph
> message update:

Zes CH NI || (7 SHEN
beodi\{a}
70 ) = max [T v, (@)00(@0a)
oM e da\ {4}
» backtracking:
60 (@) = arg max [ v, (z))a(@oa)
2 e ha {4}

> max-marginal:
~(t ~(t
i) = T ol
a€di
o for pairwise MRFs there are two ways to reduce this updates into
single update of single messages:

v @y = T {maxv(er v, @0} o @) = maxw(es o) T[] o, 0
keoi\{j} * i kedi\{s}
) @ =arg max [T ke @0 800 @) = asmaxv@an ) T 7@
NI keai\ (5} kedi\ {5}
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o (parallel) max-product algorithm for pairwise MRFs
1. initialize %), (x;) = 1/|X| for all (i, 5) € D

2. fort €{0,1,..., tmax}
for all (i,7) € D compute

v @) = T { maxvue, oo, @0}

kedi\j
55:.”@0 = argmax H {wzk(mumk)yl(giz(zk)}
' PO Eai\j

3. for each i € V compute max-marginal

fue) = [T { mosctenmorfs )

keoi
di(xi) = argrﬂfxn{wik(fci»wk)V;(fS?XH)(wk)}

i

kedi
4. backtrack to find a MAP configuration

@ related to dynamic programming

@ exact when tpx > diam(7T)

e computes max-marginals in O(n|X|? - diam (7)) operations
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Example: decoding LDPC codes
@ LDPC code is defined by a factor graph model

variable nodes factor nodes
Yoz, x5, 2) = L(xs B xj G xr = 0)
x; € {0,1} @'n ! !
OB
)

> block length n =4
» number of factors m =2
> allowed messages = {0000,0111,1010,1101}

@ decoding using max-product algorithm (for BSC with € = 0.3)

1
py(@) = - TPy ix @il [ ] H(@waa = 0)
eV ackF

@ use (parallel) max-product algorithm to find MAP estimate:

& = argmax u(x)
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Y Plylz)  Viea(xs) Vgsi(2) da—ilzs)
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~ 1
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¢ t
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Max-product algorithm 6-14



Yy Plys|z:) Vz‘ﬁa(xi) Vgsi(2) da—ilzs)
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Y Pilw)  vime(xs) Va—i(2) Sa—i(;)
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Y Pyilz:)  visa(w) Vgsi(2)
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f(z) ¥ Pz viea(®) Va—i(2) Sai()
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Numerical stability and min-sum algorithm

@ multiplying many compatibility functions can lead to numerical issues
(e.g. when the values are close to zero)

@ one remedy is to work in log domain

@ min-sum algorithm

visj(xi) = Z rgin{ — log Ypi(xy, zi) + Vk—n'(xk:)}

kedi\j

i) = exp{ 3" min{ ~log Yualon, 2) + vii(ai) }

keoi
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@ define graphical model on sub-trees

Tos1 = (Vas1,EB251) = Subtree rooted at 2 and excluding 1
1
,u2—>1(33v2%1) = m H ¢(3Cu795v)
2=l (u,v)EE2451
vasi(r2) = xvmaﬁz}uzal(xvzﬂ)
2—1
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@ the messages from neighbors are sufficient to compute the max-marginal fi(z1)

i(r1) o max H Y(Tu, To)
V\{l}(u,v)GE

= omax  weneene{ [ v@ee)}{ [ vew)

zv, TV
2217l (u,v)EB241 (u,v)EE31

_ max H {w(xl,xk){ H T/J(Iu,xv)}}

T , T
2—1 3—1 keol (UW)EEk—n

= H max {1/1(5017$k){ H w(x“’xv)}}

x
keo1 k=1 (u,0)€B) 1

H Hal?ix {w(xlvwk){ max H w(ru:xv)}}

keal Vit MEY (o oy e By

. vE—1(zg)
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@ recursion on sub-trees to compute the messages v

1

m H P (Tu, Tw)

(u,v)EE2 51

v(ezz)bezes){  [] vlwen)}{

(u,v)EEs 42

p2—1(Tv,_,,)

R

H 1/’(9%:9311)}

(u,v)EE5 42

< P(m2, za) P(z2, T5)pas2 (v, . ) H5—2(Tvy_,)
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vo_s1(z2) = max  p21(Ty, )
x —1
Va1\2

o< omax  Y(za,wa) Y(@2, w5)pas2(Tvy ) s 2(TvgL,)
Va31\2

o {I{/nax w(w27m4);t4ﬁ2(wv4_)2)}{I‘I}lax 11’(55277"5)/—"5*)2(1‘V5_)2>}
4—2 5—2

= {maxg(@a,za) | max pasa(ov, ) {maxv(@s,zs) | max wsoa(vs,)}
74 T vy o\ (4 a2 U s Yevs o\ 5} 52

o< { max P(w2, 14)"4%2@4)}{ max P(wa, 15)”5%2(%)}

@ update messages via recursion with uniform initialization v;_,;(z;) = ﬁ for

all leaves ¢

voi(xe) = H {H}E:X¢2k(9327$k)yk—>2(xk)}

kea2\{1}

@ to obtain a global configuration, we need to store the arg max for each
message for backtracking

d21(r2) = arg max 11 {7/12k(552,$k)l/ka2($k)}
22\{1} keoN1
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