
Def. [ Factorization CE )]
we say Rx, factorizes according to G if

Rx) = I Ife tccxc)

where E is the setof maximal cliques in G .

Claim
. (F) ⇒ CG).

proof . for aux A - B- C separated Tun G
there is no clique that includes aEA and CEC

,
hence

.

Pca = 'z Film) . Fez (Xr
,

Xc)

by HWI . this implies
* I XCIXB

.

Theorem
.
I Hammersley -Clifford theorem ]
If Passo for all ×, ehen (G) ⇒ Ck)

.

Implication : for Pex,>o, Gas@ s⇒ a)23 Cp )
canter example : If Pasko , then ④ # CA) CHW1)

.



Proof of Hammersley - Clifford theorem :

suppose P 20 & Ht't XCIXB for all A -B-C

then Rx Effects .

Def. pseudo factors isnt

Iscxs) ⇐ u¥sPCXu , 0*05
"

where we assumed a.bag that OGX and we used PCA>O .

em singdton pseudo factors . A Xv EO
(Y ) pseudo factors- I

,
⇐) = PCH

, red
-

PCOq.oore.se#Xi=0
pairwise pseudo factors ( for all Is not necessarily an edge)

C) pseudo tutors- ja
, cµ,

= PCX-a.X-noresed-pcoios.org#pcxi,Os0rese)-PC0-yX-s,0rese)
claim 1

. Is = consent unless S is a clique.

claim 2. for any pox), Pcna Pcos . IsKs)

it follows from datus 182 that.

Pca a IIe IccxD

we are left to show cloths 182.



proof of claim 1 . Is ' const for s notalgae. & (G)

If S Es nd atque-
±
Is not connected by an edge.

S
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PGXu.xi.Q.oresepcxu.oi.X.ro)
-

constant
.

P ( Xu, Xi,#Ouse)

PHED.pl/lu,Xss0rese)---PCXu.Xi,O;.orese)qPfXilXu.0#PCXu.Oj,
Oreste)

④ : HIE lxrest

=

PCOif Xu ,Oreste) Pau, Orge)
-
-

PCO; I Xu, Orest)
'
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,
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Proof of claim 2 . Rx, aster Isles ) if Passo
isnt

Recall that Is =

s
pcxu

, Ouse

- Lemma [M blues Inversion lemma]
.

introduced Tu numbertheory 1832.

for any g. h :{subset of VB → IR , we have

g Cs ) = -2kW)
,

for all SEV
UES

⇐ h Cs) a -2 ED
's" !
gcu) .

for all SEV
UES

ex>Linden -exclusion lemma) then sets Ai
,
Az
,Az

,
V - E1,333

I Ain 't.cn#4=Ixl-IAi-HzHAsltlAinAd-IA*ffYEhtftyAst
g- (D= I Ain Ana As I ,

hes) : #of elements in every see Histories

843333 ) - I AinAin#4=E*
.

""Yas - I¥fI¥I
"

- cattail
"IFA#Asl . - - * f¥Fz¥I

let gcs) E log P & Xs ,Orese ) (using positivity)

hes) E Essa
's'"

lgpcxu.ae#)--logEacx
. )

from Mebius inversion lemma
,]

843 ⇐ log pcxv) = Ferhat) EEN tf Tacks

pcxv ) - o Jocko ) is



Recap :
Directed Graphical Models Undirected Graphical models
Factorization Factorization
Rx) -_ IT pikx; Hai) R§gBxF# Iee folk)& Hr
Global Markov property Global Markov Bspaty
A - B- C d-separated A-B-C separated
XAIXCIXB Pry>of X.at/klXB

*LoafMarkov property Local Markov Property
HI Xndituillx

,
Rx,>off Xittxreselxoi

f k
pairwise Markov Properlyordered Markov properly

XII Xpr.iq (Xtc ,
HIE these,t HE

claim : ⇒
pay se.

# G ( directed orundirected) S
-t

. Ica) #IED

Def. . G is an 2-map of Pcxs it ICG)# Icp) .
Gis a P-mop

- Perfect Map.
Det . G is an minimal 3-map if removing any edge mate Te no longer
I-map .

For BNS, you can construct and-map by fixing an ordering and
minimal

removing edges. is XzIX3

ex>Vfx,K,XD
,
X, # Xz, oardorf (3,2, 1) ②§③yj-is AIG K2

ordering a,

" '4*1×3

②→To



For MRIs
, you newore edges lat arbitrary order) that can be
removed.

claim . If P 70 , minimal 2-map
is unique.

proof2 by (F)⇐⇒ CP) . removing an edge as per CR)

does not create any independence
not present in CR) .

f- { I, 2,3}
Xi 'tBICK,Xa) , Xzttxelcxxs)

*
③

¥

Definition .

[Moralization]
For a DAG G-CUE) . M¥5 of G is an
undirected graph G'-- CV,E

') where.

Cio )GE ⇒ Ci. J) EE
'

EE ⇒ Ci
, EEE' complete all II.Kneece.

Claim
. A DAG G '

ss moralization does nd add any edges,
<⇒

7- undirected -
Gi SE

.

ICG) = ZCGD
I



Definition . [ chordal Graph]
An undirected graph G-- CV,E) is chordal
it every loop of size 24 has aOtford

au edge connecting
2 non- consecutive nodes ina loop.

chord less

To} 1¥
gorda ,

Foa EEE

claim .

-undirected G is chordal
2--7 ⇒

DAG GI se I (G) =ICG') .

Set of all I-maps

÷÷÷÷¥④÷÷t
DAG : moral g
!(chordal G

has the same
skeleton as the

original


