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Bayesian Networks (Directed Graphical models)

Probabilistic Graphical Model Markov Random Fields ( undirected Graphical
Models)

Factor Graphs
Graph separation
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* Directed Graphical Models

Def . . Directed Acyclic Graph CDAG) G -CVE)

• set of nodes V -& b ' NB
• set of d6d edges E# 1,2)
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Claim : t.ca, Ha,) =P Caixa,) * ordering
of nodes at c

.

⇒ *;

without loss of generality, suppose I-bpolg.ua#gf6fDAGG=CV.E).
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which is ( 1,2, . -
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Topological ordering =L

tnlxn.hn/--Ppffi?n.g--PcxulXiti)qPcxulXi")
2.Hs is a function of only Xan)

by induction
, follows for all i EEN E {1,2, - -
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Directed Graphical models encode Bayes rule Cchatn rule)
.

←chain rule : for any Rx) and any ordering Cb 3 .
-

,
n)

pcx) = PCA ) PCXUXDPCXSIX.dk) -
- - Pcxnlxiti)

⇒ can be represented by a complete .
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'Il pairs connected
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what independence structure does general Tcncompkee) DAG encode ?
ex> ① ① ① ①
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Pcxispcxdxpcxs) Pca)PCEK.jp#7PcxDPcxaxdPcxsix.,xdPcxDPcxuxdPcBlXi) paagpcxgpcx.la.xD Pc RxdPcxD

¢ Xzthxzlx, X#Xz
" 4×3

x.* all

independent of
one another

complexfunstructured-7 simple&structured



*Markov Property of Directed Graphical Models .

t.Direceedordfmarkovpropertgive.uaDAG E- CHE) with a topological ordering 4,2, - - - , n)
X; Is Xpr.net, I Xa ,

4
Pr, E

nodes before i
setminus Tu e he ordering.

proof> chain rule is
①

⇐¥
" "
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is:*::÷i::
→
④ ⑤

2.DirectedDMarkovpropertx.ltX nd; Tai l Xxi
X, no siadepednce.

nd, ⇐
non-dependent

X2 "

Xs# i.Xa, 1×2
set of nodes not reachable

from T by following directed
114144,9, 1×2 Paths

.

Xslt (Xuxa) l#XD
more generally we want to answer Ifex>

②→④ A -- E 43

/ ↳ ↳ B - E 353
① ⑤→ ⑦

c -- E 63
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3.DireceedOGMarkovproperty.la
kXclXBtsorauyA.B.ccVifAisd-separ@atedtromCw.r.e.B .

Def. A EV is disparaged from CEV went BEV if

every path between any nodes AGA and CEC is blocked

a path : a - p , - pz - - -
- - C that does not repeat nodes

vs. walk : sequence of connected nodes that can repeat.
• a path is blocked it somewhere along the path

Intuition : consider V=EI
,
2,3}

⑦→②→③ - - 82GB 11312

④ c-②←③ & 2GB 21312

- - - ②c-②→③ . - & 2GB
14312

-
- - ⑦→②←③ 82GBP 113 but 1*312

* Bayes ball algorithm identifies conditional independence
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/ \, \
BE353

① ⑤→⑦ G- { 63
→ a → a
③→⑥



Theorem
.
the following are equivalent .

a> PCX) factories according to a DAG GIVE)

by pcx) satisfies the directed global Markov property .

C> PCH satisfies the directed local Markov property

proof . b> ⇒ c>
See A -- i

,
B - ai, C - nd ;Tai

¥

okay④
*
o O

c>⇒ a>
Consider

any topological ordering .

,
say Cbs - -on)

pox) f- ftp.cxilxi
') = TypicalKai)

chain 9 -
rule local ffxi ,Xan,)Markov

a> ⇒ by use induction Cseparaee notes2 .

let ICG) denote the set of c.I . relations implied byG .
① ICG) = { Xs ILM ,XD ,

Xiltlksddlxz}ex> ②H
'

③
→ I
④

let Icp) denote the set of C. I relations implied by PCA
ex> Consider indep Ee

,Zz, nBern !

let Xi - Zi
,
X3=-23

,
Xz = X, , Xq = X Xs

then I Cp) - { AHCA ,XD , X. HCA, Ha}



DAG
remark 1 . I

p se. there is not saluting ICP)- ICG).

proof> P:{ III.+z Icpy
-

- { Attack
XLIXSIXI

remark2 . HG ,

7- p se. ICE) -- Fcp ) .

remark 3 .

7- G ,
tGz S.t. ICG. ) = ICGa)

o-30-20 040-20 .

Def . DAG E-CUE) is a perfect of P id Icp -- ICG?

Def. DAG Genet is an FINA of P if ICG) E Icp)

Def DAG GIVE) is a minimal 2-map of p if
removing a single edge from G results in

Ge no longer being an I-map .

Remark 4
.

minimal I-map is not unique.
• different ordering gives different 2-maps .

• even oieh the same ordering , I-map is not unique.

①→②→③ p :
kHz

→
X3=X, TZ

①→② ③ I Cpj = { Xsltxilxz, 11314214}


