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Graphical models & Markov Properties
Inference Problems : given Pax, findF.

Pca)L
ay x pox)I
compute E .

- Belief Propagation
- Variational methods
- Gibbs sampling

• Learning Graphical models : given samples X
'! x

,
. - -

,
XO C- an

- Learn the structure of ele graph
- Learn the parameters of the factors .

* How to find E from a black- box chart gives Pca) from Pcx)
.



*Structural learning .
• X EH

" Random Vector
.

° directed graphical model : LEI = 4) = MIX
# of possible DAGS ⇐ 3*1=3*11

. Given X
"

? - - -

,
XO independent samples from unknown Phx)

.

- How do we score each graph ?
- How do we find the graph with highest score?

' There are 2 ways to approach such statistical problems
Frequentist Bayesian

n
- Assume graph G and conditionals ftp.cx.dk;D,a,

' Assume graph G and conditionals P

are deterministic but unknown are drawn from some known

prior distribution Pq
,#CG,p)

. Maximum Likelihood call) estimation . Maximum a posteriori CMAp)

finds LG, p) that maximizes log likelihood estimation finds CG,p) that
maximizes the posterior distribution
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* Frequentist 's approach to structural learning
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*simple case with V-2 .
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empirical distribution : picx.rs?4q7IIf.BlXD=sLY2g?7
case1 : for G ,
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the maximum Octachord estimate of Rca ) , Bca) are
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is maximized when pp, # §, *empirical distribution is
the maximum likelihood

.

for Gs
, YEP! t.E.bg Pic Bae's

= E. Aca ) - top, TIECK) log Back)
--
- H Cpi ) - HCA)

case 2 : Gz = ⑦→⑥

ME:*, FEI 'T Pc = -Hip
.) yCp*HR

Maximum

achieved
= - H ( pm) with Benz



L ( ① ②) = -HCA) -HCA)

L = - MCD
.)

•Remark L : - H CAD £ - techy -H CPD
hence

, blindly chasing a more likely model

results in overfitting .

[ even if the true distribution was independent,
we always choose dependentmodel .

• Remark2: depending on the sample size N and
the target false posture rate p,
decision is made by

LCD ② ) = H CAD - HCA )- HCA)Law -
E
Ipf Xi 's

output ①-⑥ if Iµfx, > FTA
① ② otherwise

.

* we need to restrict the model class OR control false discovery rate.

Refresh useaetons :

I exit) E ¥,
paid bgP¥p⇒

H CX ) E E - P bgpcx)

H HIX) E ¥
,

- posy) bgpcylx)

thx) HH) H ( ylx )= Ha) - Icxjy)

HLNY) 7-Cxjy) Hoax)
H CX ) t HH) = HCX . + Icxjy)

Hcxiy)



*Maximum tickethood Approach for a DAG
.
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find 4 from a family Does woe depend on G.

ofgraphs that maxruigettir term

*Remark: - this gives a
"
score

"
= likelihood for any given DAG G .

(
we can now search over a class of graphs to find the toggle

.I
Ipcxijxa, ) I Ip CX-is Ha;) it ai Jai
and hence denser graphs are preferred land overfitted)(
so we need an appropriate class of graphs to Seagdfer

.



*Chow- hiiu algorithm : searches over all trees
., efficiently .

Step 1 : create a complete graph over f-Et, - - on}

W'the edge weights IpcXi,B) = wig
step 2 : use Kruskal 's algorithm . for example to

find the Max -weight spanning tree .

Claim: Chow- Liu algorithm finds the optimal tree that maximizes

IEEEee En
,
If CXijX* )

proof : each node only has one parent.

Evo
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for general graphs , n B orderings make it intractable



*Another impractical approach for Undirected graph learning .
-

consider learning an 25kg Model (G
,
O)

. ,
X -- { It}

from samples { X", . . -

,
x
CN) } =D

the likelihood is
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the log- likelihood is
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] [ non -zero for
C.DEE Eli, 'D
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Remark : this is strictly convex In O ,

but by- partition function requires inference .

* learning is easier when Inference is easier
.

Jae tugeaearal this Is ucrpueatoually intractable , even if
the graph is sparse , requiring OC Iai) computations .



but continuing our theoretical ) investigation,
we want to apply this method to learn the structure

of the graphs as follows

mtuiaife minimize hCG, O, D)
G O

As we did previously , we need to restrict our search

to a class of "

simple
" graphs, as otherwise dense graphs

always win. A natural condition is IEIEM .

minimize L C Ka, GD) ,
where Ku is the

O complete graph
S

.

E
. 110110 EM

As 11016 constraint is intractable
, people have proposed

minimize ¥10) - Lai ,04 + A 110111
.

or

where 110111=7,710-51



A different approach : Local Independence Test
for undireceedgaph.ca/models.-

tries to take advantage of sparsity of the learned graph.
to make learning faster than 04717 .

High : Local Independence Test ( samples { X④3eN⇒ , neighborhood dpek )
- E = §
- For each IEV
- For each SE VIE :} se 1812K

-

compute SCORE CS
,
= tlpcxilxs )

- set s
*

e- arggmtu SCORECsi )

-

ES-EUEci.JB.es#-Pr-unethe resulting graph .

y
K=3

0¥09
* So

Remark 't: Xi Is Xrese ( Xs⇐
HCAIXsuxresef-HCX.cl/ls)EHcxiiXt)

tics
.

Remark2 : Other scores have been proposed.

s*=agmax{ Isla. EL SCORECsis}
SCORECsi)= min maxt.PE/li=xiIXw=xw.Xs=xs3WEVlSXi.XwjGsXs.Xj-a-pEX..=x-

lXw=kw , Xs =#sis , Xj -a } )
remark : :c:::c::: ::::::÷:c" :b

.
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Still
v

These approaches are of more theoretical interest, as
the run -eine is Ocnkt')

.

Here is a practical algorithm.

Alg 2 : Threshold ing ( samples {*
a

,
threshold T)

- Compute the empirical correlation { Why } a. soEvxv
- For each Ci. J) GVXV
- If Tui; IT ,

set Ci. GE

where Mai, - In Een (*i '" - Ii) .CA"-E) ,

E - tore
,

Remark : a heuristic based on the fact that
two nodes faraway in the graph might be less correlated .

§
-

go
-0-0-0-0-2 NikKati;

in general , this can fail if .
True graph learned graph
/
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