
(* * * Lecture 6 *)

Require Import Bool.
Require Import ZArith.
Require Import String.

Open Scope string_scope.
Open Scope Z_scope.

Inductive binop : Set  :=
| Add
| Sub
| Mul
| Div
| Mod
| Lt
| Lte
| Conj
| Disj.

Inductive expr : Set  :=
| Int : Z −> expr
| Var : string −> expr
| BinOp : binop −> expr −> expr −> expr.

Coercion Int : Z >−> expr.
Coercion Var : string >−> expr.

Notation " X [+] Y " := (BinOp Add X Y) (at level 51, left associativity).
Notation " X [−] Y " := (BinOp Sub X Y) (at level 51, left associativity).
Notation " X [*] Y " := (BinOp Mul X Y) (at level 50, left associativity).
Notation " X [/] Y " := (BinOp Div X Y) (at level 50, left associativity).
(* * NOTE: get me to tell story of Div/Mod bug at end! *)
Notation " X [%] Y " := (BinOp Mod X Y) (at level 50, left associativity).
Notation " X [<] Y " := (BinOp Lt X Y) (at level 52).
Notation " X [<=] Y " := (BinOp Lte X Y) (at level 52).
Notation " X [&&] Y " := (BinOp Conj X Y) (at level 53, left associativity).
Notation " X [||] Y" := (BinOp Disj X Y) (at level 54, left associativity).

Inductive stmt : Set  :=
| Nop : stmt
| Assign : string −> expr −> stmt
| Seq : stmt −> stmt −> stmt
| Cond : expr −> stmt −> stmt
| While : expr −> stmt −> stmt.

Notation " ’nop’" := (Nop) (at level 60).
Notation " X <− Y" := (Assign X Y) (at level 60).
Notation " X ;; Y" := (Seq X Y) (at level 61).
Notation " ’if’ X {{ Y }} " := (Cond X Y) (at level 60).
Notation " ’while’ X {{ Y }} " := (While X Y) (at level 60).

Open Scope string_scope.
Open Scope Z_scope.

Definition heap : Type :=
  string −> Z.

Definition empty : heap :=
  fun v => 0.

Definition exec_op (op: binop) (i1 i2: Z) : Z :=
  match op with
  | Add => i1 + i2
  | Sub => i1 − i2
  | Mul => i1 * i2
  | Div => i1 / i2
  | Mod => i1 mod i2
  | Lt  => if Z_lt_dec i1 i2 then 1 else 0
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  | Lte => if Z_le_dec i1 i2 then 1 else 0
  | Conj => if Z_eq_dec i1 0 then 0 else
              if Z_eq_dec i2 0 then 0 else 1
  | Disj => if Z_eq_dec i1 0 then
              if Z_eq_dec i2 0 then 0 else 1
            else 1
  end.

Inductive eval : heap −> expr −> Z −> Prop :=
| eval_int:
    forall h i,
    eval h (Int i) i
| eval_var:
    forall h v,
    eval h (Var v) (h v)
| eval_binop:
    forall h op e1 e2 i1 i2 i3,
    eval h e1 i1 −>
    eval h e2 i2 −>
    exec_op op i1 i2 = i3 −>
    eval h (BinOp op e1 e2) i3.

Fixpoint interp_expr (h: heap) (e: expr) : Z :=
  match e with
  | Int i => i
  | Var v => h v
  | BinOp op e1 e2 =>
      exec_op op (interp_expr h e1) (interp_expr h e2)
  end.

Lemma interp_expr_eval:
  forall h e i,
  interp_expr h e = i −>
  eval h e i.
Proof.
  intros h e.
  induction e; simpl in *; intros.
  − subst; constructor.
  − subst; constructor.
  − apply eval_binop with  (i1 := interp_expr h e1)
                          (i2 := interp_expr h e2).
    + apply IHe1. auto.
    + apply IHe2. auto.
    + assumption.
Qed.

Lemma eval_interp_expr:
  forall h e i,
  eval h e i −>
  interp_expr h e = i.
Proof.
  intros h e.
  induction e; simpl in *; intros.
  − inversion H; subst; auto.
  − inversion H; subst; reflexivity.
  − inversion H; subst.
    rewrite (IHe1 i1 H4).
    rewrite (IHe2 i2 H6).
    reflexivity.
Qed.

Lemma eval_interp:
  forall h e,
  eval h e (interp_expr h e).
Proof.
  intros. induction e; simpl.
  − constructor.
  − constructor.
  − econstructor.
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    + eassumption.
    + eassumption.
    + reflexivity.
Qed.

Lemma eval_det:
  forall h e i1 i2,
  eval h e i1 −>
  eval h e i2 −>
  i1 = i2.
Proof.
  intros.
  apply eval_interp_expr in H.
  apply eval_interp_expr in H0.
  subst. reflexivity.
Qed.

Definition update (h: heap) (v: string) (i: Z) : heap :=
  fun v’ =>
    if string_dec v’ v then
      i
    else
      h v’.

Inductive step : heap −> stmt −> heap −> stmt −> Prop :=
| step_assign:
  forall h v e i,
  eval h e i −>
  step h (Assign v e) (update h v i) Nop
| step_seq_nop:
  forall h s,
  step h (Seq Nop s) h s
| step_seq:
  forall h s1 s2 s1’ h’,
  step h s1 h’ s1’ −>
  step h (Seq s1 s2) h’ (Seq s1’ s2)
| step_cond_true:
  forall h e s i,
  eval h e i −>
  i <> 0 −>
  step h (Cond e s) h s
| step_cond_false:
  forall h e s i,
  eval h e i −>
  i = 0 −>
  step h (Cond e s) h Nop
| step_while_true:
  forall h e s i,
  eval h e i −>
  i <> 0 −>
  step h (While e s) h (Seq s (While e s))
| step_while_false:
  forall h e s i,
  eval h e i −>
  i = 0 −>
  step h (While e s) h Nop.

(* *
| step_while:
  forall h e s,
  step h (While e s) h (Cond e (Seq s (While e s)))
*)

Definition isNop (s: stmt) : bool :=
  match s with
  | Nop => true
  | _ => false
  end.
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Lemma isNop_ok:
  forall s,
  isNop s = true <−> s = Nop.
Proof.
  destruct s; simpl; split; intros;
    auto; discriminate.
Qed.

Fixpoint interp_step (h: heap) (s: stmt) : option (heap * stmt) :=
  match s with
  | Nop => None
  | Assign v e =>
      Some (update h v (interp_expr h e), Nop)
  | Seq s1 s2 =>
      if isNop s1 then
        Some (h, s2)
      else
        match interp_step h s1 with
        | Some (h’, s1’) => Some (h’, Seq s1’ s2)
        | None => None
        end
  | Cond e s =>
      if Z_eq_dec (interp_expr h e) 0 then
        Some (h, Nop)
      else
        Some (h, s)
  | While e s =>
      if Z_eq_dec (interp_expr h e) 0 then
        Some (h, Nop)
      else
        Some (h, Seq s (While e s))
  end.

Lemma interp_step_step:
  forall h s h’ s’,
  interp_step h s = Some (h’, s’) −>
  step h s h’ s’.
Proof.
  intros h s. revert h.
  induction s; simpl; intros.
  − discriminate.
  − inversion H. subst.
    constructor. apply interp_expr_eval; auto.
  − destruct (isNop s1) eqn:?.
    + rewrite isNop_ok in Heqb. subst.
      inversion H. subst. constructor.
    + destruct (interp_step h s1) as [[newHeap newStmt]|] eqn:?.
      * inversion H. subst.
        apply IHs1 in Heqo.
        constructor. assumption.
      * discriminate.
  − destruct (Z.eq_dec (interp_expr h e) 0) eqn:?.
    + inversion H. subst.
      clear Heqs0. apply interp_expr_eval in e0. econstructor.
      eassumption. auto.
    + inversion H; subst.
      eapply step_cond_true; eauto.
      apply interp_expr_eval; auto.
  − destruct (Z.eq_dec (interp_expr h e) 0) eqn:?.
    + inversion H; subst.
      eapply step_while_false; eauto.
      apply interp_expr_eval; auto.
    + inversion H; subst.
      eapply step_while_true; eauto.
      apply interp_expr_eval; auto.
Qed.

Lemma step_interp_step:
  forall h s h’ s’,
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  step h s h’ s’ −>
  interp_step h s = Some (h’, s’).
Proof.
  intros. induction H; simpl; auto.
  − apply eval_interp_expr in H.
    subst; auto.
  − destruct (isNop s1) eqn:?.
    + apply isNop_ok in Heqb. subst.
      inversion H. (* * nop can’ step *)
    + rewrite IHstep. auto.
  − apply eval_interp_expr in H. subst.
    destruct (Z.eq_dec (interp_expr h e) 0); auto.
    exfalso. unfold not in H0. apply H0. assumption.
  − apply eval_interp_expr in H. subst.
    destruct (Z.eq_dec (interp_expr h e) 0); auto.
    unfold not in n. apply n in H0.
    exfalso. assumption.
  − apply eval_interp_expr in H. subst.
    destruct (Z.eq_dec (interp_expr h e) 0); auto.
    unfold not in H0. apply H0 in e0.
    inversion e0.
  − apply eval_interp_expr in H. subst.
    destruct (Z.eq_dec (interp_expr h e) 0); auto.
    omega.
Qed.

Inductive step_n : heap −> stmt −> nat −> heap −> stmt −> Prop :=
| sn_refl:
  forall h s,
  step_n h s O h s
| sn_step:
  forall h1 s1 n h2 s2 h3 s3,
  step h1 s1 h2 s2 −>
  step_n h2 s2 n h3 s3 −>
  step_n h1 s1 (S n) h3 s3.

Fixpoint run (fuel: nat) (h: heap) (s: stmt) : (heap * stmt) :=
  match fuel with
  | O => (h, s)
  | S n =>
      match interp_step h s with
      | Some (h’, s’) => run n h’ s’
      | None => (h, s)
      end
  end.

Lemma run_stepn:
  forall fuel h s h’ s’,
  run fuel h s = (h’, s’) −>
  exists n, step_n h s n h’ s’.
Proof.
  induction fuel; simpl; intros.
  − inversion H; subst.
    exists O. constructor.
  − destruct (interp_step h s) as [[foo bar]|] eqn:?.
    + apply IHfuel in H.
      apply interp_step_step in Heqo.
      destruct H. exists (S x).
      econstructor; eauto.
    + inversion H; subst.
      exists O. constructor; auto.
Qed.

Lemma stepn_run:
  forall h s n h’ s’,
  step_n h s n h’ s’ −>
  run n h s = (h’, s’).
Proof.
  intros. induction H; simpl; auto.
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  destruct (interp_step h1 s1) as [[h’ s’]|] eqn:?.
  + apply step_interp_step in H.
    (* * step is deterministic *)
    rewrite H in Heqo. inversion Heqo; subst.
    assumption.
  + apply step_interp_step in H.
    rewrite H in Heqo. discriminate.
Qed.

Ltac break_match :=
  match goal with
    | _ : context [ if ?cond then _ else _ ] |− _ =>
     destruct cond as [] eqn:?
    | |− context [ if ?cond then _ else _ ] =>
      destruct cond as [] eqn:?
    | _ : context [ match ?cond with  _ => _ end ] |− _ =>
     destruct cond as [] eqn:?
    | |− context [ match ?cond with  _ => _ end ] =>
      destruct cond as [] eqn:?
  end.

Open Scope Z_scope.

(* * ** A Verified Analysis *)

Inductive expr_non_neg : expr −> Prop :=
| NNInt :
    forall i,
      0 <= i −>
      expr_non_neg (Int i)
| NNVar :
    forall v,
      expr_non_neg (Var v)
| NNBinOp :
    forall op e1 e2,
      op <> Sub −>
      expr_non_neg e1 −>
      expr_non_neg e2 −>
      expr_non_neg (BinOp op e1 e2).

Definition isSub (op: binop) : bool :=
  match op with
    | Sub => true
    | _ => false
  end.

Lemma isSub_ok:
  forall op,
    isSub op = true <−> op = Sub.
Proof.
  destruct op; split; simpl; intros;
    auto || discriminate.
Qed.

Lemma notSub_ok:
  forall op,
    isSub op = false <−> op <> Sub.
Proof.
  unfold not; destruct op;
    split; simpl; intros;
    auto; try discriminate.
  exfalso; auto.
Qed.

Fixpoint expr_nn (e: expr) : bool :=
  match e with
    | Int i =>
      if Z_le_dec 0 i then true else false
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    | Var v =>
      true
    | BinOp op e1 e2 =>
      negb (isSub op) && expr_nn e1 && expr_nn e2
  end.

Lemma expr_nn_expr_non_neg:
  forall e,
    expr_nn e = true −>
    expr_non_neg e.
Proof.
  induction e; simpl; intros.
  − break_match.
    + constructor; auto.
    + discriminate.
  − constructor; auto.
  − apply andb_true_iff in H. destruct H.
    apply andb_true_iff in H. destruct H.
    constructor; auto.
    symmetry in H.
    apply negb_sym in H; simpl in H.
    apply notSub_ok in H; auto.
Qed.

Lemma expr_non_neg_expr_nn:
  forall e,
    expr_non_neg e −>
    expr_nn e = true.
Proof.
  induction 1; simpl; auto.
  − break_match; auto.
  − apply andb_true_iff; split; auto.
    apply andb_true_iff; split; auto.
    symmetry. apply negb_sym; simpl.
    apply notSub_ok; auto.
Qed.

Definition heap_non_neg (h: heap) : Prop :=
  forall v, 0 <= h v.

Lemma non_neg_exec_op:
  forall op i1 i2,
    op <> Sub −>
    0 <= i1 −>
    0 <= i2 −>
    0 <= exec_op op i1 i2.
Proof.
  (* * TODO good exercise to learn Z lemmas *)
Admitted.

Lemma non_neg_eval:
  forall h e i,
    heap_non_neg h −>
    expr_non_neg e −>
    eval h e i −>
    0 <= i.
Proof.
  unfold heap_non_neg. induction 3.
  − inversion H0. auto.
  − apply H.
  − inversion H0; subst.
    (* * auto will do a lot of work! *)
    apply non_neg_exec_op; auto.
Qed.

Inductive stmt_non_neg : stmt −> Prop :=
| NNNop :
    stmt_non_neg Nop
| NNAssign :
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    forall v e,
      expr_non_neg e −>
      stmt_non_neg (Assign v e)
| NNSeq :
    forall s1 s2,
      stmt_non_neg s1 −>
      stmt_non_neg s2 −>
      stmt_non_neg (Seq s1 s2)
| NNCond :
    forall e s,
      stmt_non_neg s −>
      stmt_non_neg (Cond e s)
| NNWhile :
    forall e s,
      stmt_non_neg s −>
      stmt_non_neg (While e s).

Fixpoint stmt_nn (s: stmt) : bool :=
  match s with
    | Nop => true
    | Assign v e => expr_nn e
    | Seq s1 s2 => stmt_nn s1 && stmt_nn s2
    | Cond e s => stmt_nn s
    | While e s => stmt_nn s
  end.

(* *
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*)

Lemma stmt_nn_stmt_non_neg :
  forall s,
    stmt_nn s = true −>
    stmt_non_neg s.
Proof.
  (* * TODO *)
Admitted.

Lemma stmt_non_neg_stmt_nn:
  forall s,
    stmt_non_neg s −>
    stmt_nn s = true.
Proof.
  (* * TODO *)
Admitted.

Lemma non_neg_step:
  forall h s h’ s’,
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    heap_non_neg h −>
    stmt_non_neg s −>
    step h s h’ s’ −>
    heap_non_neg h’ /\ stmt_non_neg s’.
Proof.
  (* * TODO *)
Admitted.

Lemma non_neg_step_n:
  forall h s n h’ s’,
    heap_non_neg h −>
    stmt_non_neg s −>
    step_n h s n h’ s’ −>
    heap_non_neg h’ /\ stmt_non_neg s’.
Proof.
  (* * TODO *)
Admitted.
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