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Lecture notes

 These lecture notes are based on other courses in LLMs, including
e (CSE493S/599S at UW by Ludwig Schmidt: https://mlfoundations.qgithub.io/advancedml-sp23/

« EE-628 at EPFL by Volkan Cevher: https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-
models/ee-628-slides-2025/

« ECE381V Generative Models at UT Austin by Sujay Sanghavi

 and various papers and blogs cited at the end of the slide deck



https://mlfoundations.github.io/advancedml-sp23/
https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-models/ee-628-slides-2025/
https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-models/ee-628-slides-2025/
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Chain-of-thought prompting weiet ai. 2022;



Chain-of-thought prompting wei et a. 2022

In-context learning provides in the prompt a few question and answer paired
examples, which help the LM figure out the context of the given task.

However, it is not as effective in complex reasoning problems that require logical
thinking, e.qg., tasks requiring arithmetic/mathematical computation, manipulating
symbols, or common sense knowledge.

Chain-of-thought adds intermediate reasoning steps, to attempt to
 break down the problem into smaller subproblems and
e provide verifiable or interpretable explanations.

In-context learning prompts with
<Question, Answer> + <Question>

Chain-of thought prompts with
<Question, - Answer> + <Question>



In-context learning Chain-of-thought prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of | Q: Roger has 5 tennis balls. He buys 2 more cans of

tennis balls. Each can has 3 tennis balls. How many tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now? tennis balls does he have now?

A: The answer is 11. A:
The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to

make lunch and bought 6 more, how many apples Q: The cafeteria had 23 apples. If they used 20 to
do they have? make lunch and bought 6 more, how many apples
do they have?

A:

A: The answer is 27. x

The
answer is 9. ¢/
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* Chain-of-thought prompt examples * Arithmetic reasoning benchmarks

GSM8K

Question: Olivia has $23. She bought five bagels

for $3 each. How much money does she have
left?

Josh decides to try flipping a house. He buys a
house for $80,000 and then puts in $50,00 in

Answer: Olivia had 23 dollars. 5 bagels for 3

dollars each will be 5 x 3 = 15 dollars. So she repairs. This increased the value of the house by

has 23 - 15 dollars left. 23 - 15 is 8. The 150%. How much profit did he make?
answer is 8.

SVAMP
Question: If a /b = 3/4 and 8a + 5b = Each pack of dvds costs 76 dollars. If there is a
22 then find the value of a. Answer Choices: discount of 25 dollars on each pack. How much
(a) 1/2 (b) 3/2 (c) 5/2 (d) 4/2 (e) 7/2 do you have to pay to buy each pack?
Answer:Ifa/b =3/4,thenb =4a/ 3. So
8a + 5(4a / 3) = 22. This simplifies to 8a + MAWPS
20a / 3 = 22, which means 44a / 3 = 22. :
So a is equal to 3/2. The answer is (b). The school cafeteria ordered 42 red apples and

/ green apples for students lunches. But, if only

9 students wanted fruit, how many extra did the
cafeteria end up with?
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* Arithmetic reasoning benchmarks

GSM8K

Josh decides to try flipping a house. He buys a
house for $80,000 and then puts in $50,00 in

repairs. This increased the value of the house by
150%. How much profit did he make?

SVAMP

Each pack of dvds costs 76 dollars. If there Is a
discount of 25 dollars on each pack. How much
do you have to pay to buy each pack?

MAWPS

The school cafeteria ordered 42 red apples and
/ green apples for students lunches. But, if only

9 students wanted fruit, how many extra did the
cafeteria end up with?




« MAWPS breakdown

e Chain-of-thought is
particularly effective
on complex tasks,
e.g., Multi-operation
Arithmetic questions

e Varying complexity of the tasks

SingleOp SingleEq AddSub MultiArith

Model standard CoT standard CoT standard CoT standard CoT
UL2 20B 249 27.2 18.0 20.2 18.5 18.2 5.0 10.7
LaMDA 420M 2.8 1.0 24 04 1.9 0.7 58 1.5
2B 4.6 4.1 24 373 2.7 3.2 58 1.8

8B 8.0 7.0 45 44 34 5.2 52 24

68B U 40.% S H.( N /

137B 73.2 76.2 48.8 58.7 43.0 51.9 7.6 44.9

GPT 350M 32 1.8 2.0 0.2 20 1.5 2.3 0.8
1.3B 5.3 3.0 24 1.6 23 1.5 2.2 0.5

6.7B : X 4 G R_6 45 2.8

175B 90.9 88.8 82.7 86.6 83.3 81.3 33.8 91.7




 MAWPS breakdown e Varying size of the models

* Chain-of-thought is .

particularly effective on SingleOp  SingleEq AddSub  MultiArith
complex tasks Model standard CoT standard CoT standard CoT standard CoT
Both In-C UL2  20B 249 272 180 20.2 185 182 5.0 10.7
oth In-Context LaMDA 420M 28 1.0 24 04 19 0.7
Learning and Chain-of- 2B 46 41 24 33 27 32
thought is an emergent 8B 8.0 7.0 45 4.4 34 52
. 137B 732 76.2 488 58.7  43.0 51.9
sufficiently large model
GPT  350M 32 1.8 2.0 0.2 20 15
1.3B 53 30 24 16 23 1.5
LaMDA. GPT 6.7B 13.5 3.9 8.7 4.9 8.6 2.5
100 175B 909 88.8 827 86.6 833 81.3
m§75
% §50
525
0

04 8 137 04 7 175
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e Chain-of-thought prompt examples ¢ Symbolic reasoning benchmarks
of variable complexity

Last letter concatenation

Question: Take the last letters of the words * prompt examples given In-domain, .and

in "Elon Musk" and concatenate them then asked a question out-of-domain

Answer: The last letter of "Elon" is "n". m Out-of-Domain: 3 words

The last letter of "Musk" is "k". Take the last letters of the Take the last letters of the

Concatenating them is "nk®". words in "Elon Musk" and  words in "Johann Sebastian

The answer is nk. concatenate them. Bach" and concatenate them.
Coin Flip

Out-of-Domain : 3 flips

Question: A coin is heads up. Jamey flips In-Domain : 2 flips

the coin. Teressa flips the coin. Is the coin still

A coin is heads up. Tom does A coinis heads up. Tom does
heads up? _ _ : o o

not flip the coin. Mike does "°' TP the cOIn. AIKE COES
Answer: The coin was flipped by Jamey not flip the coin. Is the coin not flip the coin. Jake flips

the coin. Is the coin still
heads up?

and Teressa. So the coin was flipped 2
times, which is an even number. The coin
started heads up, so after an even number
of flips, it will still be heads up. So the
answer Is yes.

still heads up?




» Chain-of-thought prompting
generalizes to longer sequences

—— In-context learning
—6— Chain-of-thought prompting
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 Symbolic reasoning benchmarks
of variable complexity

« prompt examples given in-domain, and
then asked a question out-of-domain

m Out-of-Domain: 3 words

Take the last letters of the Take the last letters of the

words in "Elon Musk" and words in "Johann Sebastian
concatenate them. Bach" and concatenate them.

Out-of-Domain : 3 flips

In-Domain : 2 flips

A coin is heads up. Tom does # coinis heads up. Tom does

not flip the coin. Mike does
not flip the coin. Jake flips
the coin. Is the coin still
heads up?

not flip the coin. Mike does

not flip the coin. |Is the coin
still heads up?



Chain-of-thought prompting * Symbolic reasoning benchmarks

generalizes to longer sequences of variable complexity
—— In-context learning « prompt examples given in-domain, and
—©~— Chain-of-thought prompting then asked a question out-of-domain

Letter Concat: 2 Letter Concat: 4

(indomain)  (OOD) In-Domain : 2 words Out-of-Domain: 3 words
o Take the last letters of the ~ Take the last letters of the
575 words in "Elon Musk" and words in "Johann Sebastian
= 50 concatenate them. Bach" and concatenate them.
=25
\ o -
0l

Coin Flip: 2 Coin Flip: 4
(in domain) (OOD)

Out-of-Domain : 3 flips

A coin is heads up. Tom does A coinis heads up. Tom does
not flip the coin. Mike does not flip the coin. Mike does

not flip the coin. Is the coin ot fIiP the coin. Jake flips
: the coin. Is the coin still
still heads up?

heads up?
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« How do we combine ideas from prior-best-approach of test time scaling?



* Chain-of-thought with Self Consistency [Wang et al. 2023]

* borrowing ideas from prior best approach, CoT with self-consistency
samples multiple random outputs and chooses the most consistent one.

Prompt with example chains of thought

6 Shawn has five toys. He gets two mc%

each from his mom and dad. How many
toys does he have now?

A: Shawn started with 5 toys. 2 toys each
from his mom and dad is 4 more toys. The
final answer is 5+4=9. The answer is 9.

Q: Janet’s ducks lay 16 eggs per day. She
eats three for breakfast every morning
and bakes muffins for her friends every
day with four. She sells the remainder for
$2 per egg. How much does she make
every day?

& Y

-

N

Language
model

~

Sample decode with
diverse reasoning paths

Shehas16-3-4=9 eggs eft.
So she makes $2 * 9 = $18 per

kday. The answer is $18. )

This means sheuses 3+ 4 =7
eggs every day. So in total she
sells 7 * $2 = $14 per day. The

/

\answer is $14. p

/She eats 3 for breakfast, so )
she has 16 - 3 =13 left. Then
she bakes muffins, so she has
13 - 4 = 9 eggs left. So she has
9 * $2 = $18. The answer is

. $18. Y

Majority vote

a

U

\

The answer is $18.

J

 What do you do if your output is not diverse enough?



* Chain-of-thought with Self Consistency

e samples multiple random outputs and chooses the most consistent one.

| Method GSMSK

Previous SoTA 3" 1.5

LaMDA | Greedy decode (Single-path) 17.1
(137B) |Self-Consistency (Multi-path)§ 27.7 (+10.6)

PalLM | Greedy decode (Single-path) 56.5
(540B) |Self-Consistency (Multi-path)§ 74.4 (+17.9)




 How is Chain-of-thought prompting used today??

 CoT is used quite often as prompt engineering is popular due to its
efficiency in many applications.

* |et’s consider one popular example of ReAct (Reasoning and Acting) framework
vao et al. 2025] fOr building LM agents: LMs that can plan and perform tasks using
external tools

* ReAct prompting is an advanced Chain-of-thought that also uses tools.

* We are interested in challenging factuality and knowledge tasks, e.g., FRAMES
Benchmark [krishna et al. 2024], for using Search Engine tools:

Example 1: Example 2:

As of August 1, 2024, which country The Basibasy mine is located in Madagascar. This mine
were holders of the FIFA World Cup is abundant in a specific chemical element that was
the last time the UEFA Champions discovered for the first time in 1791. The person who
League was won by a club from discovered this element was born on what is now
London? known as a major US holiday - what holiday is this?



* |f no access to a search engine is allowed, one might use Chain-of-thought prompting:

Question: Which magazine was started first, Arthur’s Magazine or First for Women?
Thought:Arthur’s Magazine was started i1n 1844. First for Women was started 1in
1989. 1844 (Arthur’s Magazine) < 1989 (First for Women), so Arthur’s Magazine was

started first.
Answer: Arthur’s Magazine

LM —

Question: As of August 1, 2024, which country were holders of the FIFA World Cup
the last time the UEFA Champions League was won by a club from London?

 ReAct prompting uses the following template that calls external “tools” in a multi-
turn interaction of an LM and its tools:

Question: Which magazine was started first, Arthur’s Magazine or First for Women?
Thought 1: Need to search Arthur’s Magazine and First for Women, and find which was
started first.

Action 1: Search[Arthur’s Magazine]
Observation 1: Arthur’s Magazine (1844-1846) was an American literary periodical 1in

Philadelphia ..

Thought 2: Arthur’s Magazine was started in 1844. I need to search First for Women next.

Action 2: Search[First for Women] Ly —_——
Observation 2: First for Women is a woman’s magazine published by Bauer Media group - was

started 1n 1989 ..
Thought 3: First for Women was started in 1989. 1844 (Arthur’s Magazine) < 1989 (First for

women), sSo Arthur’s Magazine was started first.

Action 3: Finish[Arthur’s Magazine]
Question: As of August 1, 2024, which country were holders of the FIFA World Cup the 1last

time the UEFA Champions League was won by a club from London? Search Engme



, State-of-the-art
e OpenDeepSearch [Aizubi et al. 2025] IS

an open-source agent framework Perplexity
with search tools built upon ReAct Closed-source | Perplexity Sonar
prom p-tmg Reasoning Pro
GPT-40 Search
* OpenDeepSearch with ReAct Sy
prompting significantly improves e 1708
aMA-3.1-
performance of open-source base Open-source
model of DeepSeek-R1. OpenDeepSearch
with ReAct
p

Question: What year was the band leader of the group who originally performed the song sampled
in Kanye West's song “Power” born?

Answer: 1946
N

)

The song "Power" by Kanye West samples several tracks, including "21st Century Schizoid
Man" by King Crimson. The lead vocalist and bassist of King Crimson during the time of that song
was Greg Lake. Greg Lake, the band leader and original lead vocalist of King Crimson for the
song "21st Century Schizoid Man," was born on November 10, 1947[2][4].

\ /

/Perplexity response: \

FRAMES accuracy (%)

42.4

44 .4

65.6
30.1
34.3

56.7



 OpenDeepSearch [aizubiet al. 2025] IS an
open-source agent framework with
search tools built upon ReAct
prompting.

/

Question: What year was the band leader of the group who originally performed the song sampled
in Kanye West's song “Power” born?

Answer: 1946
\

State-of-the-art FRAMES accuracy (%)

Perplexity 42 .4
Closed-source PerpIeX|.ty Sonar 44 4

Reasoning Pro

GPT-40 Search 65.6

DeepSeek-R1 30.1

LLaMA-3.1-70B 34.3
Open-source

OpenDeepSearch 56.7

with ReAct

OpenDeepSearch with LLaMA3.1-70B response:
'Initial_Thought'":
To answer this question, I\'ll need to follow these steps:
1. Identify the song sampled in Kanye West\'s song "Power".
2. ldentify the band that originally performed the sampled song.
3. Identify the band leader of the original band.
4. Find the birth year of the band leader.

'‘Action’: 'search_internet’, 'Action_Input': 'Robert Fripp birth year'
Ehought’: ... the band leader of King Crimson, was born on May 16, 1946.",

.... according to the context, the song sampled is "21st Century Schizoid Man" by King
Crimson. ... According to the context, the founder of King Crimson is Emilio Castillo, but this is not
correct. After re-reading the context, | found that the founder of King Crimson is not explicitly
mentioned, ... However, | can infer that the band leader of King Crimson is likely Robert Fripp,....
But | couldn\'t find any information about Robert Fripp\'s birth year in the given context.

~

/




* By switching from ReAct

prompting to CodeAct
prompting, OpenDeepSearch
surpasses the SOTA closed-
source counterparts.

Closed-source

Open-source

State-of-the-art
Perplexity

Perplexity Sonar
Reasoning Pro

GPT-40 Search
DeepSeek-R1
LLaMA-3.1-70B

OpenDeepSearch with
ReAct

OpenDeepSearch
with CodeAct

FRAMES accuracy (%)
42.4

44 .4

65.6
30.1
34.3

56.7

75.3



 CodeAct prompting [Wang et al. 2024] reasons in Python executable code:

Instruction: Determine the most cost-effective country to purchase the
smartphone model "CodeAct 1". The countries to consider are the USA,

Japan, Germany, and India.

Available APIs
[1] lookup__rates(country: str) -> (float, float)

[2] convert__and__tax(price: float, exchange_rate: float, tax_ rate: float) -> float

LLM Agent using [Text/JSON] as Action

I should calculate the phone price in USD for each country, then find the

(=) Think

= . Text: lookup_rates, Germany
</> ACtlon n n n n n n " n
JSON: {"tool": "lookup_rates”, "country": "Germany"}

most cost-effective country.

@ Environment 1.7, 0.19

= Text: lookup_phone_price, CodeAct 1, German
</>| Action . ’ ’

JSON: {"tool": "lookup_phone_price", "model": "CodeAct 1", "country": "Germany"}

@ Environment 7060

m= . Text: convert_and_tax, 7600, 1.1, 0.19
</>| Action

JSON: {"tool": "convert_and_tax", "price": 700, "exchange_rate": 1.1, "tax_rate": 0.19}

@ Environment 916.3

[... interactions omitted (look up shipping cost and calculate final price) ...]

= Text: lookup_rates, Japan
</>| Action i ’

JSON: {"tool": "lookup_rates"”, "country": "Japan"}

[... interactions omitted (calculate final price for all other countries)...]

@ Response The most cost-effective country to purchase the smartphone model is Japan
g with price 904.00 in USD.

(=) Think

[3] estimate_ final price(converted_ price: float, shipping cost: float) -> float
[4]) lookup__phone__price(model: str, country: str) -> float
[5] estimate__shipping_cost(destination__country: str) -> float

CodeAct: LLM Agent using [Code] as Action

I should calculate the phone price in USD for each country, then find the
most cost-effective country.

2/> Action

Fewer Actions Required! )

countries = ['USA', 'Japan', 'Germany', 'India'] Control & Data Flow of Code
final_prices = {} Simplifies Complex Operations

for country in countries:
exchange_rate, tax_rate = lookup_rates(country)
:::, local_price = lookup_phone_price("xAct 1", country)
converted_price = convert_and_tax(
local_price, exchange_rate, tax_rate

shipping_cost = estimate_shipping_cost(country)
final_price = estimate_final_price(converted_price, shipping_cost)
final_prices[country] = final_price

most_cost_effective_country = min(final_prices, key=final_prices.get)
most_cost_effective_price = final_prices[most_cost_effective_country]
print(most_cost_effective_country, most_cost_effective_price)

Re-use ‘min’ Function from Existing

@ Environment 1.1, 0.19 Software Infrastructures (Python library)

@ Response The most cost-effective country to purchase the smartphone model is Japan
- with price 964.80 in USD.



* Chain-of-thought prompting is commonly used in various applications of LMs.

* |t breaks down the reasoning into multiple steps and provides explanation that
IS Interpretable and verifiable.

e Various advances has been made including, Tree-of-thought, ReAct Prompting,
and CodeAct prompting.



Back to token processing...
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* Positional embeddings are designed to capture the positions of the input
sequence of words to a transformer.

* Without positional encoding, the original transformer treats the input as a set,
IN which case the following two inputs are treated the same (especially for

non-causal self-attentions):

“I'am happy” vs. “Am | happy”

* Jo take into account the order of the input, absolute positional embedding
represents a word by concatenating its learned semantic embedding with an

absolute position of the word.



* Absolute positional embedding solution 1: original transformer paper vaswani et al.
2017] Proposes using alternating sin() and cos() functions of decreasing frequencies

at position index t, added to the vector word embedding:

high frequency

- 0.8

sin(#/10000%™)
cos(#/10000%™)

sin(#/10000%™)
x, = WordEmb(w,) cos(1/10000%™)

- 0.4

Dimension m

-0.4

sin(z/10000%2)
cos(¢/10000%) " low frequency

\position evmbeddingj Sequence length 1 [Zhou et al. 2020]

* Absolute positional embedding solution 2: learned positional embedding.

x, = WordEmb(w,) + PosEmb()

 Empirical performance is similar for the two absolute positional embeddings

* | earned positional embedding is popular in vision transformers



* Absolute positional embeddings encode the absolute position of the word in the sequence,
which has two problems:

* it is hard to extrapolate to sequence lengths unseen during training,

Extrapolation for
Models Trained on 1024 Tokens

SR . .
Sinusoidal === ASOlute positional embedding
~ 45.- Rotary
Vi B A T5Bias & Relative positional embedding
> AL1B1
Z 35 -
O g
g /’/,J
aW 25_ .
F‘{-—»-—f“"./f/’
l . T , , ,
1024 4000 8000 12000 16000

Inference Input Tokens [Press et al. 2022]

* and relative position is as important as absolute position, for example, “happy new ?”
appearing in positions (1,2,3) have similar meaning as appearing in positions
(500,501,502).

* Relative positional encoding addresses both: generalize to sequences of unseen lengths by
relying on the pairwise distances between two words.



To

solve
machine
translation
Google
iIntroduced
transformer

* Recall the Relevance matrix from self-attention, defined by inner-products of

To solve machine translation Google introduced transformer ...

X1 Xy X3 X4 X5 X6 X7
<gl,k1>
<g2,k1> <g2,k2>
<g3,k1> <Q3,k2> <q3,k3>
<g4,k1> <g4,k2> <g4,k3> <g4,k4>
<g9,k1> <Q9,k2> <Q5,k3> <Q5,k4> <Q9,k5>
<g6,k1> <Qo,k2> <Q0,k3> <Q0,k4> <Q6,k5> <Q6,k6>
<q/,k1> <q7,k2> <q7,k3> <q7,k4> <q7,k5> <q7,k6> <q7,k7>

keys and queries.




To

solve
machine
translation
Google
iIntroduced
transformer

* Recall the Relevance matrix from self-attention, defined by inner-products of

To solve machine translation Google introduced transformer ...

Xy X X3 X4 Xs X X
<g1,k1> + b0
<g2,k1> + b1 | <g2,k2> + b0
<g3,k1> + b2 | <g3,k2> + b1 | <g3,k3> + b0
<g4.,k1> + b3 | <g4,k2> + b2 | <q4,k3> + b1 | <g4,kd4> + b0
<g5,k1>+ b4 | <g5,k2> + b3 | <g5,k3> + b2 | <g5,kd> + b1 | <g5,kd> + b0
<g6,k1> + b5 | <g6,k2> + b4 | <q6,k3> + b3 | <g6,kd4> + b2 | <g6,kd> + b1 | <q6,k6> + b0
<q/,k1>+ b6 | <q7,k2> + b5 | <q7,k3> + b4 | <q7,kd> + b3 | <q7,kd> + b2 | <q7,k6> + b1 | <qg7,k7> + b0

keys and queries.

 Learned Relative Position Bias (e.g., T5-bias) adds bias to this matrix that only

depends on relative positions, and the biases are learnable parameters.




 Rotary Positional Embeddings (ROPE) [shaw et al. 2018]

- Recall that in self-attention, each token i is associated with query g;, key k;, and

value v; such that the out?ut >embedding of the 7-th token is
[ Q,k
e \1r

Ytzzz

R —— 2
. g e <%akj> l

* ROPE encodes positional embedding not in the input X;, but the key and query.
» Let Ry, denote a matrix that rotates a vector by angle 6i for some integer 1.

* RoPE rotates the key and the query by 01 for some 0, i.e.,
k. <— R,k and g. < R,q;foralli € [T].

. Then, the inner product (g, 12j> only depends on the position difference: j — 1

 This follows from the fact that
T _ ~ T\ _ ~T7. _ _TpT T
‘ Rei = R_y;, and <qia kj> = {; kj = {; RgiRejkj = {; Re(j—i)kj
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g2 k1 Q2 k>
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