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Prediction

* Next token prediction involve outputting a distribution over the vocab and
sampling from the distribution.
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» The last transformer block outputs the 7'embeddings each d dimension:
T'xd

o [The prediction layer takes the output representation of the last word, Yo to
predict the distribution u of the next token w_ 4,

Prediction layer




» The last transformer block outputs the 7'embeddings each d dimension:
T'xd

o The prediction layer takes the output representation of the Iast word, Yo 1,10

predict the next token, with alearnable parameter W, € 771xd |\which may
or may not be sharing weights with the input token embeddlng matrlx.

WO Yt

oy — Softmax(WOyg,T) ur; = P(i-th token) = Zl% .

UT «— Softmax( Wo Yo T )
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- Given the (conditional) token distribution {u,},_;,

tokens, auto-regressively.

there are many ways to sample

* Auto-regressive sampling uses the chain rule to break the distribution on the
sentence Into:

P(S) = Pw;.;) = Pw)Pw, |w)Pws |wi, wy)---Pwy|wi.7_1)

« Random sampling from this conditional distribution generates token-by-token
from the distribution u,, each time until <EOS>.
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- Given the (conditional) token distribution {u,},_;,

tokens, auto-regressively.

there are many ways to sample

* Auto-regressive sampling uses the chain rule to break the distribution on the
sentence Into:
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- Given the (conditional) token distribution {u,} _;,

tokens, auto-regressively.

there are many ways to sample

* Auto-regressive sampling uses the chain rule to break the distribution on the
sentence into:

P(S) = Pw;.;) = Pw)Pw, |w)Pws |wi, wy)---Pwy|wi.7_1)

« Random sampling from this conditional distribution generates token-by-token
from the distribution u,, each time until <EOS>.
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« Given the (conditional) token distribution { i, thl, there are many ways to sample
tokens, auto-regressively.

e Auto-regressive sampling uses the chain rule to break the distribution on the

sentence Into:
P(S) = Pwi.p) = Pw)P(w, | w)PWws |wi, wy) - P(wp| wir )

« Random sampling from this conditional distribution generates token-by-token from
the distribution u,, each time until <EOS>.

* Benefit: if the LM predicts an accurate and calibrated conditional distribution,
then random sampling auto-regressively provides an exact sample from the

joint distribution on the sentence.

e Weaknesses:

e can generate out-of-distribution samples, resulting in hallucination and
non-grammatical sentences.

 LMs distributions are not well calibrated since they are trained as
classifiers with cross-entropy.



Given the token distribution, there are many ways to sample tokens, auto-regressively.

» Random sampling samples a token from the distribution u,, each time until <EOS>, but can
generate out-of-distribution samples, resulting in hallucination and non-grammatical sentences.

* On the other extreme is Greedy sampling, which samples the highest probability token,
deterministically. Can get stuck repeating highly likely phrases.
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Beam Search (Greedy sampling)

"The study, published in the Proceedings of the
National Academy of Sciences of the United States of
America (PNAS), was conducted by researchers from the
Universidad Nacional Auténoma de México (UNAM) and
the Universidad Nacional Autobnoma de México
(UNAM/Universidad Nacional Autobnoma de
México/Universidad Nacional Auténoma de
México/Universidad Nacional Auténoma de
México/Universidad Nacional Auténoma de ...

"

Random Sampling

They were cattle called Bolivian Cavalleros; they live in a
remote desert uninterrupted by town, and they speak huge,
beautiful, paradisiacal Bolivian linguistic thing. They say,
'Lunch, marge.' They don't tell what the lunch is," director
Professor Chuperas Omwell told Sky News. "They've only
been talking to scientists, like we're being interviewed by TV
reporters. We don't even stick around to be interviewed by
TV reporters. Maybe that's how they figured out that they're
cosplaying as the Bolivian Cavalleros."



* Given the token distribution, there are many ways to sample tokens, auto-regressively.

* |n practice, one balances the two ends by Sampling with temperature 7, usually
between 0 and 1, which samples from an adjusted Softmax( (L/T)Wpoyo, ):

(i-th token) =

where T'= 1 recovers the original random sampling,
T=0 recovers the greedy sampling,
O<T<1 balances the two. T is tuned like a hyper-parameter at inference time.
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Given the token distribution, there are many ways to sample tokens, auto-regressively.

» Top-k sampling samples from u, but only among the top-k tokens.
¢« Some top-3 are very likely, some are not, so performance varies.

* Nucleus sampling (also known as top-p sampling) [Holtzman et al. 2020] samples from
u, but only among the smallest set whose cumulative probability exceeds p € (0,1)

* In practice, Nucleus sampling strikes the right balance and usually performs the best.
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A major issue in LLMs: auto-regressive sampling is seqguential and slow.

* Speculative decoding [Chen et al. 2024] is inspired from the hypothesis:
maybe LLMs can write faster with a help of smaller language models.

e Suppose you have two models of differing sizes, e.g., Llama-7B and Llama-65B,
and a sampling scheme of choice, e.g., random with temperature 1.

 How would you speed up sampling?
e Hint: it iIs motivated by how people use LLMSs.

Llama-65B Llama-7/B




 Speculative decoding [Chen et al. 2024] performs at each step,
* use small model to generate the next 4 tokens, e.g., “Bond , and you”

PROMPT My\ name] @

DRAFT Bond ] : ] [ and ] you The draft generates 4 tokens
TARGET The target accepts 2 and rejects the third
© => The target generates its version of the third (4th is
ignored). Then the draft starts again (and will
[ James ] probably figure out ‘Bond’ well)

* pass all [prompt, generated 4 tokens]=" My name is|Bond, and you |’ to the
large model, and produce the probability distribution of the all 4 tokens,

My

Nnaine
IS
Bond/=» Liama-65B

/4 | = P(w, = Bond) What do we do with it?

—>
—>
and ->
you —-
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PROMPT My\ name] @

DRAFT Bond ] : ] [ and ] you The draft generates 4 tokens
TARGET The target accepts 2 and rejects the third
© => The target generates its version of the third (4th is
ignored). Then the draft starts again (and will
[ James ] probably figure out ‘Bond’ well)

» pass all [prompt, generated 4 tokens]=" My name is|Bond, and you|” to the
large model, and produce the probabillity distribution of the all 4 tokens,

My

Nnaine

IS

Bond=» Liama-65B

L]

and
you

Accept w, with, P If accept move to ws

o
P(w, = Bond) 4

If reject, then sample new w,

AR



 Speculative decoding [Chen et al. 2024] performs at each step,
* use small model to generate the next 4 tokens, e.g., “Bond , and you”

PROMPT My\ name] @

DRAFT Bond ] : ] [ and ] you The draft generates 4 tokens
TARGET The target accepts 2 and rejects the third
@ => The target generates its version of the third (4th is
ignored). Then the draft starts again (and will
[ James ] probably figure out ‘Bond’ well)

» pass all [prompt, generated 4 tokens]=" My name is|Bond, and you|” to the
large model, and produce the probabillity distribution of the all 4 tokens,

My
name If accept move to w
Bond=» Liama-65B

L]

and
you

Us Pl If accept move to wg

Accept ws with

AR

Pws =) \ If reject, then sample new ws



 Speculative decoding [Chen et al. 2024] performs at each step,
* use small model to generate the next 4 tokens, e.g., “Bond , and you”

PROMPT | My | name] @

DRAFT Bond ] : ] [ and ] you The draft generates 4 tokens
TARGET The target accepts 2 and rejects the third
@ => The target generates its version of the third (4th is
ignored). Then the draft starts again (and will
[ James ] probably figure out ‘Bond’ well)

» pass all [prompt, generated 4 tokens]=" My name is|Bond, and you|” to the
large model, and produce the probabillity distribution of the all 4 tokens,

My
Name If accept move to w
Bond =% Llama-65B / If accept move to wg
-
and —» lUg. =¥ Accept wg with / If accept move to wy
you -» P(we, = and) \u If reject, then sample new We



 Speculative decoding [Chen et al. 2024] performs at each step,
* use small model to generate the next 4 tokens, e.g., “Bond , and you”

PROMPT My\ name] @

DRAFT Bond ] , ] [ and ] you The draft generates 4 tokens
TARGET The target accepts 2 and rejects the third
6 @ => The target generates its version of the third (4th is
ignored). Then the draft starts again (and will
[ James ] probably figure out ‘Bond’ well)

» pass all [prompt, generated 4 tokens]=" My name is|Bond, and you|” to the
large model, and produce the probabillity distribution of the all 4 tokens,

My
name P If accept move to wx

IS
Bond=» Liama-65B

L]

and
you

A If accept move to wg

Ug. = If reject, then sample new token u,, say “James”,
* and repeat with prompt /My name is Bond, James/

AR



o Speculative decoding [chen et al. 2024] performs at each step,
1. use small model to generate the next 4 tokens, e.g., {Bond , and you?

2. pass all [prompt, generated 4 tokens]=" My name is|Bond, and you [’ to the
large model, and check the probabillity distribution of the all 4 tokens,

3. modified rejection sampling: accept each token one by one with probability
that you would have accepted it had you generated each from your sampling
scheme (and the large model),

e |f a token is rejected, generate a new token from the already computed
distribution.

 Thanks to the modified rejection sampling step, this is always exactly the same
probability of generating the sequence as using the large model alone.

e |t is potentially 4 times faster, since checking can be done simultaneously,
whereas generating is sequential.

* This is never slower than using large model alone (almost), because no large
model inference is wasted.



* |t iIs common to fine-tuning a language model for downstream tasks, i.e.,

further train (part of) the model on typically small number of samples
specific to a domain or a task.

 For document/sentence classification with FFN, FFN is appended to (part
of) the output representation of the last transformer layer, and this FFN is
fine-tuned on a small number of labeled data.
I l Positive (Option 1)

//k\ Positive
I — —»

Negative

Given fine-tuning training data

(Option 2)

ew, label € {0,1 .
((review, label € {0,1})] multi-layer transformer

[BOS] [EOS]



* Alternatively, one can make classification into a next token
prediction task, which works significantly better, while still fine-
tuning the parameters of the LM on classification training data.

Next Word ;
Prediction 1

/

[good] [bad]

multi-layer transformer

[BOS] [This] [restaurant] [is]



» (Classification as next-token prediction improves over fine-tuning a classifier.
[Gao et al. 2021]

I -—P Prediction =—p 1

;

multi-layer transformer [good]  [bad]

[BOS] [This] [restaurant] [is]
Template Label words  Accuracy
SST-2 (positive/negative) mean (std)
<S1> It was [MASK] . great/terrible  92.7 (0.9)
<S1> It was [MASK] . good/bad 92.5 (1.0)
<S1> It was [MASK] . cat/dog 91.5 (1.4)
<S1> It was [MASK] . dog/cat 86.2 (5.4)
<S1> It was [MASK] . terrible/great 83.2 (6.9)

Fine-tuning - 81.4 (3.8)




In-Context Learning




In-Context Learning

* Now, consider zero-shot prompting (without any parameter tuning) for question/
answer tasks, where we are given a single and
want to predict its

X=”

 Zero-shot means you are not given any training examples.

 One way to do it is to wrap x in a template we call a

LM



* Now, consider zero-shot prompting (without any parameter tuning)
for question/answer tasks, where we are given a single unlabeled input

X (l.e., guestion) and want to predict its

X = “The movie’s acting could’ve been better, but the visuals and
directing were top notch.”

 One way to do it is to wrap x in a template we call a verbalizer v

Review: The movie’s acting could’ve been better, but the visuals and

directing were top notch. Out a 1 to 5 start scale, the reviewer would
probably give this l

LM

v
* \What could go wrong?



 Downsides to zero-shot prompting:

* |[f we just use what the model outputs, it might not be of the right format.

* |t is preferred to compare the probabillity of the valid options, e.g.,
compare [P(neutral | context), P(negative | context), P(positive | context)]

 Performance varies based on how we prompt it, and it is an art choosing
or engineering the right prompt.

* On alarge number of prompts for 0.7 - s S B a3,
news classification produced by G T T e s
manual writing, paraphrasing, and
backtranslation, more natural
prompts give less variability.

In which section of the newspaper .'
1 would you expect to find this arficle?

O
o

O
U

Accuracy

 Perplexity measures how natural the
prompt is (lower the more natural)

(- )
S
.‘Q
®e

O
A\

| )
. .« . 1 What's on? What's on?
 Accuracy is the classification 0.3 3" ek :

performance. - - .
8 x 10 9 x 10 10*

[Gonen et al. 2022] Perplexity




* A number of prompt optimization techniques use gradients on the prompts
or black-box optimization technigues. (note that we do not train/optimize
the model, but optimize the prompt in this scenario: zero-shot prompting)

* Usually, not much better than manual “optimization” via trial-and-error.

* Instead, consider a scenario where we are given a few in-domain samples:
few-shot prompting or in-context learning

The cinematography was stellar; great movie.
positive

The plot was boring and the visuals were subpar.
negative

LM



* In-context learning is much more efficient than fine-tuning with the
few-shot examples, and gives significant improvements on
downstream tasks, comparable with parameter fine-tuned models.

- Classification
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Multi-choice
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&) &) ®)) ®)] ~J
‘o v <9

= 1
&) (-

NS
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[Min et al. 2022] MetalCL (774M) GPTJ (6B) GPT-3 (175B)



Visual taken from: https://ai.stanford.edu/blog/understanding-incontext/

* How does in-context learning work?

Circulation revenue has increased by 5% Circulation revenue has increased by
in Finland. // Positive 5% in Finland. // Finance

Panostaja did not disclose the purchase They defeated ... in the NFC

price. // Neutral Championship Game. // Sports
Paying off the national debt will be Apple ... development of in-house
extremely painful. // Negative chips. // Tech
The company anticipated its operating The company anticipated its operating
profit to improve. // profit to improve. //
T |
Positive FiInance

 Model needs to figure out:



Visual taken from: https://ai.stanford.edu/blog/understanding-incontext/

* How does in-context learning work?

Circulation revenue has increased by 5% Circulation revenue has increased by
in Finland. // Positive 5% in Finland. // Finance

Panostaja did not disclose the purchase They defeated ... in the NFC

price. // Neutral Championship Game. // Sports

Paying off the national debt will be Apple ... development of in-house
extremely painful. // Negative chips. // Tech

The company anticipated its operating The company anticipated its operating
profit to improve. // profit to improve. //

 Model needs to figure out:
 input (Question) distribution (/): financial assessment or news topic
 label distribution/format (L): positive/neutral/negative or topic
« formatting (F)

» input-output mapping (M): P(answer | question)



* Surprisingly, the quality of the label or Input-output mapping in the
In-context learning is not as relevant.

* |t is the format/domain of the demonstration examples that matters.

65 Classification
60- "% No Demos Demos w/ gold labels @ Demos w/ random labels
X
~ 50
i
S 45-
o
S 40-
2 35
o
> MetalCL (774M) GPT-] (6B) GPT-3 (175B)
- Multi-choice
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X
9
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W
(o)

MetalCL (774M) GPT-J (6B) GPT-3 (175B)



 (One can generate randomly labelled examples to improve performance.

- Classification - Multi-choice
55 | | | 55
S S | l | |
50 = B
:
% 45 ::.'5: 45
S <
= Demos w/ gold - Demos w/ gold
Demos w/ random Demos w/ random
=5 4 8 16 32 P75 4 8 16 32
k k
: C FLIM
* But seeing the correct label space is important. Gold labels 3 gras
60 Random labels vV /X
~55 Random English words v X v X
& cn) No demonstrations X X X X
[z, 45
O 4(:;‘ F: Format
% 3c | L: Label space
2. 30 I: Input distribution
25 M: Input-Label Mapping

Direct MetalCL Direct GPT-]



* LM pretaining as topic modeling [Xie et al. 2022].
 Hypothesis;

* Pretraining documents have long-coherence, i.e., sentences in the same
document share the same topic/concept.

* During pretraining: LM is trained to
 infers the topic from previous sentences as evidence, and then
* predict the tokens conditioned on the topic

* During In-context learning:
* infers the topic shared by the in-context examples, and then

* predict the tokens conditioned on the topic

at inference-time,
LM pretaining ICL provides proper weights

P(answer | ICL prompt) = Z P(answer | topic,ICL prompt)|x|P(topic | ICL prompt)

topics



* In-context learning retrieves the topic/concept of the domain from a few
examples, and focuses on the skill needed in that domain

* |n the Bayesian setting, this can be done using just the marginal
distributions of x and y : (/) and (L) in our terminology.

* |n particular, this explains why random input-output mapping still gives gain

Y k+1 Y k+1
! !
Pretrained Model Pretrained Model
X1 Y12 Yol - (X Vi) X1 KUY X202 -+ KV Pt 1
1) X-Y mapping 2) X marginal distribution,

Y marginal distribution

* On the other hand, if we are given many samples for ICL, the LM could learn
the input-output mapping from the samples: (M) in our terminology.



[Lin and Lee, 2024]

[ WS

Direct MetalCL

Direct GPT-]

Gold labels
~ Random labels
- Random English words
~ No demonstrations

F: Format

L: Label space

I: Input distribution

M: Input-Label Mapping

F L
/7
X
X X

L e R e
*x X X | =

N~

+L+M+F
+ L+ F



 The Early ascent phenomena is common in In-context Learning.

» With small number of samples, the marginal distributions of x and y can
lead to wrong concept being retrieveaq.

* This can be fixed if given more samples, where the task is learned from
the given samples.

In-context prediction error rate

Task learning
Incorrect
task retrieval
# of (correctly labeled)

[Lin and Lee, 2024] In-context examples




* Joy example to understand in-context learning: linear regression

t uer .
Find 6 0 (Zquery) = (Gradient descent
context 0.2 - 4 Trained Transformer

s.t. tB(ZBquory; D¥ ) ~ Yquery %

AR

Transtformer 0.1
OO | ! T
0 20 40
Xl X Tquery GD Steps / Transformer Layers

N )

o Several theoretical explanations under linear models.
e [Jypically, explores equivalence between, for example,
 GD update on linear model and regression loss;
* In-context Learning with (specific) single attention layer.

[van Oswald et al. 2022] [Akyurek et al. 2022]



Assume N training pairs {(z;, v;)};-, where z; € R"= and y; € R"» with a single test query (Zsest, Yrest). We can
merge each pair into a single query:

e; = (a:z-,yz-), for: = (1, oih @ ,N) e RNy
and for query token, we set:
EN+1 = (mtesta _Womtest)

Here W, is the "initial" weight matrix (often set to zero) before performing the gradient descent updates.

eyt = v Yngr — AVygr)

Find 6
s.t. to(Zquery; D) R Yquery T
{ Transformer 9}
[31 €y, €3 eN] [€N+1]
Proposition 1. Given a I-head linear attention layer and the tokens e; = (x;,y;), forj = 1,..., N, one can construct

token e; is identical to the gradient-induced dynamics e; <+ (z;,y;) +|(0, —AWzx,) |= (z;,y;) +|P VK" q; lsuch that

key, query and value matrices Wi, Wq, Wy as well as the projection matrix P _such that a Transon every
e; = (z;,y; — Ay;). For the test data token (xn+1,YN+1) the dynamics are idenftical.



 multi-dimensional Linear regression recap: Gradient Descent

Given a linear model as:

Y W X
y=Wz —
under the MSE regression loss:
1 O ;
L(W) = N Z |Wzi — yill;
e AW X,
A single-step of gradient with learning rate n updates W — Z

AW = —UVWL(W) —

Hence, the new weights would be: W.,, = W + AW.

 Can we design self-attention matrices (K,Q,V) that matches this GD update?



Consider a single-head self-attention layer of the following form:

€, — €, -}~ PV(KTq]),

for P being a linear projection matrix and each token will be mapped into learnable "query", "key", "value" matrices
are typically called:

q]' = Wer, kj = Wkej, ’Uj e erj-

then combined in the usual self-attention formula.

We can write the self-attention formula as:

N N |
€ — €, -+ szl® ’%qj — €5 -4 PWv Z e; X eiWEWer. { i = }
i1 g=1 T l
( Add&Norm
where ® represents the Outer prodyct between two vectors. Feod
Forward
t

(  Add&Norm  }
Masked self- ]

. attention
T f
Sklp . ‘ m:s(o‘:r::ei
connection




a 1 I

 We want to match [ ]7\7, Y (Wz; —yi)z] L ... | }
i=1 S—
: N N Tq—
WItN ¢, e; + PY v@kgj=¢;+ PW, ) e ® ;Wi Woe;. (_Add&Norm )
=1 =1 Feed
Forward )
i
(  Add&Norm  }
For instance, write each token e; as (z;,y;) € RY¥x+Ny Then define: Masked self-

attention ] Transformer

a .
INI O) block * L
)

0 0 [ ]

WK:WQz(

As this ensures that the keys, and queries look into "x" or input part of each token.

wo_ (00
| ' WO _INy,

Here, Wy is the initial linear model weight being finetuned and —1Iy, subtracts the target from the value.

We can choose the weights of values as:

Moreover, we can define the projection matrix P as follows:

P = Inyn,



e We want to match [

n

N

N

t=1

Z(W-’Bz‘ — i)z,

] N N
with ej(—ej+PZ’v®kqj=6j+PWvZei®eiWI-(rWer'
i=1 =1

Let us put the pieces together and put the construction of the key, value and query matrices together:

() =)

(

*j
Yj

)< (

=
Yj

o{

0

3) ) e ((

The left-hand side of this update function can be further simplified to:

N 0
—1I

)

Z;

0

)(

%
0

) O)

0 O

)=

() (6 o)

*j

Yj

)+

0
—AW:E]'

-
)

)

T

([ Add&Norm

d
ard

( Add & Norm

self-
ntion

.

Transformer
block * L

]




Sources

Other courses in LLMs that the lecture slides are based on
e (CSE493S/599S at UW by Ludwig Schmidt: https://mlfoundations.github.io/advancedml-sp23/

« EE-628 at EPFL by Volkan Cevher: https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-models/ee-628-
slides-2025/

 Useful blog posts

e https://azizbelaweid.substack.com/p/complete-summary-of-absolute-relative

e https://blog.dust.tt/speculative-sampling-lims-writing-a-lot-faster-using-other-lims/

 https://gordicaleksa.medium.com/eli5-flash-attention-5¢4401/7022ad

 Dan Jurafsky and James H. Martin. Speech and Language Processing (3rd ed. draft). draft, third edition, 2023.

 Tomas Mikolov, Kai Chen, Gregory S. Corrado, and Jeffrey Dean. “Efficient estimation of word representations in vector space”, In
International Conference on Learning Representations, 2013.

« Jeffrey Pennington, Richard Socher, and Christopher D. Manning. "Glove: Global vectors for word representation”, Proceedings of the
2014 conference on empirical methods in natural language processing (EMNLP). 2014.

e Ofir Press, Noah A. Smith1,3 Mike Lewis2 , “Train Short, Test Long: Attention with Linear Biases Enables Input Length Extrapolation”,
In International Conference on Learning Representations, 2022
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