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Recop . Shipschityress]. a function fl is 9- Lipschity if
11 f(wil - fiwrll I Iw-will

measures her fast the function changes over the input.



Chapter 13.

We will learn a new learning paradigm : Regularized Loss Minimization(RLM)
and show thatConvex-Lipschity-Bounded andConvex-smooth-Bounded
families of learning problems are learnable.

key insight : regularization makes learning alprithms more stable

Definition : regularized loss minimization
For a regularizer R : IR"-IR

,
RLM outputs

ACS) -art min (2s(r) + Rsw)
wERM

- the regularizer RIU) is a measure of complexity of hypothesis w

-FinRCW) = X : 11WI , also calledTimRegularizer.

Example : Ridge Regression from USE 446/546

A(S) -armin (w,Xi) -Y+(1)
-

Quadratic loss on regulariger

linear regression
this has a closed form solution

,
which we get byrese seem

somthe gradient to zero.



Our goal today is to show the following
[Theorem] D is a distribution Over XX XE1,

1] ,
where

ExER? : IDC14 13
H = EWER? : 11WIl[B3

,
loss is 9-hipschity.

For any EE10,
1)

, ifm then

Ridge Regression with X= satisfies

EstLp(Acs))] E min Lp(w) +E
WEB

Parandom
Remarks :

-both X and Have bounded , which is important.
-relatedly, regularization is important.
-we are bounding the expectation , and not the [D(ACS) with
high probability, because expectation is directly related to stability.
-

Definition :

A learning algorithm is Stable if "a small change in the input"
Obes not "change the output much" .

We make this formal
- small change in input:SEE
- measure of effect : loss on Zi (Xi,Yi) , i. e.,

& (ACS"))
.
2:) - & /AIS) ,Zi)

↑ intuitively , this is un-negative , because an algorithm that saw Zicrea

in training will likely have less erroron Zi.

* A stable alprithm will make the above difference small .



Definition [on -average - replace -one-stable]
we say an algorithm A is ouraverage-replace-one-stable
with rate Em) if Es

, z, i [l(ACS"), [i) -(CHIS)
, [i)JEEsm)

I'm p rimy
uruiform

for all D, for some monotonically decreasing Es ) .

↑ this notion of stability is further justified by the following,
which shows stable algorithms generalize.

[Theorem 13 .2] S = (E1
,
· Em) i . i .d. fromD , and I' is another

iid sample ,
let VIM] be uniform distribution over[m].

then for any algorithm A ,

Es[LD1Hcss)-2sAcs)] =

ESE(lLASE)-LASTY
m -branded byjenenliation enen PAC. one-replace-stable Ecm)

Proof) by definition ,

2nd term = Es[Ls(Acsi] = Este (ACS) , zi)]
(

, ... , Zu)
* this is indept: = Es

,Ivems [l(Acs), E2)]* note that this holds

even if A treats (:,
zn) differently, tor example train on every even indexdata.

1st term = Es[LpLAcsI] = Es
, zi[ClAcsl, zi)]
2
indep

= Esz : [l(ALEZ
,

---

, ZinEm3]
= Ez

, ...zu,zi[l(A (s"f , Zi)]



* Assuming Convex loss function with hipschiffness or Smoothness,

we show that RLM is stable ,
because it is erylyconnex.

Definition [Story Convexity]
A function is X-strongly Convex if FUN & LETO, 1),

< fin) + (raster) 2 f(Utec) V)+(t) . 110-VIR

example) ↓ (4)= X-1011 is 21-strongly convex
,

piecewise linear.
O-Straly carex

W !↑ x(l-x) . 110-VIP
?

·"insteyeurclus of Messian.

* in particular, we use the fact that

#t is convex &g is X-strongly convex -> f +g is Astrogly
convex .

[Proposition ]

② iftis X-strongly convex , and we is mininigeroff.

f(w) - f(w*)- Iw-wap



we assume - ((w
, z) is Convex in WEIR

d

↳
R(w) = XIIW1 ,

which is 24-strongly Convex

Recall that RLM cutputs,

Als) -aruin[Fscw] Lscw) + 111 wll

by D , fsir) is 24-strongly Convex

let Wil = AlS") , and W = Als)
,
then

Gower Bound : by2 and 2x-strong convexity ,
and the fact that

i is minimizer of fs(r),
fil) - fr in) EX : /l " - will? zo

stor convexity curexity.
Upper Bound : due to regularization.

fs(wi) - fs(n) = Ls(wil)-E-X1 Wll
2

-

Eis (wis) + (l(WZ:) -Emil,ii)(i)
+)l (w,:)(,zi))

-ningen
Eli,)-I-l
-
How fast &
changes as rechge will

,
related to Lipschlgness of 1.



* Putting the Upper Bound and Tower Bond together, we get

-wil
This holds for any convex RLM.

we use this to show that if the loss 11%2:) is well-behavedhipsolen
then RLM is stable

Case 1:ghipschtz loss :1 ,2)-+ /10 ,, E: )- lw2,z: ) ESIIw-will

-& (w", zi) -&(n
, :) %: 11 will- will

& In , zi) -&ES . /W")-Wil

by (4) 7 . 11-wIE2-Fill
M

->
11 will - will EE

Recall Stability is a bound on -marstipschitz
stawchge less

.

Stability 22

&
:

ER-l xm- more sample,6 less influence by1
Thm 13.2. ↑

,
more styly conex,morestable

[Grollar 13 .
6] For S-hipschity loss function, RLM with

XIIw/l
>
regularization achieves

Generalization : E[LpAcsi) -[s(Assi)]I



Case 2 . Similarly, for B-smooth loss and M,

Is [LDA= [sLAISI)][ ILsCAs)]

-Fitting- Stability Tradeoff

LDA]=As)] +ELx(A(Si)2Ss(S]]
Trin loss

~ Stability: Crollary13. 6
how well you fitTest loss Traindata E292

let's expand :
- Tu

EEst2/Css) +XllAcss112]
minimizer RLM

E
EsTLs(w*) +x11w+12]

282
= 2 p(wY) + XIIW*12 + -

XM
- z um
irreducible error misfit stabili

dueto ref due to ref.
un
contined by 1.

[Corollary 13
.
9]

. (Convex-Lipschity-Bounded Risk bound

If I is 8-hipschity , IW*IEB ,
then 1 = Egh achieves

Em

Ep((y(Acss) [mimLpw + S .B
ahm

this
proves the [Theorem].


