
They HW2 due May21st.

Lecture 15.

Recap .
(Fundamental theorem of statistical learning]

A has a finite VC-dim =>H has the Uniform Convertent Property.

=> If VCaim(H) =d
,
then ms)of

we prove a weaker version

ms
D Lemma [Saner-Shelah-Perles] proof in class

d=VCaimD)

TH (m) = Max IHcIE (r) Exmd)
CX,
I=M i=1

⑫ Therem (Uniform Conveyance] proof in book

12
,
(h) -2sh)

- -

* One remaining step.
[Lemma A

.

4 in book]
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Chapter 9 .
Linear Predictors.

· Binary classification with linear classifier.GG#13 bias

· class of afine functions (d E [Uw ,
644=<W

, <)
+WR

[net linear [wis : innerproduct

· Prediction at 1: Y = Sign ( <W
,
x) +b)

· 8-1 loss : 1w
.> (2) = #( sign (w,(+3) = Y)

· Learning half spaces :

HSr = Signo2d ESSign (hr,b() = Sign (<w,()+3) :Wind
&

class of
&
composition of a function sign() and a class

.

2
functions

Sign ((w ,x) +b)

= w = (- 3
,1)

,
b=1

x/
decision boundary is E3 , 131 = 0

Theorem
. For Homogeneous class, i . e. -=0 ,

VCaim(HSd) = d

Proof)D: (with KId S
.
t

. HSd shatters C.

3C = Se, 22, -

,201 is shattered by HSd

log (ii) For any (4 ,%2 ....Ya), we need to find he
S

.t. Sign (Sei , w>)= Yi O ; [c]
.

let
,

w = (4
,
/2

, ...,Yd) ,
then #

* more generally there is
d-stefees of freedom...



⑰ EC with 1Cl = d+ 1
,
cannot be shattered by HSd

IRM
consider a set C = 9

, 1
,

. . ..,e,e+14 and

labels Y, Ye , ..., Yd , Yell to be assigned .

&of by contradiction : suppose <can de shattered Cally Is can be assigned).
d by HSd

=Ward st . Sin (W
,
<,>) = Y ,

for any 17--fu).

sign( < W
, <(2)) =Yz
:

* Construction of counter example . IR & a= (0,.,)
N

for firenEX- --Xd+i ,

exists a = (41,92,
--

,adt1) St .

aix, + 12X2+.. - +anX+&etiXat =0.

&
·

DoD
·

I
*

I
because dtl rectors in IRC , are linelydependent.

from Linear Algebra
we let (y,= Situcal), Yz : Signar) -- .. ) =Y

let I SiId+1) : a: jo3 at least oneof them is non-empty set
J E [ jt[d+ 1 : a; <03

30 20

↓ d
*Note that CXi+Xj =0 by constructioe

-

>Fa: X= 11 ·X

JjEJ

o [a:<Xi,w) = < dixi
,w=,wX

9 it] 6
sign(4)= Sign <Xi,W)-



Theorem 9.
3 VCdin (HSe) with parameter WER! BER ist

Prof]=C .

with KIdt) S.
t. C is shattered by As

C= 30,
2
, e2, . . .,ed?

tabel Yo
, Y.. /d

② VC
. with Kl = dt2 , C is not shattered by HSd

.

same proof with (W.b) ERP+ & d+2 vectors C=EX , ...,Xd+23.

~ eFundamental Theorem of Statistical Learning,
we know that

[Thm 6.8]
ERM achieves

[D(hs) E wop 1-8.

Erm

if m3 . Alys ,whenDisable
when not realizable

#How do you find ERM solution halfspaces ? (in the realizable case)
Jo train data is"separable

Win LC) Ifnella
hand

when realizable.



Algorithm 1 .

Linear Program. = optimization with linear objective
11 & linear constraints.

Convex Program

Generic LD : Maximize <1 ,
w>

WERd

subject to 1 . WIV : entrywise inequality

IJBo-j
M

ERM
.

find
WEIRd

subject to Sign ((W ,x)) = Y:KES

( Y:· <W, Xi)) 0 :
under realizability
solution exists

.

# Y: <W,
X:E1: we can always

rescaleW.

minimize D
S .
t

. Y=
(w

,
X:) [1, iCim] =LP-solver

.

b
ERM solution

.

-

Algorithm 2 . finds ERM for realizable linear classification .

Iterative Algorithm : [Percepton Algorithm]
input : S = G(X,Yi) ,

X2
,Y2),, (Xm, Ym)3

initialize : W = (0, - ..,0) GRA
we want Y: <Xi,W))0

for t =1
,
2, . . .

Yi · (w(
+)

,
Xi]

if itIm] St Y: <W
*)

,

X:>O then
=Y <WH+YiXi

, Xi]
w(+ - Whit Y:Xi-

else
=% (WHX:) + Y:

&
<X,Xi]

output was + .
li,

7 Y: <WH,Xi)



Theorem 9.

1
.

Assume S isparable,
B = min E11 W11 : FiEtm]

, Yi <w
,X:) 21]

R = max (kill .

then Perception Algorithm stops after at most (RB)
"
iterations.

&depadice in
is suboptimal .

"When it stops ,
it finds an ERM with y: /W*,X:9 To , FiEim]

Proof) let w*E anymin Iwll S
.
t

. Y :<W,Xi1 FiEIM]

b
max-margin separator

claim:W #
because L .H . S = cos (((W*W))[1

↳ TI R&B*

prof of claim) lIWYEB ,
<W*,WHY ET , lIWT11 ERE

#) (**)

(*) <W*, WHt) - SWY,WHY = <N*, WHt-wil]
= <W*, Y:X: ] -by Algorithm
= J : < W*,Xi] 21

imm
=I 21 by daf

=> (w*,wi= (WH) -<WWHY 32T



(*) (lw(t+ (2 = 11 w E
+y=
Xi/12

= 1lw + y UXiR +

2 weX prithmno in

=1 = R2

= 11W*112+ R2

NETRRepression : surrogate loss

True loss : 0-1 loss
,
(hm

, Kays) = #( Y= Sign ( <r,x>))
surropte loss : Logistic loss , &w (x/]) = log (1+ expl-y. (w,Xi D)

Yi=-1 Yi= +1
-

- -&#
[W,Xi) <W,Xi)

-we chose Comex
,
Smooth surropee loss

M

minimize t by (1 + exp(-YiCw,xi))
-
Algorithm4 . Online Perception Algorithm [much more on

on line learning at LSE541
Data Come in an online fashion

I
Init wi0-x) Interactive maching largin .

]

time: 1
.

2, . . ..

,t, +el for t=1 --------T

receive Xt - receive X+
-choose ht ,

Predict he(Xt) - Predict Pt = Sign ( <W(t),Xt))
-receive it -Ift tWe

,
X+) 20

,

-Doy loss : In
+
(x*Yt) when w*

+Y+X+



else
w(t+1- Wit

In an online problem,
we care about how many

mistakes we make over time .

Theorem 21 . 16 R= max IXell
, if realizable, with En*

t
Y: (WY,X: )11, Et.

#of mistakes & R
&
10*1

prof) [HW3 Problem 5].


