
Lecture 14
.

(Chapter 6)

Recop : [VC-dimension of a hypothesis class ()
The VC-dimension of H ,

denoted by UCalim ((t) ,
is the maximal size of C&X that can be
shattered by H .
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Theorem [Fundamental Theorem of Statistical Learning]
Let It be a hypothesis class from X to 50, 13 ,

and

the loss function is a 0-1 loss
,
then the following are

equivalent.
1
. I has the Uniform Converent property
2. Any ERM is a successful Adnastic PAC learner of It
3. I is Agnostic PAC learnable
4.H is PAC learnable
5. Any ERM is a successful PAC learner of H

hasa finite VC-dimension.

we already learned that 1-2 (lecture 12)
2+ 3 , 3 - 4 ,2-5 trivial
2+ 6 :6-3 (lectnl3

.

left to shou. No-free-lunch thm).



- we focus on binary classification.
Also holds for other tasks like regression with quadratic loss.

But exists example where PAC learnable but not uniformly convergent.
Chapter 13 exercise 2

. Uniform Conveyance M X /d[
learnblity m <1 : indep (d).

Theorem [Fundamental Theorem
,
Quantitative Version]

If VCaim (H) =d
,
then

1
.
It has Uniform Convergence property with

4. MES)E
2. It is Agnostic PAC learnable with

4. MH(5) EC
3. H is PAC learnable with

4Y EMH(S)EGs
-rooflater

.



proof sketch of fundamental theorem of learning.

D [Sauer's hemma]

If VCain (H) =d ,
then for any CEX

the effective size of It restricted to C J

1.e., IHtcl is only O (149) <214
worst-case

polynomial exponential in 1C1

*Recap [Restriction of H to C = 54 , . . .

,(m3*]

H-ESE : 0050,13 /hEH3
n = (E)

,
Y()
,
· . .

, Ems)
= (010 ... 0)

② If IHcI grows polynomially in 1C1,
then we haveinformconvergence : "M2 My(5)

IPs(/20(h) - Lschs/ < E, heH) 21-8.

In Lecture 11
,
we used Hoffling's to show 1HkastUniform

conveyance.

--

refinition [Growth function]
The growth function TH : IN-IN is defined as

[H < m) = max (c)
C1X : /C=M

* the number of different functions fromC to 2913 , restricting H to C.
* If mimCH) = d , then by definition [H(M) =2

M

largest m S
.
t . [H(M)=ym

* If my d , m grows polynomially in m.



m close i

Precisely ,
D Lemma [Saner-Shelah - Perles] t

aIf VClim (2) =do , then for all m, [H(m) EZ (m)#
-> mEd

, Tu(M)[(M) =2m =exponential

-> mId+ 1
, [H(m)<emd -polynomial

stairling's formula
② Theorem [for Uniform Conveyence] for everyD.S,hEH

/Loch-Lochs/E) up

Proofof fundamental theorem >
D

Apply Sauer's hemma to
8
,
for myd

12dch-Zsch)
for simplicity , let-4

want

= ↳ E

t le
t M24( is sufficitthe

this is lose bound but enough for PAC learnability



Proof of G) claim : ES[SuP Rich-Ls]
(of(TH (2m1)

How
to handleEsti
Il

Es [hs(hi]
(x=)
&

JensenisirezEEs[SEs[/tsch) -Lscus]]
any connex (f() ↳ &

V
f=(x)

-Es[Es[12scus-2shs1]]
EIfIz1]IfLEEE)) = Essi[ Sup I(Pn(zi) -Cu(z))]()
-ndzisymmetrization trick :

6 In(z) - Uh(zi) @ist 6% (In (5) - In (3:1) 56; ES+1,-13
to retain randomness
even for fixed SS' & Gi - (lucz)- encti))

,first
=>() =6 ...6m)[Es.s , [S1mGi (lucz) - en(s)/N]]

= Ess [Es [Sup(c)
um
S.S' fixed , let C = SUS' , ICE2m, only 2> matters

in the supremum.



=E[max It (luz-luz) ISIS
-

O; is random. #O =0,-101 .

Hoeffding's ineq.-IP)l0 : 1 > 5) [2e

Union band ->
IP(max >9) - 1 ·P(IKS)

-

2mg2

sub-Gaussian teil (* ) [2 e F

bonded expectation *Emax-)
E

-Clemma
IP (09) [21e-ELO]R

Proof sketch) sub-cussion pdf

: geometric#
log(21(c)) = En : linear

Eo] = [0 .Had So+(otEn




