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Chapter 5. No free lunch theorem.

The reason Q.

3
.
3 has low sample complexity is that

we hadaor knowledge.

- Realizable :

↑ Ground truth D . f has a circular boundary
- It is a collection of circular decision boundries.

fundamental Question:
- is such prior knowledge necessary for PAC learning ? YES.

learning Problem= > Goal : minimize [DCh)
- fix X

, Y
- Nature chooses Disy-

- Learner observes S = [(Xi,:) 3:D
- Applies Algo over I .
-

Outputs hest.

Q
. Can there be a Universal Algorithm that is PAC learnable

#allD ?

Q
.Isor knowledge necessary for DAC learning?

- lec10 : realizable out. H : 14k*

-lec /1 :
min LD(h) is small ,
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- QC .3 : Parametric familyIt
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How much Prior knowledge isfood to assume ?

a lot : learner knows D + h: Bayes optimal Predictor.
8

leaner knows a class

treatea
*

No : learner knows nothing -> [No free lunch theorem]

-

Mo-free-lunchthere, learning algorithm
y = 50, 13

any in st. IX/ IIM

Then exists a distribution D overXY andH S
.

t.

①F : X- 50, 13 with [D(f)=8

② IPs(he(Apo(s)) [ ) 2

Negative result- > Constructive Proof (sketch)
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for any algorithm that outputs he H,
*
DS

.
t. one cannot do better than random guess
on2 of C not observed.

- Es [[p(A(s))]-
m un

positive R.
U. 2 of samples have error Y2.

-> This implies the claim by Eighter Markov inequality.
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Grollary. If IX1 =0 & It is all possible functions from X to 20, 13
thenIt is not PAC learnable·

Q
.. How do we choose the right hypothesis class ?

2D (hs) = (hochs) - minton's + min [D(h')
WEL
-
-ERM Eest: estimation Error Eapp= approximation

Error

If m4 : Eestd no change
If complexity : Eest & Eappt

Bias-Complexity tradeoff

-best-
Eapp

simple=>complex
H H



Chapter 6 .

VC-dimensions

fundamental Question
- what class I is PAC learnable?

[vladmir Vapnik & Alexey Chervonenkis , 1970]

Definition. [Restriction of H to CEX]

It is class of functions : X-20, 13 ,
and

C = (G,
G

,
. .

., (m) &X ,
then

the restriction of I to C is

Hc*En : C- 50,13 /hEH3
citE(ci)

E can equivalently represented by anm-dim rector

== (n() , Y(), . . .

,
E (m)]

-

Definition . [Shattering]
A hypothesis class It shatters a set CIX

if the restriction of H to C is the set of all functions from
C to 2013

,
that is 11-21).

example) H = Eha : IR-R = Isxably is class of all threshold
functions

.DG = 543

Hc = 50 , 13 -
-naco "na4=1 acc !

,
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to a<C a &C

It shatters C : 543.
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(11) is not possible

: Hodesnot shatter C= [G
,
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Corollary [No-free-lunch theorem restated]
for some H ,

X
, Y= 50, 13 ,

if ECEX
, ICEM ,

and I Shatters C,

then for any learning alprithm ,
ED & hel St.

[pch) = 0 but IP([D(Ap(s))2)2
-

Definition [VC-dimension]
The UC-dimension of H , defined VCaim (H) ,

is the maximal size of C24 that can be shattered by.
-

&
No set of size VCain(H)+1 can be shattered.

* Need to show that DEC St .
I = d shattered by it

② C St
. 1d+ not shattered.



Example [Threshold : H = E ICID1aEIR3
= C = EC3 can be shattered
↑
C= EC

,
23 Cannot be shattered.

-> UCaim (H)1 ·

Example [Intervals : H = 2 [cab) labERB
-C = EC

, (2) can be shattered i----
FC= [C

,
C

,
(s) Cannot be shattered

.

-
-> VIdlin (H) =2

.
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Example [oxis cliged rectangles : H =
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VCdim (H)= 4 [I
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any subset can be increctayle. however you place 5points,
1 of them has to be "inside"

.

and cannot be a unique O



Example [finite class (10]
S

Vlaim = lefz1)

shattering requires at least 2" hypothesis,
21 1 141

11 b 11
~ Tight

in the varst case

VLaim [11t1 · I can desmoller like interval.

Example[number of parameters]
- above examples have of parameters match VCaim.

not always true : H = She : &ER3 ,
VCaim= [TheoryHw2]Problem 4

To5 sin(ex]]


