
Recap .

Probably Approximately Correct (PAC) learning
hearner - does not know distribution D or true hypothesis f

L chooses parameters for accuracy E and confidence 5.
L
training data S = < (Xi,Yi =f(xi)) 3 , of size

Loutputs
a hypothesis h S

.

t.

m(E,8)

IP( (p
.f (n)[E) * 1-S

then
,
this learner isProbablyproximatelyCorrect.

w.pet-s ervrE

--mpirical Risk Minimization (ERM)
train Error : LSCh)* 15 : 62ms : h(x)# Y:3/
- ERM : Use argminhs(h)

hESt

[hypothesis class of some complexity ,
like 11)

- claim : It00 ,Mpurerealizable ,
and

sample complexity :m) ,
then for any (55)

PAC learnable : IPS(2ptchs) >2) ES
&
ERM



Lecture 11
. Keywords : Uniform Convergence , Agnostically PAC Marnable·

Hoeftding's inequality.

Relaxing the realizability assumption : y:= f(xi) , feSt.
immterministic.

Data generating distribution D is over XXY : z= ( (,Y) -D
& stochastic= random

True error : 2D (h) = 1Ppy -y (his+ Y (
Empirical error : Ls (h) E #Eitims

:R
Goal : find h minimizing LD (h)
if given oracle access to D

,
then BayesOptimal Predictor achieves

duelower error than any other predictor [Theory HW1, Q2] 5/14

ifPp(4
=1(x)2%

mmm
* Discuss

.

#SticPACabilit, HissticPAChearnable
if EMy and a learning algorithm S.t. for ESD,

running the Algorithm with
M2MHCES) samples returns

U S
.

t. 2D(h) [minhyn T
~

Relaxed accuracy requirement.



RoexingBinary Classification:that needs to change in our framework?
- multi-class classification Y : [K]

loss : In(
,:) = # (hx()# (i)

- Regression Y : IR

loss :In same

Risk function 2D(h) = Epsprp[l(h ,
(x,y)]

Empirical Risk function Ls(h) Ch . (ii)

frombook. ] Problem Definition :

X = 1R2
y = 20 , 13 -

(H) =0

H = Ehr : rEIR+ 3 =
hr(x)= IE11 [v3

& ↳ norm

Prove that It is PAC learnable(assuming realizability).
with my(s)

Solution :Dunder realizability assumption-↓ fixCVD ,
and frx

② Define : Algorithm : return smallest circle that includes all+.

-Hy
= Chr: where PapChic hana

= 23
= Ehr : rE(r-, where IPrD (FAD1[r

*)=2)
③ Analysis : claim : Algo r

*

-

-

IPs(Alfo(E) = ID (IPGIKE]m
M21g

= (15)ME-EMg



Achapter4

#form Convergence is sufficient for hearnability.

Definition : (E-representative sample

Training set S is E-representative ifTheSt

Ihsch)-2p()E

Intuitively ,
S is large enough and food representation of D.

2s(h) =m,: Empirical Rist- population Risk : [p(h) = Ep[lCh,z1]
art min Ls(h) ERM- best in H. artuin LIChell

Lemma
. Assume we are given a training set S that is

E-representative ,
then any output from ERM satisfies

2Chs) [min 2pch) + E
hef

Unitire Conveyance lennc
↓How do we apply this lemma ? Assume S is = ERM is

MH11] E-representative agnosticPAL
.forI

&roof of hemma) by triangular inequality : a[b + la- b)
Sineg.

2DChs) ElInChs)-lschs)) +hschs)

E E2 + Ls(h) ThEH

D ineg.to
& representative S

& def ERM

E 42 +12sch) -2x(h)) + 2x(h)

E42 + %
z

+ 2x(k)
.



To show ERM is Agnostic PAC Learner
,

we are left to show
that

, with probability 1-8 ,
S is E-representative.

Z

Definition. (Uniform Convergence)
A hypothesis classIt hastherform converence property,

if Ent St. for every 25 and every D ,
the following holds

if my MY"(ES) then S is E-representative -p 11-8.

Grollan/ 1. .
It is agnostically PAC learnable with sample complexity

MH(55) [mY(ES)

-ERMis the Agnostic DAC learner.

Next , we want to show that finite H ,
i. e. 100 ,

is

aguistic PAC learnable- by showing uniform convergence.

claim . Any finite (t .
I
.
e

., IHk ,
is uniformly convergent with

I my (55) Ar
GrollaryI . EDM is agnostic PAC learner with sample complexity

my (5) Empl
,6)<7stan1 chaim

.



we are left to prove the claim.

7Q . assuming OICh,z: ) [1
,

what is the sample size we need

to guarantee 12sch)-1Dc)/EE opts ?

U
.
t

.
S IPs(ES : ThEH

, 12sch)-1pchs (15) 11creed to show

nts> Ps(ES : EhEH
, (2sch) -Locks( >2) < S

IHSsus
-2x(h)(a)

(In,) - ELliE]( <2) (*
Recall : 2S(h) =tu(h,zi) - Average of iid r

.
V. S

, E = (XYi)

&aCh= Ezvp[lin,z)] = ELLsCh] =expectation of eachterm

* We need to show that the measure of R.
V. 2sCh)

distribution

concentrates around its mean.
-

* the most important tool in statistical analysis for learning.
-concentration of measure

I
tail bound

Q. Howfastintermo samplesdesthese to
mb1 .

mY
, CLT CSL(N)

pdf (Ch. zi) O(tm) story low of laye numbers↳

I 3

*
Ru

=>z
Endof latureF Tailbound : IP(tm(Chz) - ETSY2)1 F(m

,2)
.



Heftding'sinequality

Let R
,
02, . . . Am be a set of jid. random variables.

with ME EIO:] , satisfying .

IP (a> (b) = 1
,

[Bounded ness]
then for any EDO,

-2IP(ItmPi-M1 >3) [2 · 2

A first example of concentration of measure.

for fixed m, varying

↑-M
zen consentth
M-E M+E

M

FixedM
a b

Hoeffding's IPs) Ihsch)-2pchs/ >3) =P (IOi-MKE)
zms
?

E2 : e

(D) [E 2eME21 emE IS

let m(s)->



* Summary.
Lemma:E

.
5)-Unifor Conveyance

ifmy ↓
(E,S) PAC leanable with ERM

then It has uniform suregence

-S
if my [72mi( ,5) <MH(2, 5) .


