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Lecture notes

* These lecture notes are based on other courses in LLMs, including
o (CSE493S/599S at UW by Ludwig Schmidt: https://mlfoundations.qgithub.io/advancedml-sp23/

« EE-628 at EPFL by Volkan Cevher: https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-
models/ee-628-slides-2025/

» ECE381V Generative Models at UT Austin by Sujay Sanghavi

« and various papers and blogs cited at the end of the slide deck



https://mlfoundations.github.io/advancedml-sp23/
https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-models/ee-628-slides-2025/
https://www.epfl.ch/labs/lions/teaching/ee-628-training-large-language-models/ee-628-slides-2025/

Outline

Language models

General LLM framework

* Token processing

e Sequence mixing

e Prediction

Prompting techniques at inference time
* In-context learning

e Chain-of-thought prompting
Fine-tuning

Alignment

Mixture-of-Experts (MoE)



Mixture-of-Experts (MoE)
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Fig. 1. A chronological overview of several representative mixture-of-experts (MoE) models in recent years. The timeline is primarily structured
according to the release dates of the models. MoE models located above the arrow are open-source, while those below the arrow are proprietary
and closed-source. MoE models from various domains are marked with distinct colors: Natural Language Processing (NLP) in green , Computer

Vision in yellow , Multimodal in pink , and Recommender Systems (RecSys) in cyan .



It is common for feed-forward layers to account for
more than half of the parameters in a transformer.
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Figure from http://arxiv.org/abs/2409.02060 [Muennighoff et al. 2024]

Embedding layer = vocab * d_model
50,000 * 12,288
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Self attention = (WQ, W, Wy, P)
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http://arxiv.org/abs/2409.02060
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* One can benefit from scaling up to larger models without increasing as much
inference time with Mixture-of-Experts (MoE)
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 Dense MoE gives every expert non-zero weights

C !
Y
o Y= Z G(X) iEi(x) —> Add + Normalize
i=1 )

 Each expert is a small FFN:

« E(x) =W, o(Wx)

 Router is a dense softmax

« G(x) = Softmax(Wgx)

(a) Dense MoE
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Sparse MoE selects top-k experts and is now popular 1

N e IR
y = Z G(x),E(x) D EDNED RS
= E;
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Each expert is a small FFN:

« E(x) =W, o(Wx)

(b) Sparse MoE

Router is a softmax over top-k gating e v=1[-7,3,8, —2]
« G(x) = Softmax(Top-k(W;x)) e Top-k(v) =[—00,3,8, — 0]

V;, V;isinthe Top k . SoftmaX(To%-k(v))
—00, otherwise = [0 € € 0]
3+ e8 3+ ed’

Top-k(v) = {




* Many variations of MoE architecture exist

« If left unchecked, the expert gate tends to concentrate on a small number of experts that are popular
early in training.

* Proposed solution in OIMOE muennighoft et al. 2024 Load balancing loss Validation loss (C4) Validation loss (Pile)

0.4 \\ — LBL
= \
L = Leg+aly 4.5 |\ 43|\ No LBL
0.3 \ \
m\ 40 &\«
* Load balancing regularizer: 0.2 4.0 AN AN
balances experts within a batch o1 — ~
i 5 10 1 5 10 1 5 10
LLB - NZszz Tokens (B)

f; = fraction of tokens routed to expert i
P, = total routing probability allocated to E; in current batch

« Many variations of regularizers exist to help with training.



« The number of experts chosen, k, is typically small
 Mixtral (MoE from mistral): k = 1,N =8
« OIMoE (MoE from Al2): k = 8,N = 64

 For MoEs the gain is in inference-time computation

 GPU memory requirement ~= # of total parameters

 FLOPS computation requirement ~= # of active parameters

where # of active parameters is the count of parameters that are
selected by the router
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Figure 3: Results on MMLU, commonsense reasoning, world knowledge and reading comprehension,
math and code for Mistral (7B/8x7B) vs Llama 2 (7B/13B/70B). Mixtral largely outperforms Llama 2 70B

on all benchmarks, except on reading comprehension benchmarks while using 5x lower active parameters. It
is also vastly superior to Llama 2 70B on code and math.

Figure from http://arxiv.org/abs/2401.04088



 MoEs achieve the frontier of inference-cost vs. performance trade-off for

open-source models

A @Mixture-of-Experts Dense LMs
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Figure 1: Performance, cost, and degree of openness of open MoE and dense LMs. Model
names contain rounded parameter counts: model-active-total for MoEs and model-total for
dense LMs. #ckpts is the number of intermediate checkpoints available. We highlight MMLU as a
summary of overall performance; see §3 for more results. OLMOE-1B-7B performs best among
models with similar active parameter counts and is the most open MoE.

Figure from http://arxiv.org/abs/2409.02060



 MoEs achieve favorable training-cost vs. performance trade-off
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Figure 3: Evaluation of OLMOE-1B-7B and the current best OLMo models dur-

ing pretraining.

OLMOE-1B-7B differs from the OLMo models in its MoE archi-
tecture, several training hyperparameters, and its training dataset,

see §2. A version

of this plot with tokens as the x-axis and markers where annealing starts is in Ap-

pendix E. More results, logs, and configurations:

https://wandb.ai/ai2-11m/olmoe/

reports/Plot-0LMoE-1B-7B-vs-0LMo-7B-vs-0LMo-1B--Vml11dzo40TcyMjEz
Figure from http://arxiv.org/abs/2409.02060



» Earlier works in MoE designed for RNNs favored very large number of experts

20} == After Training on 10B words |]
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Model Parameters Excluding Embedding and Softmax

32, 256, 1024, 4096, 16384, 65536, and 131072 experts.
up to 137 billion parameters in the MoE layer.



* More recent MoEs for transformers require comparably smaller number of

experts.
30 Training loss Validation loss (C4) HellaSwag MMLU Var
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Figure 5: Expert granularity. We vary the number of experts in tandem with the FFN dimension
to ensure that active and total parameters and thus compute cost remain the same. For example, for
64 experts, the FFN dimension is 1,024 and 8 experts are activated, while for 32 experts it is 2,048
with 4 activated experts. More results, logs, and configurations: https://wandb.ai/ai2-11m/
olmoe/reports/Plot-Granularity--Vml1dzo40TIx0TE4

Figure from http://arxiv.org/abs/2409.02060



Mixture-of-Experts (MoE)



 How to improve performance of LMs?

e Scaling Pre-training » Scaling Post-training e Test-time scaling

[2022-] Scaling post-training: e.g., fine-tune on (input, output) pairs o1 AIME accuracy
at test time
6 Instruction finetuning

Please answer the following question.

3 5 {What\s1heboi:ingpointo!quwtrcgen’
3 4 Chain-of-thought finetuning -
- ] r:;‘:::""f’;"yi[‘sgtg:es‘i"" by The cafeteria had 23 apples §
n T fetere o 23 oootes. 1 the originally. They used 20 to 3
0} e e B2 Thay g bmore ®
[ 3 how many apples do they have? TR0, -
®
(7]
g

L = (Cmin/2.3 - 108)70:050
2 . . . . Q: Can Geoffrey :ir\ton have a
conve ion with George i ?
0 1077 105 10°* 107! 10!
Compute _ o
Scaling Instruction-Finetuned Language Models [Chung et al., 2022] test-time compute (log scale)
Scaling Laws for Neural Language Models [Kaplan et al., 2020] )
Test-time compute vs. accuracy ([OpenAl, 2024])

[Welleck et al. 2024]



« Goal: design a system G that generates acceptable sequences:

argmax [k, ¢ A(Y)
G

where acceptable, A( - ), is measured by correctness, human preference, etc.

» We have a retrained model that can sample from y ~ P,(y | x), which may
produce unacceptable samples.

acceptable

easy to sample
® o

P
_ ¢

-




 If we have an oracle that can verify correctness of an output,

one can repeat
« 7~ Py(z]x)

ey~ Py(y|x,2)

« stop if oracle says
it is correct

Input:
Let f(r) = ;ggsjl, = + 3 + -+ + 5507 Find 3502, f(R).

LLEMMA 34B solution:

We have
oo oo 2008 1 2008 oo 1 2008 1 (%) 1 2008 1 1
DW=D> 5=2 2 =2 72 w2 FT=1
k=2 k=2 j=2 j=2 k=2 Jj=2 k=0 Jj=2 J
3 g):s 1 008( 1 1)
ZIi=0 ‘G \-1 |
_(1 1) (1 1>+ +(1 1)
12 2 3 2007 2008
B 1
a 2008
| 2007
~ | 2008 |

Final Answer: The final answer is 2397




 When oracle is correct, this strategy increases accuracy.

MATH (Oracle Evaluator)

1.0
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Number of generations
Llama-3-8B  —— Llama-3-8B-Instruct —— Llama-3-70B-Instruct Gemma-2B —— Gemma-7B
—— Pythia-70M  —— Pythia-160M —— Pythia-410M Pythia-1B Pythia-1.4B

—— Pythia-2.8B  —— pythia-6.9B Pythia-12B

Tadapted from [Brown et al,, 2024]. See also [Li et al., 2022, Cobbe et al., 2021, Jiang et al., 2023]



* In general, a meta-generator G uses multiple generative model calls and
other tools, hyper-parameters, prompts:

y G(ylxagla ---9gG9¢)

* Design choices:
« G : strategy for calling generators
* g1,...,&¢ - choices of generators

* ¢h :other models, number of tokens, etc.



 Meta-generation strategies include:

« Chain [[ )= )= ]:J] [[_)é

Chained Parallel

0

 Parallel

» Tree search ==
[W Séﬁaéga} [ {O=0; j

 Refinement/self-correction Tree search Refinement




« Chained meta-generators call the LM repeatedly, with augmented prompts.

i~ &)
Yo ~ &1(x, 1)
y3 ~ &3(X, y,)

4 )

[ input J_’ o Intermediate o odal Ne Intermediate — _>[ T J
output output

NS J




« Chain-of-Thought is an example:

input -> answer input -> (thought| answer

' A: The answer is 27. x )

» This auto-regressive decoding of CoT can be represented by
generate thought: 7z ~ Py(z|x)
generate answer: y ~ Py(y|x, z)

A:

The]

answer is 9. /




e Search is an example of multiple step chained meta-generation, with access
to tools like search engine calls:

* This can be represented as a program,
Question: In what year was the current tallest wooden lattice tower . . . .
completed? which typically improves the reasoning:

Are follow up questions needed here: Yes.
Follow up: What is the current tallest wooden lattice tower?

|Query: What is the current tallest wooden lattice tower? def search(x: Example) -> Example:

|Resp0nse: Radio Tower Gliwice x.hopl = generate (hop template) (x) .pred
X.psgl = retrieve (x.hopl, k=1) [0]
x.hop2 = generate (hop template) (x) .pred
X.psg2 = retrieve (x.hop2, k=1) [0]

Intermediate answer: Radio Tower Gliwice. return X
Follow up: When was Gliwice Radio Tower completed?

def predict(x: Example) -> Example:
- — . 5 x.context = [x.psgl, x.psg2]
|Query. When was Gliwice Radio Tower completed? x.pred = generate (qa_template) (x) .pred

Response: 1935 return x

Search
Engine

: Demonstrate-Search-Predict (DSP)
Intermediate answer: 1935.
So the final answer is: 1935. [Khattab et al,, 2022]

Self-Ask [Press et al., 2023]



 Many other strategies

* Re-write input before feeding in to LM for an answer:
System-2 attention [Weston and Sukhbaater, 2023]

» Sketch proof, fill gaps, check proof
Draft-sketch-prove [Jiang et al., 2023]

Formal sketch Verified formal proof
Statement Informal PrOOf have cl: “1%28 = n*4” have cl: “1%28 = n*4”
We know that gcd(a, b) - lem(a, b) = ab, e using acens
If gcd(n, 4) =1 and hence 1 - 28 =gn (4 ) @0) <proof> by (smt (2z3) prod_gcd _lcm nat)
lem(n, 4) = 28, then have c2: “n = 1%28/4" then have c2: “n = 1%28/4"
Thenn=1-28/4=1, <proof> by auto

show that nis 7. e 5 s a1 8 8888 :

Off-the-shelf
Prover

Informal

Proof Writer

3@

Draft informal proof Generate formal sketch Prove remaining gaps

/5

« Chained meta-generators only utilize/control the input space.



» Parallel meta-generators generate multiple outputs to select from.

 Generate candidates:
YW, Ly}~ G(- | x)

« Aggregate:
y =hiy®, ..., y™)

[ input ]—b

~

\
> [ output candidate 1 J ( ‘
— [ output candidate 2 j
Generator —» | Aggregator
[output candidate N]
J

-

-»( output ]




Best-of- sampling and rejection sampling

» Aggregate: with a reward model:

y < arg max A(y)
yD, Ly

A N

(st )| cenrsr | 7 (20224 J=(omtien) » (30] » -
k \‘ [ ] Reward Model @ / /

Score outputs with
. reward model




« This can suffer from over optimizing to the reward A( - )

GSM (Learned Evaluator)

42

40+

38

36 Over-optimization

Solve rate (%)

34

25 50 100 200 400 800 1600 3200
Number of generations

’Plot adapted from Training Verifiers to Solve Math Word Problems [Cobbe et al., 2021]



* Majority voting and self-consistency does not require external reward model.
» Aggregation:

m
y <« arg max Z 1{y?¥ = a},
-

~ S— ™
[ '

First, we will factor the Answer: 2 |

polynomial ... A

_—» We'll solve the problem inﬂ Aesaerd Majorit\/
[ In put j —» || Generator three steps. First, .. | : \A -
e ! . ':' s VOte
\‘ Let's think step by step. % :/
: Answer: 2
: \_ ;

Let x be ...
J-I

o

Reasoning path ,::-..Answerl.g



* You can combine best-of-m and voting:
» Weighted aggregation'

y « arg max ZA(y(’)) 1{y? = a)}
i=1

a ': I
K’ [ Flrs tpwly:’:r:;aci Ee ][Answer 2] Reward Model IO 8 \
_—> [W e'll solve the p oblem J[Answer 4} Reward Model | | O. 1 Weighted
_, o (Fovrs o) (O] 5. g .
\’ Vote
\_

{W will think step by step . J[Answer 4J Reward Model l 0. 2 /'.
Let's think step b /
[ - tL t x tbp i J&\”SWU 2] Reward Model j

Score outputs with'
reward model f




» Weighted voting can out-perform best-of-m

* This happens when weighted maximum reward is more likely to give the
correct answer

MATH (Learned Reward)
50 =
45
40-
35
30

4607  46:53  46.67  46.53
45,26 !

—— Majority Voting
—— Weighted Voting
—— Best-of-N

Solve rate (%)

20

1 2 4 8 16 32 64 1282565121024
Number of generations

10[Sun et al., 2024] Easy-to-Hard Generalization: Scalable Alignment Beyond Human Supervision.
Z.Sun, L. Yu, Y. Shen, W. Liu, Y. Yang, S. Welleck, C. Gan. NeurlPS 2024.



» Forlarge m, this converges to maximum conditional expectation:

y < argmax ) V(x,2,y = @)g(zy = a|»)
. <

* One can potentially further improve the performance by
e using better reward, and

* using a better generator that reasons better

(
I “Let’s verify step by step.” | Average
o e e e e e e e e e e e e e e e
( =N
. . g A : 0.2
Finetuned Verifier (_ VerificationCoT,  }—>< »—{ No }» :
I

Solution

| GenRM-CoT B—O—{ Yes |>io0—
Verification CoT ]—> —>E—>: .

Parallel generation in the reward model too™

» Parallel meta-generators use the reward in the end.

12: [Zhang et al., 2024]



 Tree search meta-generators can evaluate reward on a sequence of
intermediate states and the final outcome.

Call
[GenearatorJ [step 110'8J
Output sequence
%Q 4@ — Estepl step ZJ[step 3] j
““"‘--.[step 110.1J “'"'“[step 3}[0.4]




 Tree search meta-generators can evaluate reward on a sequence of
intermediate states and the final outcome.

1. Scores: “process reward model (PRM)"™

{' Process
; [ Step 1: ... j[ Step 2: ... ][Step SEE AL 5]—. —» [0,1]
; ; reward model

Solution-so-far '

13[uesato et al., 2022, Lightman et al., 2024, Wang et al., 2024a]



» Selects which state to explore next by taking the reward into account.

2. Reward Balanced Search (Rebase)"

5 N\ N

Observe that2 +2=5... 0.1
\_ :)\ Y,
- NV amm :
Observethat2+2=4.. .| 0.8 Explore more
\_ AN Y, !
’ E\
We'll solve this as follows... | 0.4

_ J J

Explore based on
reward model scores

o exp (v(si)/)
explore; = Round (Budgetzj eXp(V(Sj)/T)> : (4)

T4[Wu et al, 2024b] Inference Scaling Laws: An Empirical Analysis of Compute-Optimal Inference.



* Aggregates the final answer using, e.g., weighted voting

~

[ output candidate 1 J

[ output candidate 2

/
o ) é%ﬁ - e regator >
-

<8
é\.% [ output candidate N J
2%

Run tree search to get candidates for aggregation (e.g., voting).

J

* Key idea in tree search meta-generator is leveraging intermediate states and
rewards to back-track/explore.



Llemma-7B
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15[wWu et al, 2024b] Inference Scaling Laws: An Empirical Analysis of Compute-Optimal Inference.

» Tree search meta-generators require good reward functions over well-defined
states.



* Refinement/self-correction meta-generators use past generation and
correct mistakes.

! Bad generation path‘} ;"Better generation path"g

[ Observe that 2 + 2 =5... J—’ Corrector —’ [ Observethat 2 + 2 =4... J

Improve a generation

* Quality of the feedback is critical.

[ 2 +2=5is wrong J

( Feedback } —> [ Corrector j [Observethat2+2=4...]

Better generation

[ Observethat2 + 2 =5... J

Initial
Generator
Bad generation o ;
: Quality is important:

Improve a generation using feedback



 There are extrinsic/intrinsic feedback.

1. Extrinsic: external feedback

Several success cases:

- Verifiers [Aggarwal et al, 2024]
- Code interpreters[chen et al, 2024b]
- Retrievers [Asai et al, 2024]

- Tools + agent environment'®

Buggy Rust code

Initial
Generator

error: precondition not satisfied
-=> /playground/src/main.rs:23:5

9 | substring.len() > 0,
e failed precondition

23 | lemma_step_subrange(tail_a, string.skip(1));

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

error: aborting due to 1 previous error

verification results:: 1 verified, 1 errors

Feedback
—> Corrector

Intuition: adds new information, can detect and localize errors

if tail_a.len() > 0 {
lemma_step_subrange(tail_a, string.skip(1));

}

Good Rust code



Solve rate (%)

HumanEval-Verus

0.30
0.25
—— Parallel
——  Refinement
0.20

64 128 192 256 320 384 448 512

Number of generations

AlphaVerus. P. Aggarwal, B. Parno, S. Welleck.



 There are extrinsic/intrinsic feedback.

Easy to evaluate but results are mixed.

— GSMBK (GP | 3.9)
2. Intrinsic: Re-prompt the same model: o

70

[
=}

[ 2 +2=5is wrong J

<0
( Observe that 2 + 2 = 5... J . % 20
Generator Feedback Corrector IE
—>
Crm ) " ) .
10 8.8% 7.6% 8.9%
77 0
No Correct Incorrect Incorrect
Re-prompt a single LLM, e.g. [Madaan et al., 2023] Change L= lIncorrect — Corect | — Incorrect

Takeaway: feedback is too noisy From [Huang et al, 2024]



* One can train a corrector based on samples generated and optimized to
maximize reward.

General pattern:™®

- Collect (bad, better) pairs by generating and evaluating reward
- Update corrector pgy(better|bad) using the collected data

- Repeat
[ Input problem j ( ]
N —> Corrector —P | Observethat2+2=4..
[ Observe;y\z +2=5.. ]

Prone to behavior collapse

- [Kumar et al,, 2024]: overcome with regularization + RL

1BE g, Self-corrective learning [Welleck et al., 2023], SCoRe [Kumar et al., 2024].



Self-Consistency@K
(@)
(@)
X

Scaling Inference Compute: MATH

Parallel Samples
Sequential (Self-Correct)

24 2° 23 2% 2°
Number of samples (K)

From SCoRe [Kumar et al., 2024]



* First 1/2 of CSE492S/599S Advanced ML

Part I: Foundations Part II: From Theory to Algorithms Part III: Additional Learning Models
A gentle start + Linear predictors « Online learning
o A formal learning model * Boosting * Clustering
. . . o Model selection and validation « Dimensionality reduction
 Learning via uniform convergence
o Convex learning problems « Generative models
 The bias-complexity trade-off &P
« Regularization and stability « Feature selection and generation
e The VC-dimension
« Stochastic gradient descent Part IV: Advanced Theory
e Non-uniform learnability
. . * Support vector machines o Rademacher complexities
 The runtime of learning
o Kernel methods « Covering numbers
o Multiclass, ranking, and complex prediction problems « Proof of the fundamental theorem of learning theory
UNDERSTANDING o Decision trees o Multiclass learnability
M ACH I N E o Nearest neighbor o Compression bounds

L E A R N I N G ¢ Neural networks * PAC-Bayes




e Second 1/2 of CSE492S/599S Advanced ML

e Language models

General LLM framework

« Token processing
* Sequence mixing

* Prediction

Prompting techniques at inference time
* In-context learning

» Chain-of-thought prompting

Fine-tuning

Alignment

Mixture-of-Experts (MoE)

Test-time compute
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