Lecture ©:
Activations, Normalizations, Optimizers
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Administrative: EdStem

Please make sure to check and read all pinned EdStem posts.
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Administrative: Assignment 2

Due 4/27 11:59pm

- Multi-layer Neural Networks,
- Image Features,

- Optimizers
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Administrative: Fridays

This Friday

Convolutions & Vectorization
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Where we are now...

Computational graphs
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Where we are now...

Neural Networks
Linear score function: f — Wa

2-layer Neural Network f = Womax(0, Wix)

X Wi |h| W2 |g
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Where we are now...

Convolutional Neural Networks

Image Maps

Fully Connected

Input

Convolutions
Subsamplmg

lllustration of LeCun et al. 1998 from CS231n 2017 Lecture 1
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Where we are now...
Convolutional Layer

Ve

I

32

3
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32x32x3 image
ox5x3 filter

convolve (slide) over all
spatial locations
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FOUR layers in total: CONV/ReLU/POOL/FC

RELU RELU RELU RELU RELU RELU
CONV |CONV CONV | CONV CONV | CONV FC

T AT A
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Pooling layer
- makes the representations smaller and more manageable
- operates over each activation map independently:

224x224x64

112x112x64

pool

.—>

|

—

224

— 112
downsampling
112
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MAX POOLING

Single depth slice

X 11112 | 4
max pool with 2x2 filters
5| 6|7 | 8 and stride 2 6 | 8
31210 3|4
1123 | 4
y
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Where we are now...
Learning network parameters through optimization

while
weights grad = evaluate gradient(loss_fun, data, weights)
Landscape image is CCO 1.0 public domain weights += - step size * weights grad # D¢ r r

Walking man image is CC0 1.0 public domain
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http://maxpixel.freegreatpicture.com/Mountains-Valleys-Landscape-Hills-Grass-Green-699369
https://creativecommons.org/publicdomain/zero/1.0/
http://www.publicdomainpictures.net/view-image.php?image=139314&picture=walking-man
https://creativecommons.org/publicdomain/zero/1.0/

Where we are now...

Mini-batch SGD

Loop:

1. Sample a batch of data

2. Forward prop it through the graph
(network), get loss

3. Backprop to calculate the gradients

4. Update the parameters using the gradient
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There are a few more steps before we start
training

1. One time setup
activation functions, preprocessing, weight initialization,
regularization, gradient checking

2. Training dynamics
babysitting the learning process,
parameter updates, hyperparameter optimization

3. Evaluation
model ensembles, test-time augmentation, transfer
learning
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Today's agenda

- Activation Functions
- Normalization Layers
- Optimizers

Ranjay Krishna Lecture 6 - 15 April 17, 2025




Activation Functions
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Activation Functions

S|gmo|d Leaky RelLU )
_ 1 max(0.1z, x)
0'($)  14e*®
-0 g 10 —171 10

tanh GelLU
tanh (:E) 0.5a:<1 1 tanh[\/2/_7r(w p 0.044715w3)])
ReLU ELU

T x>0
maX(O’ ZIZ) : {oz(e‘” —1) <0
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Sigmoid o(z) =1/(1+e7%)

- Squashes numbers to range [0,1]

- Historically popular since they
have nice interpretation as a
saturating “firing rate” of a neuron

Sigmoid
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Sigmoid o(z) =1/(1+e77)

- Squashes numbers to range [0,1]

- Historically popular since they
have nice interpretation as a
saturating “firing rate” of a neuron

3 problems:

1. Saturated neurons “kill” the
Sigmoid gradients
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():8: //!-d
X o o(@) = 1/(1+e ) gill
g @ sg;rlgld > . /
833 0.-};
0L 90 oL oL A
dxr Oz Oo do — e b o o o e g

200 = 6(x) (1 - 0(x) )
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08 //_,-‘_
X do| sigmoid aife]) =ik e—i) 0'(:/;/
- o ate - o
oz ° ;
9L 00 0L\ oL Ll
dxr Oz Oo Do X _;-./.:....;....].0
What happens when x = -107? 299 = o(x) (1 - 0(x))
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08 //_,-‘_
X do| sigmoid aife]) =ik e—i) 0'(:/;/
- o ate - o
oz ° ;
9L 00 0L\ oL Ll
dxr Oz Oo Do X _;-./.:....;....].0
What happens when x = -107? 299 = o(x) (1 - 0(x))
6(x) =~0

agix) =0x)(1—-0(x))=01-0) =0
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()8 //_,-‘_
- = 1/
X Oo| sigmoid o) =l >) 0'7
< a_ ate < o4}
oz 9 ;
8L 00 0L \ oL At
dxr Oz Oo Do X _:-./.:....;‘...].0
What happens when x = -107? 299 = o(x) (1 - 0(x))

What happens when x = 07?
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()8 //_f-d_
- - 1/
X do| sigmoid e >) 'l
< - ate - 0..}/:
or| 9 |
0L 8o OL oL At
dxr Oz Oo Do X _:-./.3....;‘...110
What happens when x = -107? 299 = o(x) (1 - 0(x))

What happens when x = 07
What happens when x = 107
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()8 //_f-d_
- - 1/
X do| sigmoid e >) 'l
< - ate - 0..}/:
or| 9 |
0L 8o OL oL At
dxr Oz Oo Do X _:-./.3....;‘...110
What happens when x = -107? 299 = o(x) (1 - 0(x))

What happens when x = 07
What happens when x = 107

o(x) =~1 XD —o(x)(1-0®)=1(1-1) =0
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o(z) =1/(1+e7%)

OJo| sigmoid <
0L 0o | T oL
or  Ox oo
What h
What h; ol S

-

5
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oo
ozx

X
«
OL 0o OL
dr Oz Oo

sigmoid
gate

o(z) =1/(1+ e %)

>

<

@
oo

Why is this a problem?
If all the gradients flowing back will be
zero and weights will never change

Ranjay Krishna
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Sigmoid o(z) =1/(1+e7%)

- Squashes numbers to range [0,1]

- Historically popular since they
have nice interpretation as a
saturating “firing rate” of a neuron

3 problems:

1. Saturated neurons “kill” the

Sigmoid gradients
2. Sigmoid outputs are not

zero-centered
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Consider what happens when sigmoid activations are used

o) wo

synapse
WoZo

axon from a neuron

f sz‘wi +b

What can we say about the gradients on w?
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Consider what happens when sigmoid activations are used

o) wo

synapse
WoZo

axon from a neuron

f sz‘wi +b

What can we say about the gradients on w?

590 _ ooy (1 9L _ 90 0L
. — 0% (L—0(x)) dxz Oz Oo
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Consider what happens when sigmoid activations are used

0 wo

synapse
WoZo

axon from a neuron

f sz‘wi +b

What can we say about the gradients on w?

590 _ ooy (1 9L _ 90 0L
- = 0(x) (1 —ox)) % 92 B0

g_i — 0 (Zz w;z; +b)(1—o (Zz w;z; + b))x X upstream_gradient
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Consider what happens when sigmoid activations are used

f sz’wi +b

What can we say about the gradients on w?

We know that local gradient of sigmoid is always positive

oL __ o>, wiz; +b)(1 — o>, wiz; + b)ja: X upstream_gradient

w
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Consider what happens when sigmoid activations are used

f sz‘xi +b

What can we say about the gradients on w?

We know that local gradient of sigmoid is always positive
Input x is always positive (because it is output from previous layer’s sigmoid)

9 o3, wiwi + b)(1— o(>, wim: 1 b))
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X upstream_gradient
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All weight updates are correlated

f Zwiﬂfi +b

What can we say about the gradients on w?

We know that local gradient of sigmoid is always positive
Input x is always positive (because it is output from previous layer’s sigmoid)

So!! Sign of gradient for all w. is the same as the sign of upstream scalar gradient!

oL | _ J(Zi w;z; + b)(1 — J(Zi w; T; + b)ja: X lupstream_gradient

ow
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Because all weights are updated in the same direction, it is

harder to optimize.

i sz‘fbi +b

What can we say about the gradients on w?
Always all positive or all negative :(

Ranjay Krishna
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allowed
gradient
update
directions
, .
zig zag path
allowed
gradient
update
directions
hypothetical
optimal w
vector
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Because all weights are updated in the same direction, it is

harder to optimize.
allowed
gradient
update
directions
|
f E ’UJZ CEZ —I_ b allowed zig zag path
" gradient
(] update
directions
hypothetical
What can we say about the gradients on w? opti{nal w
veclor

Always all positive or all negative :(
(For a single element! Minibatches help)
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Sigmoid o(z) =1/(1+e7")

- Squashes numbers to range [0,1]

- Historically popular since they
have nice interpretation as a
saturating “firing rate” of a neuron

3 problems:

1. Saturated neurons “kill” the
Sigmoid gradients
2. Sigmoid outputs are not
zero-centered
3. exp() is a bit compute expensive
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Tanh

- Squashes numbers to range [-1,1]
- zero centered (nice)
- still kills gradients when saturated :(

tanh(x)

[LeCun et al., 1991]
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RelLU - Computes f(x) = max(0,x)

Lo - Does not saturate (in +region)

- Very computationally efficient

- Converges much faster than
sigmoid/tanh in practice (e.g. 6x)

-10 10

RelLU
(Rectified Linear Unit)

[Krizhevsky et al., 2012]
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RelLU - Computes f(x) = max(0,x)

- Does not saturate (in +region)

- Very computationally efficient

- Converges much faster than
sigmoid/tanh in practice (e.g. 6x)

10

-10 10

- Not zero-centered output
RelLU
(Rectified Linear Unit)
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RelLU - Computes f(x) = max(0,x)

- Does not saturate (in +region)

- Very computationally efficient

- Converges much faster than
sigmoid/tanh in practice (e.g. 6x)

10

-10 10

- Not zero-centered output
RelLU - An annoyance.:

(Rectified Linear Unit)
hint: what is the gradient when x < 0?
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10+

X 90 Retu o(z) = max(O,ic)
< Or gate <
dL 8o OL oL
or B oxr Oo oo -10 v 10

What happens when x = -107?
What happens when x = 07
What happens when x = 107?
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oo
ozx

X
«
OL 0o OL
dr Oz Oo

What happens when x = -107?
What happens when x = 07
What happens when x = 107?

Ranjay Krishna

RelLU
gate

o(x) = max(0, x)

10+

OL
oo

-10 Y 10

=> people like to initialize
RelLU neurons with slightly
positive biases (e.g. 0.01)
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Mass et al., 2013
Leaky RelLU {He et al., 2015] |
- Does not saturate
- Computationally efficient
- Converges much faster than
sigmoid/tanh in practice! (e.g. 6x)
- will not see disappearing
gradients.

10,

- -1 10

Leaky ReLU
f(z) = max(0.01z, )
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Leaky RelLU

10,

- -1 10

Leaky RelLU

f(z) = max(0.01z; )

Ranjay Krishna

[Mass et al., 2013]
[He et al., 2015]

- Does not saturate

- Computationally efficient

- Converges much faster than
sigmoid/tanh in practice! (e.g. 6x)

- will not see disappearing

gradients

backprop into \alpha
(parameter)
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Parametric Rectifier (PReLU)

fle) = maxﬁpza:, )
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ELU [Clevert et al., 2015]

Exponential Linear Units (ELU)

- All benefits of ReLU
- Closer to zero mean outputs

- Computation requires exp()
- Negative saturation can Kill
gradients for large negative

P = i+ ifz >0
Y 7 e (exp(z) —1) ifx <0

(Alpha default = 1)
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SELU [Klambauer et al. ICLR 2017]

Scaled Exponential Linear Units (SELU)

- Scaled versionof ELU that
works better for deep networks

- “Self-normalizing” property;

- Can train deep SELU networks

—/ i without BatchNorm

N - (will discuss more later)

10

AT ifz >0
Aa(e® — 1) otherwise
a=1.6733, A =1.0507

fle) = {
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" [Ramachandran et al. 2018]
Swish

51 | e - They trained a neural network
j r
B=10 I : to generate and test out
| / different non-linearities.
e ] - Swish outperformed all other
e s options for CIFAR-10 accuracy
Swish

f(z) = zo(pz)
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[Hendrycks and Gimpel, Gaussian Error Linear Units (GELUs), 2016]

GelLU
Gaussian Error Linear Units L(ietg.nﬁj)srirgor;]noeidtr;engerz’:u?arts
= - GELU transitions more
smoothly
- It weights each input
according to the Gaussian

E : (Normal) CDF

-1-

X ~N (OJ 1) ol Cumulative Norma 1 Distribution Function
gelu(x) = xP(X < x) = > (1 + erf(x/2)) !

SENEVANGE Lecture 6 -



G e L U [Hendrycks and Gimpel, Gaussian Error Linear Units (GELUs), 2016]

Mathematically, GELU(z) = z x ®(z)

where ®(x) is the cumulative
distribution function (CDF) of a
standard normal distribution N
(0,1)

| ()
L+ tonh (@ (m+0_044715x3))] «— ltis approximated as

GELU(z) =~ 0.5«
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Activation Functions

GelU

=3

-] -

X~N(0,1)

gelu(x) =xP(X < x) = ;(1 + erf(x/V2))

Ranjay Krishna

[Hendrycks and Gimpel, Gaussian Error Linear Units (GELUs), 2016]

More continuous version of
RelLU. It scales the input x by
a probability factor
dependent on x

Avoid zero gradients
Empirically stable training
Very common in
Transformers (BERT, GPT,
VIT)
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TLDR: In practice:

- Use GelLU when using transformers

- Play around with other variants of RelLU.
- Be careful with your learning rates

- Don’t use sigmoid or tanh
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Batch Normalization
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Batch Normalization [loffe and Szegedy, 2015]

“you want zero-mean unit-variance activations? just make them so.”

consider a batch of activations at some layer. To make
each dimension zero-mean unit-variance, apply:

v/ Var[z(*)] this is a vanilla
differentiable function...
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Batch Normalization [loffe and Szegedy, 2015]

Input: »: N x D

Per-channel mean,
shape is D

2|H

2 Per-channel var,
shape is D

ZlH

N

DT
AAA .

me

N X

: i 4 — |
Li,j = by M Normalized x,

2 .
YVY ,/gj_|_5 Shape is N x D

D
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Batch Normalization [loffe and Szegedy, 2015]

N
Input: » : N x D i = i Z Per-channel mean,
N — shape is D
Yy 1N
2 2 Per-channel var
. — — $ y
v N Z by shape is D
N X g
x. S oo .
:Am',j = s Normalized x,
2 Shape is N x D
o +¢
Yvy \/J—+
D Problem: What if zero-mean, unit

variance is too hard of a constraint?
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Batch Normalization [loffe and Szegedy, 2015]

Per-channel mean,

Input: »: N x D
shape is D

2|H

Learnable scale and
shift parameters:
2 1)
5B A o

’L. .
. = J Normalized X,

Lig =
' = 2 Shapeis N xD
Learning v=o0, \/ 05+ € P

@: u will recover the Ui = iyt B, Output
identity function! . J=8J 7 7) Shape is N x D

2 Per-channel var,
shape is D

ZlH

N
N
E : 552,3
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Estimates depend on minibatch;

Batch Normalization: Test-Time _ i o tocttime:

Input: »: N x D - x; ; Per-channel mean,
; shape is D

Learnable scale and 5 Perchannel
. er-channeil var,
shift parameters: - Z(%’i,j ez, shape is D
V0D ey
B = —2 J Normalized x,

' = . Shape is N x D
Learning v=o0, \/ 07T E P

@: u will recover the Ui = iyt B, Output
identity function! . J=8J 7 7) Shape is N x D
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Batch Normalization: Test-Time

Input: +: N x D . __ (Running) average of Per-channel mean,
:uj —  values seen during training shape is D
Learnable scale and
. ] 0.2 __ (Running) average of Per-channel var,
shift Parameters- J — values seen during training shape is D
¥ b D .
2 xla] 'LL] H
| | Ti; = Normalized x,
During testing batchnorm 02_ + e Shape is N x D
becomes a linear operator! V 7
Can be fused with the previous A . Output,
fully-connected or conv layer Yij = YiTij + P; Shape is N x D
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Batch Normalization

|

FC

:

BN

!

tanh

l

FC

:

BN

I

tanh

Ranjay Krishna

-—

[loffe and Szegedy, 2015]

Usually inserted after Fully
Connected or Convolutional layers,
and before nonlinearity.

) _ (k) _ E[x(k)]
v/ Var[z(%)]
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Batch Normalization [loffe and Szegedy, 2015]

|

FLC - Makes deep networks much easier to train!
BN - Improves gradient flow
I - Allows higher learning rates, faster convergence
tanh - Networks become more robust to initialization
l - Acts as regularization during training
FC - Zero overhead at test-time: can be fused with conv!
l - Behaves differently during training and testing: this
BlN is a very common source of debugging!
tanh
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Batch Normalization for convolutions

Batch Normalization for

Batch Normalization for convolutional networks

fully-connected networks (Spatial Batchnorm, BatchNorm2D)
x: N x D X: NxCxHxW
Normalize | Normalize | 4
M,o0: 1 x D H,0: 1xCx1lxl
Y,P: 1 x D Y,P: 1xCx1lxl
y = Y(x-M)/0o+p y = Y(x-M)/o+p
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Layer Normalization
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Layer Normalization for MLPs

Layer Normalization for
fully-connected networks

Same behavior at train and test!
Often used in transformers

Batch Normalization for
fully-connected networks

Xx: N x D x: N x D
Normalize * Normalize *
M,o0: 1 x D M,0: N x 1
Y,B: 1 x D Y,B: 1 x D

y = Y(x-M)/0o+P y = Y(x-H)/0+B

Ba, Kiros, and Hinton, “Layer Normalization”, arXiv 2016
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Instance Normalization
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Instance Normalization for Convolutions

convolutional networks convolutional networks
Same behavior at train / test!
X: NxXCxHxW X: NxXCxHxW
Normalize * * * Normalize * *
H,0: 1xCx1lxl M,0: NxCx1lxl
Y,P: 1xCx1lx1 Y,B: 1xCx1lxl

y = Y(x-HU)/o+p y = Y(x-H)/o+p

Ulyanov et al, Improved Texture Networks: Maximizing Quality and Diversity in Feed-forward Stylization and Texture Synthesis, CVPR 2017
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Comparison of Normalization Layers

Batch Norm Layer Norm Instance Norm

H,W
LS S
oy

H,W
H,W

LTI

oW

AN
NERTT

L

LTS S

A AT
VR R
Z W

Wu and He, “Group Normalization”, ECCV 2018
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Group Normalization

B T
AT
A AANNNNZ
T

Group Norm

A ey
WA A

M'H

(R
NIRRT
AANANNN\Z
I Y

Instance Norm

A A
T O

ATNTA TR AT
[
AAANNNZ
TN

Layer Norm

Batch Norm

A A
ey O

Wu and He, “Group Normalization”, ECCV 2018
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(Fancier) Optimizers
Can we do better than SGD?
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Vanilla SGD

# Vanilla Gradient Descent

while True:
weights grad = evaluate gradient(loss fun, data, weights)
weights += - step size * weights grad # perform parameter update
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?
What does gradient descent do?

—

Aside: You can detect this situation by calculating the condition number,
which is the ratio of largest to smallest singular value of the Hessian matrix
Large ratio implies high condition number implies the loss is uneven

w1
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?
What does gradient descent do?
Very slow progress along shallow dimension, jitter along steep direction

Loss function has high condition number: ratio of largest to smallest
singular value of the Hessian matrix is large
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Optimization: Problem #2 with SGD

A

loss

What if the loss
function has a
local minima or
saddle point?

W
-
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Optimization: Problem #2 with SGD

A

loss

What if the loss
function has a
local minima or
saddle point?

Zero gradient, ®
gradient descent
gets stuck
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Optimization: Problem #2 with SGD

What if the loss
function has a
local minima or
saddle point?

Saddle points much
more common in
high dimension

Dauphin et al, “Identifying and attacking the saddle point problem in high-dimensional non-convex optimization”, NIPS 2014
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Optimization: Problem #3 with SGD

Our gradients come from
minibatches so they can be noisy!

| X
L(W) = NZLi(xz’ath)

=1

N
1
VwL(W) = + > VwLi(i,yi, W)

=1
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SGD + Momentum Gradient Noise

Local Minima  Saddle points

e N\

Poor Conditioning

i W
A
A’A' AAA
‘: !‘!A'i;.’
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SGD: the simple two line update code

SGD

Ter1 = ¢ — aV f(xy)

while True:
dx = compute_gradient(x)
x —= learning_rate x dx
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SGD + Momentum:

continue moving in the general direction as the previous iterations
SGD SGD+Momentum

Vit1 = pvr + V f(xe)

Tt4+1 = Tt — AVt41

Ti+1 = Tt — QVf(J?t)

while True:
dx = compute_gradient(x)
x —= learning_rate x dx

- Build up “velocity” as a running mean of gradients
- Rho gives “friction”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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SGD + Momentum:

continue moving in the general direction as the previous iterations
SGD SGD+Momentum

Vit1 = pvr + V f(xe)

Lt+1 = Tt — QU441

Ti+1 = Tt — QVf(J?t)

vX = 0
while True:

while True:
dx = compute_gradient(x)

X —= learning_rate * dx dx = compute_gradient(x)
vX = rho x vx + dx
X —= learning_rate * vx

- Build up “velocity” as a running mean of gradients
- Rho gives “friction”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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SGD + Momentum:

alternative equivalent formulation

SGD+Momentum SGD+Momentum
Vt4+1 = PUt — (XVf(Qﬁt) Vt4+1 — PUt -+ Vf(.’Et)
Ti4+1 = Tt + Vg4l T+l = Tt — QU1
VX = 0 vX = 0
while True: while True:
dx = compute_gradient(x) dx = compute_gradient(x)
vX = rho *x vx - learning_rate x dx vX = rho *x vx + dx
X += VX x —= learning_rate * vx

You may see SGD+Momentum formulated different ways,
but they are equivalent - give same sequence of x

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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SGD+Momentum

Momentum update:

Velocity

actual step

Gradient

Combine gradient at current point with
velocity to get step used to update weights
Nesterov, “A method of solving a convex programming problem with convergence rate O(1/k*2)”, 1983

Nesterov, “Introductory lectures on convex optimization: a basic course”, 2004
Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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AdaGrad

grad_squared = 0

while True:

dx = compute_gradient(Xx)
grad_squared += dx * dx
X -= learning_rate * dx / (np.sqrt(grad_squared) + 1le-7)

Added element-wise scaling of the gradient based
on the historical sum of squares in each dimension

“‘Per-parameter learning rates”
or “adaptive learning rates”

Duchi et al, “Adaptive subgradient methods for online learning and stochastic optimization”, JMLR 2011
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AdaGrad

grad_squared = 0

while True:
dx = compute_gradient(Xx)
grad_squared += dx * dx
X -= learning_rate * dx /

—

(np.sqrt(grad_squared) + 1le-7)

Q: What happens with AdaGrad?

Ranjay Krishna
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AdaGrad

grad_squared = 0

while True:
dx = compute_gradient(Xx)
grad_squared += dx * dx

X

-= learning_rate * dx /

(np.sqrt(grad_squared) + 1le-7)

Q: What happens with AdaGrad? Progress along “steep” directions is damped;

Ranjay Krishna

progress along “flat” directions is accelerated
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AdaGrad

grad_squared = 0
while True:
dx = compute_gradient(Xx)
grad_squared += dx * dx
X -= learning_rate * dx / |(np.sqrt(grad_squared) + 1le-7)

—

Q2: What happens to the step size over long time?
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AdaGrad

grad_squared = 0

while True:
dx = compute_gradient(Xx)
grad_squared += dx * dx
X -= learning_rate * dx /

(np.sqrt(grad_squared) + 1le-7)

—

Q2: What happens to the step size over long time? Decays to zero

Ranjay Krishna
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RMSProp: “Leaky AdaGrad”

grad_squared = 0
while True:

AdaGrad dx = compute_gradient(x)
grad_squared += dx * dx
X -= learning_rate * dx / (np.sqgrt(grad_squared) + 1le-7)

grad_squared = 0

while True:

RMSProp dx = compute_gradient(x)

grad_squared = decay_rate * grad_squared + (1 - decay_rate) * dx * dx
X -= learning_rate * dx / (np.sqrt(grad_squared) + 1le-7)

Tieleman and Hinton, 2012
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RMSProp

SGD

SGD+Momentum

RMSProp

AdaGrad

(stuck due to
decaying Ir)

Ranjay Krishna
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Adam (almost)

first_moment = 0
second_moment = 0@
while True:
dx = compute_gradient(x)
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
x -= learning_rate * first_moment / (np.sqrt(second_moment) + 1e-7))

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam (almost)

first_moment = 0
second_moment = 0
while True:

dx = compute_gradient(x)

first_moment = betal * first_moment + (1 - betal) * dx Momentum
second_moment = betaZ * second_moment + (1 - betaz) » dx * dX
x -= learning_rate * first_moment / (np.sqrt(second_moment) + 1e-7)) AdaGrad / RMSPI’Op

Sort of like RMSProp with momentum

Q: What happens at first timestep?

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam (full form)

first_moment = 0

second_moment = 0

for t in range(1, num_iterations):
dx = compute gradient(x) Momentum
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx |
first_unbias = first_moment / (1 - betal ** t) . )
second_unbias = second_moment / (1 - beta2 ** t) Bias correction

| x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + le-7)) |
AdaGrad / RMSProp

Bias correction for the fact that
first and second moment
estimates start at zero

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam (full form)

first_moment = 0
second_moment = 0
for t in range(1,

dx = compute gr

num_iterations):
adient(x)

first_moment =

betal * first_moment

+ (1 - betal) * dx

Momentum

| second_moment = beta2 * second_moment + (1 - beta2) * dx * dx |
first_unbias = first_moment / (1 - betal ** t)

second_unbias = second_moment / (1 - beta2 ** t)
| x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + le-7)) |

Bias correction

AdaGrad / RMSProp

Bias correction for the fact that
first and second moment
estimates start at zero

Adam with beta1 = 0.9,
beta2 = 0.999, and learning_rate = 1e-3 or 5e-4
is a great starting point for many models!

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam

SGD

SGD+Momentum

RMSProp

Adam
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L2 Regularization vs Weight Decay

Optimization Algorithm L2 Regularization

L(w) = Lggra(w) + Lyeg (w) LW) = LggeaW) + A|lw|?*

gtr = VL(Wt) gt = VL(W;) = VLgara(We) + 22w,
s, = optimizer(g,) s¢ = optimizer(g;)

Wep1 = We — ASt Wit1 = W — aSt
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L2 Regularization vs Weight Decay

Optimization Algorithm L2 Regularization

L(w) = Lggra(w) + Lyeg (w) LW) = LggeaW) + A|lw|?*

gtr = VL(Wt) gt = VL(W;) = VLgara(We) + 22w,
s, = optimizer(g,) s¢ = optimizer(g;)

Wep1 = We — ASt Wit1 = W — aSt

L2 Regularization and Weight Decay are equivalent  \Weight Decay
for SGD, SGD+Momentum so people often use the _
terms interchangeably! Lw) = Laata (W)

9t = VLgara(We)
s, = optimizer(g;) + 2w,
Wiy1 = W — ASt
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L2 Regularization vs Weight Decay

Optimization Algorithm L2 Regularization

L(w) = Lggra(w) + Lyeg (w) LW) = LggeaW) + A|lw|?*

9t = VL(Wt) 9t = VL(Wt) o VLdata(Wt) + 22w,
s, = optimizer(g,) s¢ = optimizer(g;)

Wt+1 — Wt — aSt Wiir1 = W — ASt

L2 Regularization and Weight Decay are equivalent  \Weight Decay
for SGD, SGD+Momentum so people often use the _
terms interchangeably! Lw) = Laata (W)

. 9t = Vlgara (W)
But they are not the same for adaptive _ timi ( ) + 22w
methods (AdaGrad, RMSProp, Adam, etc) St = optimizer\g;

Wir1 = W — QS
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AdamW: Decoupled Weight Decay

Algorithm 2 ' Adam with L regularization and Adam with decoupled weight decay (AdamW)

1: given a = 0.001, 51 = 0.9, 32 = 0.999, ¢ = 102 A€ER
2: initialize time step t <— 0, parameter vector 8;—o € IR", first moment vector m;—g < 0, second moment
vector vi—g < 0, schedule multiplier 7;—o € R

3: repeat

| <L+ 1

5:  V/fi(6:-1) < SelectBatch(6;_1) > select batch and return the corresponding gradient
6: g, « Vii(0:—.) IO

7. my — Bimy—1 + (1 — B1)g, > here and below all operations are element-wise
8: Vi < ,.-"3-2vt_1 + (1 — .'_)’2)g12

9:  mmy +—m/(1— 1) > (31 is taken to the power of ¢
10: Py < ve/(1 — B%) > [32 is taken to the power of ¢
11:  m « SetScheduleMultiplier(?) > can be fixed, decay, or also be used for warm restarts

12: 0, « 0;_1 —n, (am,/(\/f?+ €) +-A0s_1 )
13: until stopping criterion is met
14: return optimized parameters 6,
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First-Order Optimization

Loss

w1

>
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First-Order Optimization

(1) Use gradient form linear approximation
(2) Step to minimize the approximation

S

Loss

w1

>
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Second-Order Optimization

(1) Use gradient and Hessian to form quadratic approximation
(2) Step to the minima of the approximation

A
Loss

w1
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Second-Order Optimization

second-order Taylor expansion:

L(0) =~ L(60) 4 (0 — 60)" Vo L(60) + (6 — 60)" H (6 — 6p)

Solving for the critical point we obtain the Newton parameter update:

0* =0y — H VoL ()

Q: Why is this bad for deep learning?
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In practice:

- AdamW should probably be your “default” optimizer
for new problems
- Adam is a good second choice in many cases; it
often works ok even with constant learning rate
- SGD+Momentum can outperform Adam but may
require more tuning of LR and schedule
- Try cosine schedule, very few hyperparameters!
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Summary TLDRs

We looked in detail at:

- Activation Functions (use RelLU or GelU)

- Layer Normalization (used in transformers!)

- Batch Normalization (use this if not using
layer norm!)

- Optimizers (use AdamW)
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Next time:

Tokenization & Introduction to language
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Nesterov Momentum

Momentum update:

Velocity

actual step

Gradient

Combine gradient at current point with
velocity to get step used to update weights

Nesterov, “A method of solving a convex programming problem with convergence rate O(1/k*2)”, 1983
Nesterov, “Introductory lectures on convex optimization: a basic course”, 2004
Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013

Nesterov Momentum

Gradient

Velocity

actual step

“Look ahead” to the point where updating using
velocity would take us; compute gradient there and
mix it with velocity to get actual update direction

106

Ranjay Krishna
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Nesterov Momentum

Vi1 = pvg — oV f(xy + pvy)

Ti+1 = Tg + V41

Gradient

Velocity

actual step

“Look ahead” to the point where updating using
velocity would take us; compute gradient there and
mix it with velocity to get actual update direction
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Nesterov Momentum

Annoying, usually we want
update in terms of ¢, V f(x¢)

S —

Vir1 = pvy — aV flxy + puy

Ti+1 = Tg + V41

Gradient

Velocity

actual step

“Look ahead” to the point where updating using
velocity would take us; compute gradient there and
mix it with velocity to get actual update direction
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Nesterov Momentum

Annoying, usually we want
update in terms of ¢, V f(x¢)

S —

Vir1 = pvy — aV flxy + puy

T + Vet1

Lt+1

Gradient

Velocity

Change of variables Z; =f|T¢|+ pv; |and
rearrange:

actual step

“Look ahead” to the point where updating using
velocity would take us; compute gradient there and
mix it with velocity to get actual update direction
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Nesterov Momentum

Lt+1

Vir1 = pvy — aV flxy + puy

S —

Tt + Vet1

Annoying, usually we want
update in terms of ¢, V f(x¢)

Change of variables T; = Ty + pv; and

rearrange:
Vir1 = pvp — aV f(Zy)
Tiy1 = Z¢ — pvg + (1 + p)viga

Ty + vey1 + p(Veg1 — V)

Ranjay Krishna

L ecture 6 -

Gradient

Velocity

actual step

“Look ahead” to the point where updating using
velocity would take us; compute gradient there and
mix it with velocity to get actual update direction
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Nesterov Momentum
That’s it!

Step 1: Calculate the velocity at t+171
Step 2: Update the parameters using the

velocities at t+7 and ¢ Gradient

Velocity

actual step

Vir1 = pvp — aV f(Zy)
Lt+1 = Tt — PU¢ T (1 T p)vt-i-l “Look ahead” to the point where updating using

o~ velocity would take us; compute gradient there and
— Xt a3 Ut+1 T P(Ut+1 T Ut) mix it with velocity to get actual update direction
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Nesterov Momentum

—— SGD+Momentum

wmmm==_ Nesterov
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Optional: Second-Order Optimization

second-order Taylor expansion:

L(0) =~ L(60) 4 (0 — 60)" Vo L(60) + (6 — 60)" H (6 — 6p)

Solving for the critical point we obtain the Newton parameter update:

% 1 Hessian has O(N”2) elements
0" =00 — H VQL(OO) Inverting takes O(N*3)

N = (Tens or Hundreds of) Billions

Q: Why is this bad for deep learning?
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Optional: Second-Order Optimization
0* = 0y — H'VoL(6p)

- Quasi-Newton methods (BGFS most popular):
instead of inverting the Hessian (O(n"3)), approximate
inverse Hessian with rank 1 updates over time (O(n"2)
each).

- L-BFGS (Limited memory BFGS):
Does not form/store the full inverse Hessian.
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Optional: L-BFGS

- Usually works very well in full batch, deterministic mode
l.e. if you have a single, deterministic f(x) then L-BFGS will
probably work very nicely

- Does not transfer very well to mini-batch setting. Gives
bad results. Adapting second-order methods to large-scale,
stochastic setting is an active area of research.

Le et al, “On optimization methods for deep learning, ICML 2011”
Ba et al, “Distributed second-order optimization using Kronecker-factored approximations”, ICLR 2017
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