


Fair Division

* What is a fair way for 2 people to split a heterogenous, divisible
good?

* Why not 50/507?

* | Cut, You Choose Protocol
* Player | told to split the good into two pieces A and B such that v(A) =v(B) =
% v(A U B).
* Player Il picks his favorite of A and B.
* Player | takes the other piece.
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Formal Model A ‘

e The good is the unit interval [0,1].

e v;(S) is the value that ¢ assigns to the subset
S of the cake. (Subset will be a finite union of
disjoint intervals.)

e Assumptions about the valuation function

— v; is normalized with v;[0, 1] = 1.

— v; is additive on disjoint subsets.. So if
A, B are disjoint, then v;(A) + v;(B) =
V; (A U B)

— Valuations are ”divisible”. For every c €
[0,1] and X, there is a Y in X such that
Vi(Y) = cVi(X).



Moving-knife Algorithm for fair division of a cake among n people

e Move a knife continuously over the cake from left to right
until some player yells “Stop!”

e Give that player the piece of cake to the left of the knife.

e [terate with the other n— 1 players and the remaining cake.
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11.1. CAKE CUTTING 195

2
value to player | : 0 3

value to player I 0 % %
value to player IlI 0 0 1

FiGure 11.3. This figure shows an example of how the Moving-knife Algo-
rithm might evolve with three players. The knife moves from left to right.
Player I takes the first piece, then II, then III. In the end, player I is envious
of player III.



CAKE CUTTING FOR THREE

Charlie cuts the cake into three pieces that e

Alice, Bob and Charlie want to share a cake
so that none of them envies other pieces.

are equally valuable from his perspective.

Alice and Bob identify their first choices.
If they identify the same choice, things get tricky.



CAKE CUTTING FOR THREE
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@ Alice, Bob and Charlie want to share a cake
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@ Charlie cuts the cake into three pieces that
are equally valuable from his perspective.
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Alice and Bob identify their first choices.
If they identify the same choice, things get tricky.
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@ Putting the trim to one side they choose in this
order: Alice first*, Bob second and Charlie last.
It is envy free
...for Alice, because she got first choice.
...for Bob, because his second choice was equally valuable.
...for Charlie, because the three original slices were equal to him.

*If Alice doesn’t choose the trimmed piece, then Bob must take it.
Alice and Bob then trade places for the rest of the process.
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To divvy up the trimmed slice, first Bob cuts

@ the trim into three pieces that are equally ./ A \‘ °
valuable from his perspective. s -\ -{ \
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CAKE CUTTING FOR THREE

Alice, Bob and Charlie want to share a cake
so that none of them envies other pieces.

° 0.

@ Charlie cuts the cake info three pieces that
are equally valuable from his perspective.

Alice and Bob identify their first choices.
If they identify the same choice, things get tricky.

B
3
.

P
°

-

@ Bob trims his preferred piece to match
his second most preferred piece.

Trim

@ Putting the trim to one side they choose in this
order: Alice first*, Bob second and Charlie last.
Itis envy free
..for Alice, because she got first choice.
....for Bob, because his second choice was equally valuable.
..for Charlie, because the three original slices were equal to him.
*If Alice doesn't choose the trimmed piece, then Bob must
Alice and Bob then trade places for the rest of The process.
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@ To divvy up the trimmed slice, firs@cuts
the trim into three pieces that are equally

valuable from his perspective. ’Q c
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Now they choose a portion of trim in this order:
Alice first, Charlie second and Bob last

It is envy free
...for Alice, because she got her first choice.
...for Charlie, because he got to choose before Bob.
...for Bob, because the three pieces of trim were equal to him.
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CAKE CUTTING FOR THREE —

@ Alice, Bob and Charlie want to share a cake
so that none of them envies other pieces.

@ Charlie cuts the cake into three pieces that
are equally valuable from his perspective.
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Alice and Bob identify their first choices.
I they identify the same choice, things get tricky.
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@ Bob trims his preferred piece to match
his second most preferred piece.
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@ Putting the trim to one side they choose in this

order: Alice first*, Bob second and Charlie last.

It is envy free

...for Alice, because she got first choice. “ \
....for Bob, because his second choice was equally valuable. : ! 0 \ b h 2 \‘ L (¢ (" v ‘1 \ g
...for Charlie, because the three original slices were equal to him.

*If Alice doesn’t choose the trimmed piece, then Bob must take it.

Alice and Bob then trade places for the rest of the process. &
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@ To divvy up the trimmed slice, first Bob cuts

the trim into ert?-e pieces H?o? are equally .!/A \!. \ c ?ﬂ\—‘l \DL ‘c«‘ ma‘\

valuable from his perspective.
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@ Now they choose a portion of trim in this order: A
/-

Alice first, Charlie second and Bob last "\
It is envy free
...for Alice, because she got her first choice. 1)
...for Charlie, because he got to choose before Bob. n

...for Bob, because the three pieces of trim were equal to him. v\ &_S
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Auctions

* Ancient mechanism for buying and selling goods.
* In modern times, used for many economics transactions.

* In the age of the Internet, we can buy and sell goods and services via
auctions online, e.g. using eBay

* Companies. like Google and Microsoft use ad auctions to sell
advertisement slots that will appear alongside your search results.

 All major search engines and social networking sites (e.g. Facebook)
make most of their money from running real-time auctions used to
sell online advertisements.

* Consequence: auctions are a major driver of modern Internet
economy.

* Why use an auction as opposed to simply fixing prices?



Why might a sell user an auction as opposed
to fixing a price?

* Because sellers don’t know how much buyers value their goods and
don’t want to risk setting prices that are too low (leaving money on
the table) or too high (nobody buys).

* Auction is technique for dynamically setting prices.

* In Internet settings, where the participants in the auction are
computer programs or individuals who don’t know each other, price-
setting is particularly difficult and this is what motivates auctions.
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