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Flying from Seattle to LA?
• High-level sequence of actions: get to the terminal, board an airplane, etc.

• If we have a detailed plan to get to the terminal (and some idea of how to 
check in and board), should we also plan our route through LAX?

• Rental car? Lodging? What future problems should we solve now?

• How do I get out of my house?

(EXAMPLE FROM LESLIE KAELBLING)



What Makes (Motion) Planning Difficult?
• Classic AI planning problems: Rubik’s cube, sliding-tile puzzle, chess

• Discrete state space, strictly-defined rules, humans have great intuition

• Developed many of the tools that are still used today!

• (Some) challenges in motion planning: continuous state space, expensive 
action simulation, robot model uncertainty, nonholonomic constraints

(WIKIPEDIA)



The Piano Mover’s Problem

HTTPS://YOUTU.BE/UBAGTSNZABKSCHWARTZ AND SHARIR, 1983

https://youtu.be/UBAGTsnzAbk
https://proceedings.neurips.cc/paper/2006/hash/98c39996bf1543e974747a2549b3107c-Abstract.html


High-Dimensional Planning

KUFFNER ET AL., 2003
HONDA H7 HUMANOID ROBOT NASA R2 HUMANOID ROBOT

KINGSTON ET AL., 2019

http://www.kuffner.org/james/papers/kuffner_isrr2003.pdf
https://csweb.rice.edu/news/kavraki-lab-develops-framework-nasas-robonaut-2


MANIPULATION PLANNING, HERB



Real-time planning

Willow garage, 2009 
https://www.youtube.com/watch?v=qbQDJ1c_Nxk&feature=youtu.be

https://www.youtube.com/watch?v=qbQDJ1c_Nxk&feature=youtu.be


Real-Time Planning

HTTPS://YOUTU.BE/QXZT-B7IUYW

https://youtu.be/qXZt-B7iUyw


Algorithms that Generalize

Figure 7: Visualization of the first of three articulated motion planning problems in which the HERB robot must move its right
arm from the start configuration (pictured) to any of seven grasp configurations for a mug. Shown is the progression of the
Alternate selector on one of the randomly generated roadmaps; approximately 2% of the 7D roadmap is shown in gray by
projecting onto the space of end-effector positions.

This form is derived from simplifying the induced geomet-
ric series; note that if exp(�wab)  Zba, the value Z 0

xy
is

infinite. One can also derive the inverse: given values Z 0,
calculate the values Z if an edge were removed.

This incremental formulation of (7) allows for the corre-
sponding score p(e) for edges to be updated efficiently dur-
ing each iteration of LazySP as the wlazy value for edges
chosen for evaluation are updated. In fact, if the values Z
are stored in a square matrix, the update for all pairs after an
edge weight change consists of a single vector outer product.

5 Experiments
We compared the seven edge selectors on three classes of
shortest path problems. The average number of edges evalu-
ated by each, as well as timing results from our implementa-
tions, are shown in Figure 8. In each case, the estimate was
chosen so that west  w, so that all runs produced optimal
paths. The experimental results serve primarily to illustrate
that the A* and LWA* algorithms (i.e. Expand and Forward)
are not optimally edge-efficient, but they also expose dif-
ferences in behavior and prompt future research directions.
All experiments were conducted using an open-source im-
plementation.1 Motion planning results were implemented
using OMPL (Şucan, Moll, and Kavraki 2012).

Random partially-connected graphs. We tested on a set
of 1000 randomly-generated undirected graphs with |V | =
100, with each pair of vertices sharing an edge with prob-
ability 0.05. Edges have an independent 0.5 probability of
having infinite weight, else the weight is uniformly dis-
tributed on [1, 2]; the estimated weight was unity for all
edges. For the WeightSamp selector, we drew 1000 w sam-
ples at each iteration from the above edge weight distribu-
tion. For the Partition selector, we used � = 2.

Roadmap graphs on the unit square. We considered
roadmap graphs formed via the first 100 points of the (2, 3)-
Halton sequence on the unit square with a connection radius
of 0.15, with 30 pairs of start and goal vertices chosen ran-
domly. The edge weight function was derived from 30 sam-
pled obstacle fields consisting of 10 randomly placed axis-

1https://github.com/personalrobotics/lemur

aligned boxes with dimensions uniform on [0.1, 0.3], with
each edge having infinite weight on collision, and weight
equal to its Euclidean length otherwise. One of the resulting
900 example problems is shown in Figure 2. For the Weight-
Samp selector, we drew 1000 w samples with a naı̈ve edge
weight distribution with each having an independent 0.1 col-
lision probability. For the Partition selector, we used � = 21.

Roadmap graphs for robot arm motion planning. We
considered roadmap graphs in the configuration space corre-
sponding to the 7-DOF right arm of the HERB home robot
(Srinivasa et al. 2012) across three motion planning prob-
lems inspired by a table clearing scenario (see Figure 7). The
problems consisted of first moving from the robot’s home
configuration to one of 7 feasible grasp configurations for
a mug (pictured), second transferring the mug to one of 72
feasible configurations with the mug above the blue bin, and
third returning to the home configuration. Each problem was
solved independently. This common scenario spans various
numbers of starts/goals and allows a comparison w.r.t. diffi-
culty at different problem stages as discussed later.

For each problem, 50 random graphs were constructed by
applying a random offset to the 7D Halton sequence with
N = 1000, with additional vertices for each problem start
and goal configuration. We used an edge connection radius
of 3 rad, resulting |E| ranging from 23404 to 28109. Each
edge took infinite weight on collision, and weight equal to its
Euclidean length otherwise. For the WeightSamp selector,
we drew 1000 w samples with a naı̈ve edge weight distribu-
tion in which each edge had an independent 0.1 probability
of collision. For the Partition selector, we used � = 3.

6 Discussion
The first observation that is evident from the experimen-
tal results is that lazy evaluation – whether using Forward
(LWA*) or one of the other selectors – grossly outperforms
Expand (A*). The relative penalty that Expand incurs by
evaluating all edges from each expanded vertex is a func-
tion of the graph’s branching factor.

Since the Forward and Reverse selectors are simply mir-
rors of each other, they exhibit similar performance averaged
across the PartConn and UnitSquare problem classes, which

HTTPS://YOUTU.BE/FAFW8DOKVIK

https://youtu.be/FAFw8DoKvik


Representations that Generalize

(a) Translating Triangle
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

(b) 2-joint planar arm

(c) Racecar (d) Manipulator



The Configuration Space

The configuration space or C-space is the manifold that 
contains the set of transformations achievable by the robot.

Complete specification of the 
location of every point on robot geometry

C



Key Insight
Represent the robot as a point in some high-dimensional space

C
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A



Example 1: Translating triangle

(cartesian product)

R⇥ R = R2
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

Example 2: 2-joint planar arm

S1 ⇥ S1

4.1. BASIC TOPOLOGICAL CONCEPTS 135

Yes

NoYes

Yes

Yes No

Yes No

Figure 4.4: Some subsets of R2 that may or may not be manifolds. For the three
that are not, the point that prevents them from being manifolds is indicated.

manifolds will be considered equivalent if they are homeomorphic (recall the donut
and coffee cup).

Cartesian products There is a convenient way to construct new topological
spaces from existing ones. Suppose that X and Y are topological spaces. The
Cartesian product, X × Y , defines a new topological space as follows. Every
x ∈ X and y ∈ Y generates a point (x, y) in X × Y . Each open set in X × Y
is formed by taking the Cartesian product of one open set from X and one from
Y . Exactly one open set exists in X × Y for every pair of open sets that can be
formed by taking one from X and one from Y . Furthermore, these new open sets
are used as a basis for forming the remaining open sets of X × Y by allowing any
unions and finite intersections of them.

A familiar example of a Cartesian product is R×R, which is equivalent to R2.
In general, Rn is equivalent to R×Rn−1. The Cartesian product can be taken over
many spaces at once. For example, R × R × · · · × R = Rn. In the coming text,
many important manifolds will be constructed via Cartesian products.

1D manifolds The set R of reals is the most obvious example of a 1D manifold
because R certainly looks like (via homeomorphism) R in the vicinity of every
point. The range can be restricted to the unit interval to yield the manifold (0, 1)
because they are homeomorphic (recall Example 4.5).

Another 1D manifold, which is not homeomorphic to (0, 1), is a circle, S1. In
this case Rm = R2, and let

S1 = {(x, y) ∈ R2 | x2 + y2 = 1}. (4.5)

If you are thinking like a topologist, it should appear that this particular circle
is not important because there are numerous ways to define manifolds that are

Circle

✓1

✓2
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

= T2



Example 3: Racecar

R2 ⇥ S1

SE(2)special euclidean group



Common C-spaces
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Type of Robot C-space Representation
Mobile robot translating in the plane R2

Mobile robot translating and rotating in the plane SE(2) or R2 × S1

Rigid body translating in the three-space R3

A spacecraft SE(3) or R3 × SO(3)
An n-joint revolute arm T n

A planar mobile robot with an attached n-joint arm SE(2)× T n

Table 5.1: Some common robots and their C-spaces

roadmap method selects candidate vertices to connect
a new configuration given a distance-defined neighbor-
hood. Similarly, the rapidly-exploring dense trees ex-
pands the tree from the nearest node of the tree to
a newly sampled configuration. Usually, a metric, ρ :
C × C → R, is defined, which satisfies the standard ax-
ioms: nonnegativity, reflexivity, symmetry, and the tri-
angle inequality.

Two difficult issues that arise in constructing a met-
ric are: 1) the topology of C must be respected, and 2)
several different quantities, such as linear and angular
displacements, must be compared in some way. To illus-
trate the second issue, consider defining a metric ρz for
a space constructed as Z = X × Y as

ρz(z, z′) = ρz(x, y, x′, y′) = c1ρx(x, x′) + c2ρy(y, y′).
(5.12)

Above, c1 and c2 are arbitrary positive constants that
indicate the relative weights of the two components. For
a 2D rotation, θi, expressed as ai = cos θi and bi = sin θi,
a useful metric is:

ρ(a1, b1, a2, b2) = cos−1(a1a2 + b1b2). (5.13)

The 3D equivalent is obtained by defining

ρ0(h1, h2) = cos−1(a1a2 + b1b2 + c1c2 + d1d2), (5.14)

in which each hi = (ai, bi, ci, di) is a unit quater-
nion. The metric is defined as ρ(h1, h2) =
min(ρ0(h1, h2), ρ0(h1,−h2)), by respecting the required
identification of antipodal points. This computes the
shortest distance in R4, for a path constrained to the
unit sphere.

In some algorithms, defining volume on C may also be
important. In general, this leads to a measure space, for
which the volume function (called measure) must sat-
isfy axioms that resemble the probability axioms, but
without normalization. For transformation groups, one
must be careful to define volumes in a way that is invari-
ant with respect to transformations. Such volumes are

called Haar measure. Defining volumes via balls using
the metric definitions (5.13) and (5.14) actually satisfy
this concern.

Probabilistic vs. Deterministic Sampling

The C-space may be sampled probabilistically or deter-
ministically. Either way, the requirement is usually that
a dense sequence, α, of samples is obtained. This means
that in the limit as the number of samples tends to in-
finity, the samples get arbitrarily close to every point in
C. For probabilistic sampling, this denseness (with prob-
ability one) ensures probabilistic completeness of a plan-
ning algorithm. For deterministic sampling, it ensures
resolution completeness, which means that if a solution
exists, the algorithm is guaranteed to find it; otherwise,
it may run forever.

For probabilistic sampling, samples are selected ran-
domly over C, using a uniform probability density func-
tion. To obtain uniformity in a meaningful way, the Haar
measure should be used. This is straightforward in many
cases; SO(3) however is tricky. A uniform with respect
to Haar measure random quaternion is selected as fol-
lows. Choose three points u1, u2, u3 ∈ [0, 1] uniformly at
random, and let [4]

h = (
√

1− u1 sin 2πu2,
√

1− u1 cos 2πu2,√
u1 sin 2πu3,

√
u1 cos 2πu3).

(5.15)

Even though random samples are uniform in some
sense, they are also required to have some irregular-
ity to satisfy statistical tests. This has motivated the
development of deterministic sampling schemes that of-
fer better performance [76]. Instead of being concerned
with randomness, deterministic sampling techniques are
designed to optimize criteria, such as discrepancy and
dispersion. Discrepancy penalizes regularity in the sam-
ple, which frequently causes trouble in numerical inte-
gration. Dispersion gives the radius of the largest empty
(not containing samples) ball. Thus, driving dispersion

(Kavraki and LaValle)



Obstacles



Obstacle specification

Robot operates in a 2D / 3D workspace W = R2 or R3

Subset of this space is obstacles O ⇢ W

semi-algebraic models (polygons, polyhedra)

Geometric shape of the robot
(set of points occupied by robot at a config) A(q) ⇢ W
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

C-space obstacle region
Cfree = C \ Cobs



Example 1: Translating triangle
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Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

A(q)

O ⇢ W

Cobs

Can be efficiently computed using Minkowski sum



Example: Translating Triangle in Plane

(EXAMPLE FROM LYDIA KAVRAKI AND STEVEN LAVALLE)

Can be computed for 
convex polygons 
(Minkowski sum)

http://lavalle.pl/papers/KavLav08.pdf


Example: Translating and Rotating Triangle

(EXAMPLE FROM HOWIE CHOSET)

https://www.cs.cmu.edu/~motionplanning/lecture/Chap3-Config-Space_howie.pdf


Example 2: SE(2) robot

O ⇢ W

A(q) ⇢ W



Example 2: SE(2) robot

https://www.gamasutra.com/blogs/MattKlingensmith/20130907/199787/Overview_of_Motion_Planning.php

(Courtesy Matt Klingensmith)

https://www.gamasutra.com/blogs/MattKlingensmith/20130907/199787/Overview_of_Motion_Planning.php


Example 3: 2-link planar arm

Courtesy Tapomayukh Bhattacharya



Example 3: 2-link planar arm

Courtesy Tapomayukh Bhattacharya



Geometric Path Planning Problem



Geometric Path Planning Problem
Also known as 
Piano Mover’s Problem (Reif 79)

2 CHAPTER 5. MOTION PLANNING BY LYDIA E. KAVRAKI AND STEVEN M. LAVALLE

Figure 5.1: A robot translating in the plane: (a) a tri-
angular robot moves in a workspace with a single rect-
angular obstacle. (b) The C-space obstacle.

Figure 5.2: A two-joint planar arm: (a) links are pinned
and there are no joint limits. (b) The C-space.

surfaces. Let the closed set A(q) ⊂ W denote the set
of points occupied by the robot when at configuration
q ∈ C; this set is usually modeled using the same primi-
tives as used for O. The C-space obstacle region, Cobs, is
defined as

Cobs = {q ∈ C | A(q) ∩O ̸= ∅}. (5.1)

Since O and A(q) are closed sets in W , the obstacle
region is a closed set in C. The set of configurations that
avoid collision is Cfree = C \ Cobs, and is called the free
space.

Simple examples of C-spaces

Translating Planar Rigid Bodies: The robot’s
configuration can be specified by a reference point (x, y)
on the planar rigid body relative to some fixed coordi-
nate frame. Therefore the C-space is equivalent to R2.
Figure 5.1 gives an example of a C-space for a triangular
robot and a single polygonal obstacle. The obstacle
in the C-space can be traced by sliding the robot
around the workspace obstacle to find the constraints
on all q ∈ C. Motion planning for the robot is now
equivalent to motion planning for a point in the C-space.

Planar Arms: Figure 5.2 gives an example of a two-
joint planar arm. The bases of both links are pinned, so

that they can only rotate around the joints and there are
no joint limits. For this arm, specifying the rotational
parameters θ1 and θ2 provides the configuration. Each
joint angle θi corresponds to a point on the unit circle
S1 and the C-space is S1×S1 = T 2, the two-dimensional
torus as Figure 5.2 shows. For a higher number of links
without joint limits, the C-space can be similarly defined
as:

C = S
1 × S

1 × · · ·× S
1. (5.2)

If a joint has limits, then each corresponding S1 is often
replaced with R, even though it is a finite interval. If
the base of the planar arm is mobile and not pinned,
then the additional translation parameters must also be
considered in the arm’s configuration:

C = R
2 × S

1 × S
1 × · · ·× S

1 (5.3)

Additional examples of C-spaces are provided in Sec-
tion 5.6.1, where topological properties of configuration
spaces are discussed.

5.1.2 Geometric Path Planning Problem

The basic motion planning problem, also known as the
Piano Mover’s problem [84], is defined as follows.
Given:

1. A workspace W , where either W = R2 or W = R3.

2. An obstacle region O ⊂W .

3. A robot defined in W . Either a rigid body A or a
collection of m links: A1,A2, . . . ,Am.

4. The configuration space C (Cobs and Cfree are then
defined).

5. An initial configuration qI ∈ Cfree.

6. A goal configuration qG ∈ Cfree. The initial and
goal configuration are often called a query (qI , qG).

Compute a (continuous) path, τ : [0, 1] → Cfree, such
that τ(0) = qI and τ(1) = qG.

5.1.3 Complexity of Motion Planning

The main complications in motion planning are that it is
not easy to directly compute Cobs and Cfree and the di-
mensionality of the C-space is often quite high. In terms
of computational complexity, the Piano Mover’s problem
was studied early on and it was shown to be PSPACE-hard
by Reif [84]. A series of polynomial time algorithms for
problems with fixed dimension suggested an exponential
dependence on the problem dimensionality [92, 93]. A

Also may want to minimize cost
c(⌧)



Planning in Configuration Space

(EXAMPLE FROM CJ TAYLOR)

https://www.coursera.org/lecture/robotics-motion-planning/2-3-piano-movers-problem-Yh5fc


Planning in Configuration Space

(EXAMPLE FROM CJ TAYLOR)

https://www.coursera.org/lecture/robotics-motion-planning/2-3-piano-movers-problem-Yh5fc


So, are we done?

No! Planning is hard



Hardness of motion planning
Piano Mover’s problem is PSPACE-hard (Reif et al.)300 S. M. LaValle: Planning Algorithms

P NP PSPACE EXPTIME

Figure 6.40: It is known that P ⊂ EXPTIME is a strict subset; however, it is not
known precisely how large NP and PSPACE are.

or EXPTIME. A language A is called X-hard if every language B in class X is
polynomial-time reducible to A. In short, this means that in polynomial time,
any language in B can be translated into instances for language A, and then the
decisions for A can be correctly translated back in polynomial time to correctly
decide B. Thus, if A can be decided, then within a polynomial-time factor, every
language in X can be decided. The hardness concept can even be applied to
a language (problem) that does not belong to the class. For example, we can
declare that a language A is NP-hard even if A ̸∈NP (it could be harder and lie in
EXPTIME, for example). If it is known that the language is both hard for some
class X and is also a member of X, then it is called X-complete (i.e., NP-complete,
PSPACE-complete, etc.).8 Note that because of this uncertainty regarding P, NP,
and PSPACE, one cannot say that a problem is intractable if it is NP-hard or
PSPACE-hard, but one can, however, if the problem is EXPTIME-hard. One
additional remark: it is useful to remember that PSPACE-hard implies NP-hard.

Lower bounds for motion planning The general motion planning problem,
Formulation 4.1, was shown in 1979 to be PSPACE-hard by Reif [817]. In fact, the
problem was restricted to polyhedral obstacles and a finite number of polyhedral
robot bodies attached by spherical joints. The coordinates of all polyhedra are
assumed to be in Q (this enables a finite-length string encoding of the problem
instance). The proof introduces a fascinating motion planning instance that in-
volves many attached, dangling robot parts that must work their way through a
complicated system of tunnels, which together simulates the operation of a sym-
metric Turing machine. Canny later established that the problem in Formulation
4.1 (expressed using polynomials that have rational coefficients) lies in PSPACE
[173]. Therefore, the general motion planning problem is PSPACE-complete.

Many other lower bounds have been shown for a variety of planning problems.
One famous example is the Warehouseman’s problem shown in Figure 6.41. This

8If you remember hearing that a planning problem is NP-something, but cannot remember
whether it was NP-hard or NP-complete, then it is safe to say NP-hard because NP-complete
implies NP-hard. This can similarly be said for other classes, such as PSPACE-complete vs.
PSPACE-hard.
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Figure 6.41: Even motion planning for a bunch of translating rectangles inside of
a rectangular box in R2 is PSPACE-hard (and hence, NP-hard).

problem involves a finite number of translating, axis-aligned rectangles in a rect-
angular world. It was shown in [461] to be PSPACE-hard. This example is a
beautiful illustration of how such a deceptively simple problem formulation can
lead to such a high lower bound. More recently, it was even shown that planning
for Sokoban, which is a warehouseman’s problem on a discrete 2D grid, is also
PSPACE-hard [255]. Other general motion planning problems that were shown
to be PSPACE-hard include motion planning for a chain of bodies in the plane
[460, 490] and motion planning for a chain of bodies among polyhedral obsta-
cles in R3. Many lower bounds have been established for a variety of extensions
and variations of the general motion planning problem. For example, in [172] it
was established that a certain form of planning under uncertainty for a robot in
a 3D polyhedral environment is NEXPTIME-hard, which is harder than any of
the classes shown in Figure 6.40; the hardest problems in this NEXPTIME are
believed to require doubly exponential time to solve.

The lower bound or hardness results depend significantly on the precise repre-
sentation of the problem. For example, it is possible to make problems look easier
by making instance encodings that are exponentially longer than they should be.
The running time or space required is expressed in terms of n, the input size. If
the motion planning problem instances are encoded with exponentially more bits
than necessary, then a language that belongs to P is obtained. As long as the
instance encoding is within a polynomial factor of the optimal encoding (this can
be made precise using Kolmogorov complexity [630]), then this bizarre behavior
is avoided. Another important part of the representation is to pay attention to
how parameters in the problem formulation can vary. We can redefine motion

Even planning for translating
rectangles is PSPACE-hard!

(Hopcroft et al. 84)

Certain 3D robot planning 
under uncertain is 
NEXPTIME-hard! 

(Canny et al. 87)



Differential constraints make things even harder
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(a) (b)

Figure 1.11: Some parking illustrations from government manuals for driver test-
ing: (a) parking a car (from the 2005Missouri Driver Guide); (b) parking a tractor
trailer (published by the Pennsylvania Division of Motor Vehicles). Both humans
and planning algorithms can solve these problems.

Flying Through the Air or in Space Driving naturally leads to flying. Plan-
ning algorithms can help to navigate autonomous helicopters through obstacles.
They can also compute thrusts for a spacecraft so that collisions are avoided around
a complicated structure, such as a space station. In Section 14.1.3, the problem of
designing entry trajectories for a reusable spacecraft is described. Mission plan-
ning for interplanetary spacecraft, including solar sails, can even be performed
using planning algorithms [436].

Designing better drugs Planning algorithms are even impacting fields as far
away from robotics as computational biology. Two major problems are protein
folding and drug design. In both cases, scientists attempt to explain behaviors
in organisms by the way large organic molecules interact. Such molecules are
generally flexible. Drug molecules are small (see Figure 1.14), and proteins usually
have thousands of atoms. The docking problem involves determining whether a
flexible molecule can insert itself into a protein cavity, as shown in Figure 1.14,
while satisfying other constraints, such as maintaining low energy. Once geometric
models are applied to molecules, the problem looks very similar to the assembly
problem in Figure 1.3 and can be solved by motion planning algorithms. See
Section 7.5 and the literature at the end of Chapter 7.

Perspective Planning algorithms have been applied to many more problems
than those shown here. In some cases, the work has progressed from modeling, to
theoretical algorithms, to practical software that is used in industry. In other cases,
substantial research remains to bring planning methods to their full potential. The
future holds tremendous excitement for those who participate in the development
and application of planning algorithms.

These are examples of non-holonomic system

non-holonomic differential constraints are not completely integrable

i.e. the system is trapped in some sub-manifold of the config space



Differential constraints make things even harder

These are examples of non-holonomic system

non-holonomic differential constraints are not completely integrable

i.e. the system is trapped in some sub-manifold of the config space

“Left-turning-car”

Emergency landing where 
UAV can only turn left



Geometric Path Planning

COLLISION-
FREE PATHPLANNING

WORKSPACE, 
OBSTACLE 

CONFIGURATIO
N SPACE

START + GOAL 
CONFIGURATIO

(WHICH MAY 
MINIMIZE COST)



Challenges in Motion Planning
• Computing configuration-space obstacles

• Planning in continuous high-dimensional space

(EXAMPLE FROM HOWIE CHOSET)

HARD!
HARD!

Goal: tractable approximations 
with provable guarantees!

https://www.cs.cmu.edu/~motionplanning/lecture/Chap3-Config-Space_howie.pdf
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