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Recap



Discrete Kalman Filter: Matrix Version
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Previous belief

Updated belief

Computed from dynamics step



Intuition Behind Correction Step

Previous belief

New Measurement

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Corrects belief based on measurement
à Average between mean and measurement based on K 
à Scale down uncertainty based on K



Unpacking the Kalman Gain

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Case 1: Very noisy sensor, R>>Σ

Case 2: Deterministic sensor, R = 0

Previous belief

Updated belief

Computed from dynamics step



Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 

Estimate 

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)



Kalman Filter in Action

TODO



Kalman Filter Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Optimal for linear Gaussian systems!

n Most robotics systems are nonlinear! 

Matrix Inversion (Correction)

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Matrix Multiplication (Prediction)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Why should we care?
Still a very widely used technique for estimation/localization/mapping in real problems



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Intro to Control



Realistic Robotic Systems

n Most realistic robotic problems involve nonlinear functions

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



Nonlinear Dynamic Systems

n Most realistic robotic problems involve nonlinear functions
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Non-linear system

Additive Gaussian noise

More reasonable assumption than linear Gaussian. More on non-Gaussian systems next time



How do we deal with non-linearity?

n Differentiable non-linear functions can be 
expressed via their Taylor expansion 

<latexit sha1_base64="qRFGFCeBlRrzR01RQZYWHbzolKk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZph+ekUXfWKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO69U76ql2nUWRx6O4BjK4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AEikjks=</latexit>

f(x) =

<latexit sha1_base64="yUj0sJteoWj6GeFZxzpQVG9TgAQ=">AAACEnicbVC7TgJBFJ3FF+Jr1dJmlBghRrJriFoSbSwxkUcChNwdZmHC7CMzsway2W+w8VdsLDTG1srOv3GALRQ8yU3OnHNv5t7jhJxJZVnfRmZpeWV1Lbue29jc2t4xd/fqMogEoTUS8EA0HZCUM5/WFFOcNkNBwXM4bTjDm4nfeKBCssC/V+OQdjzo+8xlBJSWumbRLYyKuA1hKIIRdgtQxKe47QogsXuiX0lsHyaF0RkUu2beKllT4EVipySPUlS75le7F5DIo74iHKRs2VaoOjEIxQinSa4dSRoCGUKftjT1waOyE09PSvCxVnrYDYQuX+Gp+nsiBk/KsefoTg/UQM57E/E/rxUp96oTMz+MFPXJ7CM34lgFeJIP7jFBieJjTYAIpnfFZAA6D6VTzOkQ7PmTF0n9vGRflMp35XzlOo0jiw7QESogG12iCrpFVVRDBD2iZ/SK3own48V4Nz5mrRkjndlHf2B8/gDDBpsG</latexit>

f(x) ⇡ f(a) +
f 0(a)

1!
(x� a) Dropping higher order terms, when x-a is small enough

Pretend that your function is linear in this neighborhood 
à Reapprox in a new neighborhood

Linear function in x



n Idea behind EKF: Linearize the dynamics and measurement 
around current μt

n Dynamics Model (linearize around previous belief):

n Measurement Model (linearize around post dynamics belief):

EKF Linearization: First Order Taylor Series Expansion

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

Now everything is linear à back to Kalman filtering!



Modified System under EKF Linearization
n Start by linearizing dynamics model under current belief

n Dynamics Model (linearize around previous belief):

n Perform dynamics update

n Linearize measurement around post dynamics belief

n Perform measurement update

n Repeat

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t



Linearity Assumption Revisited



Non-linear Function



EKF Linearization (1)



EKF Linearization (2) 



EKF Linearization (3)



EKF Dynamics Step

n Linearize dynamics around current mean belief

n Run standard Kalman filter with A = G and Bu = 

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="o0DOTja//3HNI4nzelnzGkxl+QI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMFHVZdOOygn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9j2s5CWw/cy+Gce8nNCWLOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo7uZ3xpTpVkkH80kpr7AA8lCRrCxkj8od0XSMxfItvNeseRW3DnQKvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwum00E00jTEZ4QHtWCqxoNpP50dP0ZlV+iiMlC1p0Fz9vZFiofVEBHZSYDPUy95M/M/rJCa88VMm48RQSRYPhQlHJkKzBFCfKUoMn1iCiWL2VkSGWGFibE4FG4K3/OVV0ryseFeV6kO1VLvN4sjDCZxCGTy4hhrcQx0aQOAJnuEV3pyx8+K8Ox+L0ZyT7RzDHzifP6bGkWI=</latexit>

g(µt, ut)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

Standard Kalman filter

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

Extended Kalman filter

<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



EKF Measurement Step

n Linearize measurement around post dynamics belief:

n Run standard Kalman filter with C = H

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="BPxocy7HpLuFcEZFIAnlIvYj9lU=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEodiO4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/5tdehf3TGleRhcQD9iniTdgHc4JWCkln1w0kpgw03xIW6e864k2fPe2Ye0enOxVv1HxBv4bP0m2XTTll1yyk4G/Je4OSmhHLWWPWi2QxpLFgAVROuG60TgJUQBp4KlxWasWUToLemyhqEBkUx7SXZlileN0sadUJkKAGfq94mESK370jedkkBP//aG4n9eI4bOnpfwIIqBBfTro04sMIR4GBluc8UoiL4hhCpudsW0RxShYIItmhDc3yf/JZdbZXenvH26Xaoc5XEU0DJaQWvIRbuogo5RDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEPzKKG</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +R)�1

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="U7tEsl1t1X2JLHlxYbxIWxTu+jk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEouim4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/7t8dC/umNK8zC4gH7EPEm6Ae9wSsBILfvgpJXAhpviQ9w8511Jsue9sw9p9eZirfqPiDfw2fpNsummLbvklJ0M+C9xc1JCOWote9BshzSWLAAqiNYN14nAS4gCTgVLi81Ys4jQW9JlDUMDIpn2kuzKFK8apY07oTIVAM7U7xMJkVr3pW86JYGe/u0Nxf+8RgydPS/hQRQDC+jXR51YYAjxMDLc5opREH1DCFXc7IppjyhCwQRbNCG4v0/+Sy63yu5Oeft0u1Q5yuMooGW0gtaQi3ZRBVVRDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEn+qKV</latexit>

Kt+1 = ⌃t+1|0:tH
T (H⌃t+1|0:tH

T +R)�1

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Standard Kalman Filter Extended Kalman Filter



EKF Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

Linearize dynamics

Linearize measurement
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



EKF Pseudocode 
1. def Extended_Kalman_filter(              ):
2. Linearize dynamics: 
3. Prediction: 

4. Linear measurement: 
5. Correction: C = H

6. Return ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1
<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1

Reminder of the model

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)
<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="LK6ObcZ8Jy/v2hGf3dbZPJpLdiI="></latexit>

G =
@g(xt, ut)

@xt

�����
xt=µt|0:t

<latexit sha1_base64="aV+CHvG5W2D7pryJiCw94ydp018=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUlDIjRUUQim5cVrAPaIchk2ba0MyD5I5Qxn6AG3/FjQtF3PoB7vwb0+kstPVA4OScc0nucSPBFZjmt5FbWFxaXsmvFtbWNza3its7TRXGkrIGDUUo2y5RTPCANYCDYO1IMuK7grXc4fXEb90zqXgY3MEoYrZP+gH3OCWgJadY6vqxk8CR9WBewBhf4n55qqT3Yxw7cKhTZsVMgeeJlZESylB3il/dXkhjnwVABVGqY5kR2AmRwKlg40I3ViwidEj6rKNpQHym7CRdZowPtNLDXij1CQCn6u+JhPhKjXxXJ30CAzXrTcT/vE4M3rmd8CCKgQV0+pAXCwwhnjSDe1wyCmKkCaGS679iOiCSUND9FXQJ1uzK86R5UrFOK9Xbaql2ldWRR3toH5WRhc5QDd2gOmogih7RM3pFb8aT8WK8Gx/TaM7IZnbRHxifP3eAmf0=</latexit>

µt+1|0:t = g(µt|0:t, ut)
<latexit sha1_base64="CURD5JiRvL4H8mIQNdFtdxqsqss=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAISqHMSFERhKKLumyxN2jHIZOmbWjmQnJGKGOfwY2v4saFIm5dufNtTC+Itv4Q+PnOOZyc3w0FV2CaX0ZiYXFpeSW5mlpb39jcSm/v1FQQScqqNBCBbLhEMcF9VgUOgjVCyYjnClZ3+1ejev2OScUDvwKDkNke6fq8wykBjZz0UeuGdz3ixJC17s1zGOILXPxhY1K8reAsLjvpjJkzx8LzxpqaDJqq5KQ/W+2ARh7zgQqiVNMyQ7BjIoFTwYapVqRYSGifdFlTW594TNnx+KQhPtCkjTuB1M8HPKa/J2LiKTXwXN3pEeip2doI/ldrRtA5s2PuhxEwn04WdSKBIcCjfHCbS0ZBDLQhVHL9V0x7RBIKOsWUDsGaPXne1I5z1kkuX85nCpfTOJJoD+2jQ2ShU1RA16iEqoiiB/SEXtCr8Wg8G2/G+6Q1YUxndtEfGR/fYzmcBw==</latexit>

⌃t+1|0:t = G⌃t|0:tG
T +Q

<latexit sha1_base64="3zC9PieQQrhct3XIHpJL0q+IpKE="></latexit>

H =
@h(xt)

@xt

�����
xt=µt+1|0:t
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EKF in Action

https://www.youtube.com/watch?v=dEd4cNfmi0s&ab_channel=ThePoorEngineer



EKF in Action

https://www.youtube.com/watch?v=ju27V142D2o&ab_channel=AtsushiSakai



EKF Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Not optimal!
n Can diverge if nonlinearities are large!
n Works surprisingly well even when all 

assumptions are violated!



When does the EKF struggle?

n With discontinuous dynamics, the linearization will not be valid

n For very non-linear functions, the first order Taylor approximation is poor

n The EKF can drift over time because of growing linearization errors

n Jacobian may be very expensive to compute and invert



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Intro to Control



Sensors

Actuators
Robot interacts with

environmentLaser

GPS

Camera

World
Model

Helicopter
Models

Control

Planning

Stick

PedalsLever

? How do we decide 
where we are in the 
world? (Estimation)

How do we decide 
how to act to 

accomplish task? 
(Planning/Control)

Our knowledge of how the 
world works (Modeling)

Let’s zoom back out



The Sense-Plan-Act Paradigm

Estimate
robot state

Plan sequence of 
motions

Control robot to 
follow plan

Assume to be solved for nowSolved over last 2.5 weeks ??



From perception to control …

3
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When I think about control …



What is Control?

ACTUATOR 
COMMANDSCONTROL“PLAN”



What is a Plan?

Can express this problem as tracking a reference trajectory



Why Feedback Control?

What if we send out controls           from kinematic car model?

Open-loop control leads to accumulating errors!



Feedback Control

1. Measure error between reference and current state.

2. Take actions to minimize this error.



Useful to think of control laws as vector fields



Is this still a research problem?



Industrial robots hard at work

https://www.youtube.com/watch?v=J_8OnDsQVZE&t=315s



Assumptions made by such controllers

1. Fully actuated: There exists an inverse mapping from reference to control actions

2. Almost no execution error or state estimation error

3. Enough control authority to clamp down errors / overcome disturbances



The Atlas robot hard at … play?

4
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https://www.youtube.com/watch?v=fRj34o4hN4I



Challenge 1: Underactuated systems

Fully actuated: There exists an inverse mapping from reference to control actions

We don’t have full authority to move the system along arbitrary trajectories 



What affects the error between robot state and reference?

Whole lot of gravity!

Whole lot of momentum!

Some 
initial
motor 
thrust …

… some precise 
control adjustments

Challenge 1: Underactuated systems



Question: 
If we know the model of our robot, can’t we solve a 

huge optimization problem to figure out control?



Doing backflips with a helicopter

4
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https://www.youtube.com/watch?v=RGu45s1_QPURedbull Eurocopter BO-105



And just what is this model ?!?

4
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Chaotic vortex around blades!

Unpredictable drag forces!
Nothing
countering 
gravity!

Hopeless to assume we know exactly how the helicopter
will behave upside down…



Challenge 2: Choosing good closed-loop models

5
0

Closed-loop system =
Point mass
with a planar
thrust vector

Chaotic 
dynamics

Well-behaved 
system

Feedback
control law+ =



Challenge 3: Model changing on the fly!

Run real-time estimators for wheel characteristics

Need control laws for all possible model parameters



Ok let’s control racecars!



Reference Parameterizations

Option 1: Time-parameterized trajectory

Pro: Useful if we want the robot to respect time constraints
Con: Sometimes we only care about deviation from reference



Reference Parameterizations

Option 2: Index-parameterized geometric path (untimed)

Pro: Useful for conveying shape for the robot to follow
Con: Can’t control when robot will reach a point



Controller Design Decisions

1. Get a reference path/trajectory to track

2. Pick a reference state from the reference path/trajectory

3. Compute error to reference state

4. Compute control law to minimize error



Step 2: Pick a reference (desired) state



How do we choose a reference state?

For an index-parameterized path,
there are multiple options.

Closest point



How do we choose a reference state?

For an index-parameterized path,
there are multiple options.

Lookahead



Step 3: Compute error to reference state

Along-track error

Cross-track error

Heading error



Step 3: Compute error to reference state



{B} θ

Aside: Rotation Matrices (Plane)

{A}
x

y

z
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Step 3: Compute error to reference state
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A

Position in frame A

Step 3: Compute error to reference state



A
B

We want position in frame B

(rotation of
A w.r.t B)

(rotation of
A w.r.t B)

Step 3: Compute error to reference state
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A
B

We want position in frame B

Step 3: Compute error to reference state
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A
B

Heading error

Step 3: Compute error to reference state
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(Along-track)

(Cross-track)

(Heading)

Step 3: Compute error to reference state



Step 4: Compute control law

We will only control steering angle;
fixed constant speed
As a result, no real control for along-track 
error
Some control laws will only minimize cross-
track error, others will also minimize heading



Different Control Laws

Proportional-integral-derivative (PID) control

Pure-pursuit control

Model-predictive control (MPC)

Linear-quadratic regulator (LQR)

And many many more!
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Simple control law - choose between hard left and hard right

Bang-bang control



Bang-bang control

7
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What happens when we run this control?

Need to adapt the magnitude of control proportional to the error …

Error does not stay 0!



This clearly sucks! Come back on 
Monday to find out more
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