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Geometric Path Planning

COLLISION-
FREE PATHPLANNING

WORKSPACE, 
OBSTACLE 

CONFIGURATIO
N SPACE

START + GOAL 
CONFIGURATIO

(WHICH MAY 
MINIMIZE COST)



Challenges in Motion Planning
• Computing configuration-space obstacles

• Planning in continuous high-dimensional space

(EXAMPLE FROM HOWIE CHOSET)

HARD!
HARD!

Goal: tractable approximations 
with provable guarantees!

https://www.cs.cmu.edu/~motionplanning/lecture/Chap3-Config-Space_howie.pdf


Approximate the Configuration Space with Samples



Minimal Cost Path on a Graph

COST (E.G. 
LENGTH)

START, GOAL



Minimal Cost Path on a Graph

GRAPH  
(VERTICES, 

EDGES)

COST (E.G. 
LENGTH)

START, GOALGRAPH IS 
IMPLICIT



Minimal Cost Path on a Graph

START, GOAL

COST (E.G. 
LENGTH)

GRAPH  
(VERTICES, 

EDGES)



Sampling-Based Motion Planning
• Computing configuration-space 

obstacles is hard

• Use a collision checker instead!

• Planning in continuous high-
dimensional space is hard

• Construct a discrete graph 
approximation of the continuous 
space!

(EXAMPLE FROM HOWIE CHOSET)

https://www.cs.cmu.edu/~motionplanning/lecture/Chap3-Config-Space_howie.pdf


Sampling-Based Motion Planning

SEARCH CREATE 

INTERLEAVE



Sampling-Based Motion Planning

NEW 
PLANNING 

ALGORITHM
= FANCY 

SAMPLER×
FANCY 

HEURISTIC × FANCY 
DENSIFICATION

(NEXT CLASS)(TODAY) (BONUS)



Creating a Graph

1. Sample collision-free configurations as vertices (including start and goal)

2. Connect neighboring vertices with simple movements as edges



API for motion planning

Input Output

Planner

1. A collision checker

2. Steering method

coll(q)

steer(q1, q2)

Collision 
free path
joining

start and goal



Let’s take a look at the inputs

coll(q) =

(
0 in collision, i.e. q 2 Cobs
1 free, i.e. q 2 Cfree

We need to give the planner a collision checker

What work does this function have to do?

Collision checking is expensive!



Let’s take a look at the inputs
We need to give the planner a steer function

A steer function tries to join two configurations with a feasible path

steer(q1, q2)

Computes simple path, calls coll(q), and returns success if path is free

q1

q2

Example: Connect them with a straight line and check for feasibility

(1� ↵)q1 + ↵q2



Can steer be smart about collision checking? 

q1

q2

Things we can try:

1. Step forward along the line and check each point 

2. Step backwards along the line and check each point 
 

…….

has to assure us line is collision free (upto a resolution)steer(q1, q2)

(1� ↵)q1 + ↵q2



Can steer be smart about collision checking? 

q1

q2

Say we chunk the line into 16 parts

(1� ↵)q1 + ↵q2

Any collision checking strategy corresponds to sequence

↵ = 0,
1

16
,
2

16
,
3

16
, · · · , 15

16
, 1(Naive)

↵ = 0,
8

16
,
4

16
,
12

16
, · · · , 15

16
(Bisection)



Ans: Van der Corput sequence



Boundary Value Problem

• How can we move from one configuration to another? Hard in general!

• Define a steering function that is tasked with connecting two configurations

• Previously, steering function was trivial (straight line)



Differential Constraints on Graphs
• When expanding a vertex from the priority queue

• Call successor function to compute neighboring vertices

• Solve boundary value problem to compute valid edges and costs

• Add neighboring vertices to priority queue

• Otherwise, algorithm remains the same! Can also be lazy



Solving the Boundary Value Problem800 S. M. LaValle: Planning Algorithms

Wrong!

(a) (b)

Figure 14.4: (a) The time-limited reachable set for the Dubins car facing to the
right; (b) this is not the time-limited reachable set for the Reeds-Shepp car!

states due to nature were specified in the forward projection. In the current
setting, possible future states are determined by the unspecified actions of the
robot. Rather than looking k stages ahead, the time-limited reachable set looks for
duration t into the future. In the present context there is essentially a continuum
of stages.

Example 14.3 (Reachable Sets for Simple Cars) Nice illustrations of reach-
able sets can be obtained from the simple car models from Section 13.1.2. Suppose
that X = C = R2 × S1 and Xobs = ∅.

Recall that the Dubins car can only drive forward. From an arbitrary con-
figuration, the time-limited reachable set appears as shown in Figure 14.4a. The
time limit t is small enough so that the car cannot rotate by more than π/2. Note
that Figure 14.4a shows a 2D projection of the reachable set that gives translation
only. The true reachable set is a 3D region in C. If t > 2π, then the car will
be able to drive in a circle. For any q, consider the limiting case as t approaches
infinity, which results in R(q,U). Imagine a car driving without reverse on an
infinitely large, flat surface. It is possible to reach any desired configuration by
driving along a circle, driving straight for a while, and then driving along a circle
again. Therefore, R(q,U) = C for any q ∈ C. The lack of a reverse gear means
that some extra maneuvering space may be needed to reach some configurations.

Now consider the Reeds-Shepp car, which is allowed to travel in reverse. Any
time-limited reachable set for this car must include all points from the correspond-
ing reachable set for the Dubins car because new actions have been added to U but
none have been removed. It is tempting to assert that the time-limited reachable
set appears as in Figure 14.4b; however, this is wrong. In an arbitrarily small
amount of time (or space) a car with reverse can be wiggled sideways. This is
achieved in practice by familiar parallel-parking maneuvers. It turns out in this
case that R(q,U , t) always contains an open set around q, which means that it
grows in all directions (see Section 15.3.2). The property is formally referred to as
small-time controllability and is covered in Section 15.4. !



Dubins Curves
882 S. M. LaValle: Planning Algorithms
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Figure 15.4: The trajectories for two words are shown in W = R2.

To be more precise, the duration of each primitive should also be specified.
For L or R, let a subscript denote the total amount of rotation that accumulates
during the application of the primitive. For S, let a subscript denote the total
distance traveled. Using such subscripts, the Dubins curves can be more precisely
characterized as

{LαRβ Lγ, Rα Lβ Rγ, Lα Sd Lγ, Lα Sd Rγ, Rα Sd Lγ , Rα Sd Rγ}, (15.45)

in which α, γ ∈ [0, 2π), β ∈ (π, 2π), and d ≥ 0. Figure 15.4 illustrates two cases.
Note that β must be greater than π (if it is less, then some other word becomes
optimal).

It will be convenient to invent a compressed form of the words to group together
paths that are qualitatively similar. This will be particularly valuable when Reeds-
Shepp curves are introduced in Section 15.3.2 because there are 46 of them, as
opposed to 6 Dubins curves. Let C denote a symbol that means “curve,” and
represents either R or L. Using C, the six words in (15.44) can be compressed to
only two base words:

{CCC, CSC}. (15.46)

In this compressed form, remember that two consecutive Cs must be filled in by
distinct turns (RR and LL are not allowed as subsequences). In compressed form,
the base words can be specified more precisely as

{CαCβ Cγ, Cα Sd Cγ}, (15.47)

in which α, γ ∈ [0, 2π), β ∈ (π, 2π), and d ≥ 0.
Powerful information has been provided so far for characterizing the shortest

paths; however, for a given qI and qG, two problems remain:

1. Which of the six words in (15.45) yields the shortest path between qI and
qG?

• Dubins showed that all 
solutions had to be one of six 
classes

• Given two configurations to 
connect, evaluate all six 
options, return shortest one

• Car has fixed forward velocity; 
Reeds-Shepp curves may 
include backward velocity

RIGHT-STRAIGHT-LEFT



Creating a Graph

1. Sample collision-free configurations as vertices (including start and goal)

2. Connect neighboring vertices with simple movements as edges



Strategy 1: Lattice Sampling
• Main idea: create a grid, and connect neighboring points (4-conn, 8-conn, …)



Strategy 2: Uniform Random Sampling
• Main idea: sample uniformly between each dimension’s lower/upper bounds

• Connect vertices within radius (r-disc) or k nearest neighbors

KAVRAKI ET AL., 1996

http://www.kavrakilab.org/publications/kavraki-svestka1996probabilistic-roadmaps-for.html


Probabilistic Roadmap (PRM)
• When should we collision-check edges?

• What is the optimal radius? (PRM with optimal radius = PRM*)

KAVRAKI ET AL., 1996

http://www.kavrakilab.org/publications/kavraki-svestka1996probabilistic-roadmaps-for.html


Alternatives to Random Sampling



Strategy 3: Low-Dispersion Sampling
• Main idea: Halton sequence uniformly densifies the space

HTTPS://OBSERVABLEHQ.COM/@JRUS/HALTON

https://observablehq.com/@jrus/halton


What Graphs Are Good?
• A good graph must be sparse (both in vertices and edges)

• A good graph must have good free-space coverage

• For every configuration in the free space, there’s a 
vertex in the graph that can be connected to it.

• A good graph must have good free-space connectivity

• For every connected pair of points in the free space, 
there’s a path on the graph between them.



What Environments Are Hard?

• Sampling-based methods struggle with narrow passages

• Probability of sampling an edge in the passage is very small, so with a finite 
number of samples, the two halves of the roadmap may not be connected

• Practical solutions: sample near obstacle surface, bridge test to add samples 
between two obstacles, train ML algorithm to detect narrow passages



Post-Processing Planned Paths
• Paths extracted from sampling-based motion planners tend to be jerky

• Shortcutting: along the planned path, randomly select two waypoints and try 
to connect them directly (skipping all intermediate vertices)



Bonus: Incremental Densification

• Interleave graph construction with graph search

• Euclidean heuristic + current best path length define an ellipse of useful states

• Only sample new configurations from this ellipse! (“informed set”)

GAMMELL ET AL., 2015

https://personalrobotics.cs.washington.edu/publications/gammell2015bitstar.pdf


https://www.youtube.com/watch?v=d7dX5MvDYTc


https://www.youtube.com/watch?v=TQIoCC48gp4
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