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n Seeded paper discussion groups sent out, will be on Friday. 

n Post questions, discuss any issues you are having on Ed.
n Students with no access to 002, e-mail us with your student ID.
n Students that have not been added to the class, email 

abhgupta@cs.washington.edu with the subject-line “Waitlisted for 
CSE478”

Logistics

mailto:abhgupta@cs.Washington.edu


Recap



Dynamics Update:

Sample forward using the dynamics model:
1. No gaussian requirement 
2. No linearity requirement, just push forward distribution

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Measurement Update

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Reweight particles according to measurement likelihood

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)
<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )



Tractable Closed Form Bayesian Filtering 

Model as Linear Gaussian

n Dynamics (Prediction)

n Measurement (Correction)



Gaussians (2D) – we won’t get too deep into this!
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n Marginalization and conditioning in Gaussians results in Gaussians

n We stay in the “Gaussian world” as long as we start with Gaussians and perform 
only linear transformations.

Important Identities: Gaussians

Forward propagation

Conditioning



Lecture Outline

Recap of Gaussian Identities

Kalman Filtering

Extended Kalman Filtering



Discrete Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models



Discrete Kalman Filter: Scalar Version
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian



Discrete Kalman Filter: Matrix Version
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)
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Components of a Kalman Filter
Matrix (n x n) that describes how the state evolves 
from t-1 to t without controls or noise.

Matrix (n x l) that describes how the control ut-1
changes the state from t-1 to t

Matrix (k x n) that describes how to map the state xt to 
an observation zt.

Random variables representing the process and 
measurement noise that are assumed to be 
independent and normally distributed with covariance 
R and Q respectively.

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="XF9VczO2tu6+DAjBLH3xLQrwIGU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLvumXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kD4IuREA==</latexit>✏t
<latexit sha1_base64="YAFQJimcJgUMZO0zofxobKMB15M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmkf++WKW3XnIKvEy0kFcjT65a9emLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9EB71qqaMyNP5nfOyVnVglJlGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD6NqfCJVmyBVbLIoySTAhs+dJKDRnKMeWUKaFvZWwIdWUoY2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AEjbZAM</latexit>

�t
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Goal of the Kalman Filter: Same as Bayes Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Belief

Idea: recursive update

Measurement

Dynamics

Recursive Belief

2 step process:

n Dynamics update (incorporate action)

n Measurement update (incorporate sensor reading) 



Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Bayes Filters

Linear Gaussian



Linear Gaussian Systems: Initialization

n Initial belief is normally distributed:

n at any step t is: 

n at any step t is: 



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

Gaussian, easy!



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

Gaussian, easy!



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!



Linear Gaussian Systems: Prediction

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Previous belief

Belief Update



Intuition Behind Prediction Step

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted variance

Previous belief

Belief Update



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Gaussian, easy to normalize

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1 Slightly harder than the dynamics step!



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Conditioning



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Previous belief

Updated belief

Computed from dynamics step



Linear Gaussian Systems: Observations

Intuition: Correct the update linearly according to measurement error from expectation, 
shrink uncertainty accordingly

Previous belief

Updated belief

Computed from dynamics step



Intuition Behind Correction Step

Previous belief

New Measurement

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Corrects belief based on measurement
à Average between mean and measurement based on K 
à Scale down uncertainty based on K



Unpacking the Kalman Gain

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Case 1: Very noisy sensor, R>>Σ

Case 2: Deterministic sensor, R = 0

Previous belief

Updated belief

Computed from dynamics step



Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 

Estimate 

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)



Kalman Filter in Action

TODO



Kalman Filter Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Optimal for linear Gaussian systems!

n Most robotics systems are nonlinear! 

Matrix Inversion (Correction)

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Matrix Multiplication (Prediction)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Why should we care?
Still a very widely used technique for estimation/localization/mapping in real problems



Lecture Outline

Recap of Gaussian Identities

Kalman Filtering

Extended Kalman Filtering



Ok, but maintaining particles is kind of a pain. 

Can I reuse Kalman Filter math for non-linear 
systems?



Nonlinear Dynamic Systems

n Most realistic robotic problems involve nonlinear functions
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Non-linear system

Additive Gaussian noise

More reasonable assumption than linear Gaussian. More on non-Gaussian systems next time



How do we deal with non-linearity?

n Differentiable non-linear functions can be 
expressed via their Taylor expansion 

<latexit sha1_base64="qRFGFCeBlRrzR01RQZYWHbzolKk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZph+ekUXfWKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO69U76ql2nUWRx6O4BjK4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AEikjks=</latexit>

f(x) =

<latexit sha1_base64="yUj0sJteoWj6GeFZxzpQVG9TgAQ=">AAACEnicbVC7TgJBFJ3FF+Jr1dJmlBghRrJriFoSbSwxkUcChNwdZmHC7CMzsway2W+w8VdsLDTG1srOv3GALRQ8yU3OnHNv5t7jhJxJZVnfRmZpeWV1Lbue29jc2t4xd/fqMogEoTUS8EA0HZCUM5/WFFOcNkNBwXM4bTjDm4nfeKBCssC/V+OQdjzo+8xlBJSWumbRLYyKuA1hKIIRdgtQxKe47QogsXuiX0lsHyaF0RkUu2beKllT4EVipySPUlS75le7F5DIo74iHKRs2VaoOjEIxQinSa4dSRoCGUKftjT1waOyE09PSvCxVnrYDYQuX+Gp+nsiBk/KsefoTg/UQM57E/E/rxUp96oTMz+MFPXJ7CM34lgFeJIP7jFBieJjTYAIpnfFZAA6D6VTzOkQ7PmTF0n9vGRflMp35XzlOo0jiw7QESogG12iCrpFVVRDBD2iZ/SK3own48V4Nz5mrRkjndlHf2B8/gDDBpsG</latexit>

f(x) ⇡ f(a) +
f 0(a)

1!
(x� a) Dropping higher order terms, when x-a is small enough

Pretend that your function is linear in this neighborhood 
à Reapprox in a new neighborhood

Linear function in x



n Idea behind EKF: Linearize the dynamics and measurement 
around current μt

n Dynamics Model (linearize around previous belief):

n Measurement Model (linearize around post dynamics belief):

EKF Linearization: First Order Taylor Series Expansion

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

Now everything is linear à back to Kalman filtering!



Modified System under EKF Linearization
n Start by linearizing dynamics model under current belief

n Dynamics Model (linearize around previous belief):

n Perform dynamics update

n Linearize measurement around post dynamics belief

n Perform measurement update

n Repeat

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t



Original Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 

Estimate 

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)



EKF Algorithm – linearize non-linear functions
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

Linearize dynamics

Linearize measurement
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



Why might we still want to use particle filters?

§ Non-linear functions
§ Non-Gaussian functions EKFs still require Gaussian Distributions



Ok so what have we learned
Bayesian Filtering!

Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Motion and Measurement Model 

Linear Gaussian 
– Kalman Filter

Nonlinear Gaussian 
– Extended Kalman Filter

Nonlinear non-gaussian 
– Particle Filter



Why is this useful - Localization



Why is this useful - Localization



Why is this useful - SLAM
§ So far, the maps have been assumed to be known à often untrue à SLAM problem
§ A robot is exploring an unknown, static environment.

Given:

The robot’s controls (u)

Observations of nearby features (z)

Estimate:

Map of features (x)

Path of the robot (x)

map

localize



Why is this useful - SLAM



Class Outline

Motion Planning Lazy Search

Search

Feedback Control

LQRMPC

Robotic System Design Filtering

SLAMLocalization

State Estimation Control

Planning

PID Control

Heuristic Search

Learning

Actor-Critic Model-Based RL

Imitation Learning Policy Gradient


