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What is Control?

ACTUATOR 
COMMANDSCONTROL“PLAN”



What is a Plan?

Can express this problem as tracking a reference trajectory



What if we send out controls           from kinematic car model?

Why Feedback Control?

Open-loop control leads to accumulating errors!



Feedback Control

1. Measure error between reference and current state. 
2. Take actions to minimize this error.



Controller Design Decisions

1. Get a reference path/trajectory to track 

2. Pick a reference state from the reference path/trajectory 

3. Compute error to reference state 

4. Compute control law to minimize error

These design decisions are extremely coupled — 
there’s never one right answer! 



Basic idea scale to complicated systems!

https://www.youtube.com/watch?v=b2fKBb_0iTo


Step 2: Pick a reference (desired) state



Step 3: Compute error to reference state

Along-track error 
Cross-track error 
Heading error



Step 3: Compute error to reference state

How to compute this error systematically? 

Think of tracking error as a change in coordinates! 



Aside: Rotation Matrices (Plane)
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R = R(✓) =


cos(✓) � sin(✓)
sin(✓) cos(✓)

�

(rotation of 
 B w.r.t A)

<latexit sha1_base64="Sn3fJM8zV25cvUg8TkWTQRa9ihU="></latexit>
x
y

�
= R(✓)|{z}

A
BR


x0

y0

�
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V 0 =


x0
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Step 3: Compute error to reference state

Goal: Translate car position and heading into 
reference coordinate system 
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A

Position in frame A

Step 3: Compute error to reference state



A
B

We want position in frame B

(rotation of 
A w.r.t B)

(rotation of 
A w.r.t B)

Step 3: Compute error to reference state
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A
B

We want position in frame B

Step 3: Compute error to reference state
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A
B

Heading error

Step 3: Compute error to reference state
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(Along-track)

(Cross-track)

(Heading)

Step 3: Compute error to reference 
state



Step 4: Compute control law

We will only control steering angle; 
fixed constant speed 
As a result, no real control for along-track 
error 
Some control laws will only minimize cross-
track error, others will also minimize heading

The more things you want to control the 
more complicated it gets! 



Basic idea scale to complicated systems!

https://www.youtube.com/watch?v=b2fKBb_0iTo


state error
control

Compute control action based on instantaneous 
error

Different laws have different trade-offs

Apply control action, robot moves a bit, compute new error, repeat

(steering angle, speed)

Step 4: Compute control law



Different Control Laws

Proportional-integral-derivative (PID) control 

Pure-pursuit control 

Model-predictive control (MPC) 

Linear-quadratic regulator (LQR) 

And many many more!
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Simple control law - choose between hard left and hard 
right

Bang-bang control



Bang-bang control
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What happens when we run this 
control?

Need to adapt the magnitude of control proportional to the 
error …

Error does not stay 
0!



This clearly sucks! How can we do better?
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Used widely in 
industrial  

control from 1900s

Do not try 
this 

with PID!!!
Regulate temp, press, speed 

etc

PID controllers



PID control overview
Select a control law that tries to drive error to zero (and keep it 
there)  

PROPORTIONAL

(PRESENT)
INTEGRAL

(PAST)

DERIVATIVE
(FUTURE)



PID Intuition

PROPORTIONAL

(PRESENT)
INTEGRAL

(PAST)
DERIVATIVE

(FUTURE)

Proportional: minimize the current error! 

Integral: if I’m accumulating error, try harder! 

Derivative: if I’m going to overshoot, slow down!



Proportional Control



The proportional gain matters!

What happens when gain is 
low?

What happens when gain is 
high?



Proportional term

32

What happens when gain is too 
high?

<latexit sha1_base64="p0FGk6Ug15V4BiUgLT9acuyqipQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLosuhHcVLAPaEOYTCfp0JlJmJmIJWbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJIwq7TjfVmlpeWV1rbxe2djc2t6xd/faKk4lJi0cs1h2A6QIo4K0NNWMdBNJEA8Y6QSjq4nfuSdS0Vjc6XFCPI4iQUOKkTaSbx/c+AkkfoZ1DvtRBFM/4+gh9+2qU3OmgIvELUgVFGj69ld/EOOUE6ExQ0r1XCfRXoakppiRvNJPFUkQHqGI9AwViBPlZdP7c3hslAEMY2lKaDhVf09kiCs15oHp5EgP1bw3Ef/zeqkOL7yMiiTVRODZojBlUMdwEgYcUEmwZmNDEJbU3ArxEEmEtYmsYkJw519eJO3Tmluv1W/Pqo3LIo4yOARH4AS44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrLVnFzD74A+vzB5dBlds=</latexit>

Kpect � umax



Proportional Integral (PI) Control

Proportional cannot 
overcome wind alone!

WIND



Proportional Integral (PI) Control

Integral control gets rid of this term since the integral keeps 
growing



Proportional Derivative (PD) Control
Apply the brakes when moving too fast! � converge to the 
steady state



Challenges with using the derivative term
Noise can lead to wildly changing derivatives – leading to huge control 

variations 

<latexit sha1_base64="d4XOuFrDYAie2LVna/hTkizeIpI=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCi1ASkepFKHrxWMF+QFvKZrtpl242YXcihFC8+Fe8eFDEq7/Cm//GbZuDtj4YeLw3w8w8LxJcg+N8W0vLK6tr67mN/ObW9s6uvbff0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOmNbiZ+84EpzUN5D0nEugEZSO5zSsBIPfswwVfYL0IJn+KO5rLYCQM2IBhKPbvglJ0p8CJxM1JAGWo9+6vTD2kcMAlUEK3brhNBNyUKOBVsnO/EmkWEjsiAtQ2VJGC6m05fGOMTo/SxHypTEvBU/T2RkkDrJPBMZ0BgqOe9ifif147Bv+ymXEYxMElni/xYYAjxJA/c54pREIkhhCpubsV0SBShYFLLmxDc+ZcXSeOs7FbKlbvzQvU6iyOHjtAxKiIXXaAqukU1VEcUPaJn9IrerCfrxXq3PmatS1Y2c4D+wPr8AdGFlSw=</latexit>

y = f(t) + sin(!t)
<latexit sha1_base64="y7QDa8/jrm+2cSWwSzUC0LwtbMw=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qkLUKZEaluhKIblxXsBdpSMmmmDc1MhuSMUIbu3fgqblwo4tYXcOfbmLaz0NYfAh//OYeT83uR4Boc59taWV1b39jMbGW3d3b39u2Dw4aWsaKsTqWQquURzQQPWR04CNaKFCOBJ1jTG91M680HpjSX4T2MI9YNyCDkPqcEjNWzc+MCvsJ+oQglfIo7MmADgjtU6mLKUOrZeafszISXwU0hj1LVevZXpy9pHLAQqCBat10ngm5CFHAq2CTbiTWLCB2RAWsbDEnAdDeZ3TLBJ8bpY18q80LAM/f3REICrceBZzoDAkO9WJua/9XaMfiX3YSHUQwspPNFfiwwSDwNBve5YhTE2AChipu/YjokilAw8WVNCO7iycvQOCu7lXLl7jxfvU7jyKBjlENF5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHvHXFSmeO0B9Znz+pL5hU</latexit>

y0 = f 0(t) + ! cos(!t)



How do you evaluate the derivative term?
Terrible way: Calculate    by measuring  and numerically 

differentiating to estimate 

<latexit sha1_base64="kdj9lXdvNGSKWt7FuQPIPrsOkww=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKJPppB06mYSZG6GE/IYbF4q49Wfc+TdO2yy0emDgcM493DsnSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT27nffeTaiFg94CzhfkTHSoSCUbTSYDCKMeP5MGOYD6s1t+4uQP4SryA1KNAaVj9tnKURV8gkNabvuQn6GdUomOR5ZZAanlA2pWPet1TRiBs/W9yckzOrjEgYa/sUkoX6M5HRyJhZFNjJiOLErHpz8T+vn2J47WdCJSlyxZaLwlQSjMm8ADISmjOUM0so08LeStiEasrQ1lSxJXirX/5LOhd1r1Fv3F/WmjdFHWU4gVM4Bw+uoAl30II2MEjgCV7g1UmdZ+fNeV+Olpwicwy/4Hx8A8Aakis=</latexit>

ėct
<latexit sha1_base64="UwcMjCc713icNdCgmqgAOsaT4U0=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI9FLx4r2A9oQ9lsN+3S3U3Y3Ygh9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcyZNq777aysrq1vbJa2yts7u3v7lYPDto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5Db3O49UaRbJB5PG1Bd4JFnICDa59HSO0kGl6tbcGdAy8QpShQLNQeWrP4xIIqg0hGOte54bGz/DyjDC6bTcTzSNMZngEe1ZKrGg2s9mt07RqVWGKIyULWnQTP09kWGhdSoC2ymwGetFLxf/83qJCa/9jMk4MVSS+aIw4chEKH8cDZmixPDUEkwUs7ciMsYKE2PjKdsQvMWXl0n7oubVa/X7y2rjpoijBMdwAmfgwRU04A6a0AICY3iGV3hzhPPivDsf89YVp5g5gj9wPn8AhQ+N6g==</latexit>x, y

<latexit sha1_base64="NXjMJN+pKDkTTe8RYDEnZRnauec=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwISURqS6LblxWsA9oQ5lMp+3QySTM3BRDyJ+4caGIW//EnX/jNM1CWw8MHM65h3vn+JHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW4exoqxFQxGqrk80E1yyFnAQrBspRgJfsI4/vZv7nRlTmofyEZKIeQEZSz7ilICRBrbdH4aQPmUXOCdJNrCrTs3JgVeJW5AqKtAc2F8mSeOASaCCaN1znQi8lCjgVLCs0o81iwidkjHrGSpJwLSX5pdn+MwoQzwKlXkScK7+TqQk0DoJfDMZEJjoZW8u/uf1YhjdeCmXUQxM0sWiUSwwhHheAx5yxSiIxBBCFTe3YjohilAwZVVMCe7yl1dJ+7Lm1mv1h6tq47aoo4xO0Ck6Ry66Rg10j5qohSiaoWf0it6s1Hqx3q2PxWjJKjLH6A+szx/MHZPJ</latexit>

ẋ, ẏ

Smart way: Analytically compute the derivative of the cross track 
error

<latexit sha1_base64="iY3erg8JVHQNLXqcL8tC05PAs1o=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKJPppB06mYSZGyGEfoQbF4q49Xvc+TdO2yy0emDgcM49zL0nSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT27nffeTaiFg9YJZwP6JjJULBKFqpOxjFmGezYbXm1t0FyF/iFaQGBVrD6qdNsjTiCpmkxvQ9N0E/pxoFk3xWGaSGJ5RN6Zj3LVU04sbPF+vOyJlVRiSMtX0KyUL9mchpZEwWBXYyojgxq95c/M/rpxhe+7lQSYpcseVHYSoJxmR+OxkJzRnKzBLKtLC7EjahmjK0DVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGBlN4ghd4dRLn2Xlz3pejJafIHMMvOB/fxJ+P3w==</latexit>

ẏ

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V

<latexit sha1_base64="noniRTag7xm3JwHCvQdVBUW0r98=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Q8mkmTY0kxmSO2IZ+hFuXCji1u9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm8QY/Y07ZcrbtWdg6wSLycVyNHol79skqURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nl93Ss6sMiBhrO1TSObq70RGI2MmUWAnI4ojs+zNxP+8borhtZ8JlaTIFVt8FKaSYExmt5OB0JyhnFhCmRZ2V8JGVFOGtqGSLcFbPnmVtC6qXq1au7+s1G/yOopwAqdwDh5cQR3uoAFNYDCGZ3iFNydxXpx352MxWnDyzDH8gfP5A8Maj94=</latexit>

ẋ

<latexit sha1_base64="1n1+G0Fw2XKXn82Ek8gszzgKL/I=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyxC3ZQZKdWNUHTjsoK9QKeUTJq2oZnMkJwRy9AXceOruHGhiAs34tuYTkfQ1gOBn/87J8n5/UhwDY7zZS0tr6yurec28ptb2zu79t5+Q4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/upry5h1TmofyFsYR6wRkIHmfUwLG6tplrxdCcj/BF7iBPRrqogdDBuTE8/IpGmdIc/mD8l274JSctPCicDNRQFnVuvaHuYvGAZNABdG67ToRdBKigFPBJnkv1iwidEQGrG2kJAHTnSTdboKPjdPD/VCZIwGn7u+JhARajwPfdAYEhnqeTc3/WDuG/nkn4TKKgUk6e6gfCwwhnkaFe1wxCmJsBKGKm79iOiSKUDCBTkNw51deFI3TklspVW7KheplFkcOHaIjVEQuOkNVdI1qqI4oekBP6AW9Wo/Ws/Vmvc9al6xs5gD9KevzG6OZoGQ=</latexit>

ẋ = V cos(✓)

ẏ = V sin(✓)



PID Intuition

PROPORTIONAL

(PRESENT)
INTEGRAL

(PAST)
DERIVATIVE

(FUTURE)

Proportional: minimize the current error! 

Integral: if I’m accumulating error, try harder! 

Derivative: if I’m going to overshoot, slow down!



Tuning PID controllers

PROPORTIONAL

(PRESENT)
INTEGRAL

(PAST)
DERIVATIVE

(FUTURE)

How do you set the Kp, Ki, Kd constants for a particular system?



Tuning PID controllers: Ziegler-Nichols
Heuristic/empirical method for computing Kp, Ki, Kd

See how the system responds to proportional 
gain 

Adjust integral and proportional accordingly


