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n Seeded paper discussion groups sent out, will be on Friday. 

n Post questions, discuss any issues you are having on Ed.
n Students with no access to 002, e-mail us with your student ID.
n Students that have not been added to the class, email 

abhgupta@cs.washington.edu with the subject-line “Waitlisted for 
CSE478”

Logistics

mailto:abhgupta@cs.Washington.edu


Recap



n Marginalization and conditioning in Gaussians results in Gaussians

n We stay in the “Gaussian world” as long as we start with Gaussians and perform 
only linear transformations.

Important Identities: Gaussians

Forward propagation

Conditioning



Discrete Kalman Filter
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Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models



Discrete Kalman Filter: Matrix Version
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian
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Goal of the Kalman Filter: Same as Bayes Filter
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Belief

Idea: recursive update

Measurement

Dynamics

Recursive Belief

2 step process:

n Dynamics update (incorporate action)

n Measurement update (incorporate sensor reading) 



Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Bayes Filters

Linear Gaussian



Linear Gaussian Systems: Initialization

n Initial belief is normally distributed:

n at any step t is: 

n at any step t is: 



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

Gaussian, easy!



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Prediction

Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!



Intuition Behind Prediction Step

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted variance

Previous belief

Belief Update



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Conditioning



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Previous belief

Updated belief

Computed from dynamics step



Linear Gaussian Systems: Observations

Intuition: Correct the update linearly according to measurement error from expectation, 
shrink uncertainty accordingly

Previous belief

Updated belief

Computed from dynamics step



Intuition Behind Correction Step

Previous belief

New Measurement

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Corrects belief based on measurement
à Average between mean and measurement based on K 
à Scale down uncertainty based on K



Unpacking the Kalman Gain

For the sake of simplicity, let’s say C = I
<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

Case 1: Very noisy sensor, R>>Σ

Case 2: Deterministic sensor, R = 0

Previous belief

Updated belief

Computed from dynamics step



Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 

Estimate 

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)



Kalman Filter in Action

TODO



Kalman Filter Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Optimal for linear Gaussian systems!

n Most robotics systems are nonlinear! 

Matrix Inversion (Correction)

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Matrix Multiplication (Prediction)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Why should we care?
Still a very widely used technique for estimation/localization/mapping in real problems



Lecture Outline

Kalman Filtering

Extended Kalman Filtering

SLAM as a filtering problem



Can I reuse Kalman Filter math for non-linear 
systems?



Nonlinear Dynamic Systems

n Most realistic robotic problems involve nonlinear functions
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Non-linear system

Additive Gaussian noise

More reasonable assumption than linear Gaussian. More on non-Gaussian systems next time



How do we deal with non-linearity?

n Differentiable non-linear functions can be 
expressed via their Taylor expansion 

<latexit sha1_base64="qRFGFCeBlRrzR01RQZYWHbzolKk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZph+ekUXfWKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO69U76ql2nUWRx6O4BjK4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AEikjks=</latexit>

f(x) =

<latexit sha1_base64="yUj0sJteoWj6GeFZxzpQVG9TgAQ=">AAACEnicbVC7TgJBFJ3FF+Jr1dJmlBghRrJriFoSbSwxkUcChNwdZmHC7CMzsway2W+w8VdsLDTG1srOv3GALRQ8yU3OnHNv5t7jhJxJZVnfRmZpeWV1Lbue29jc2t4xd/fqMogEoTUS8EA0HZCUM5/WFFOcNkNBwXM4bTjDm4nfeKBCssC/V+OQdjzo+8xlBJSWumbRLYyKuA1hKIIRdgtQxKe47QogsXuiX0lsHyaF0RkUu2beKllT4EVipySPUlS75le7F5DIo74iHKRs2VaoOjEIxQinSa4dSRoCGUKftjT1waOyE09PSvCxVnrYDYQuX+Gp+nsiBk/KsefoTg/UQM57E/E/rxUp96oTMz+MFPXJ7CM34lgFeJIP7jFBieJjTYAIpnfFZAA6D6VTzOkQ7PmTF0n9vGRflMp35XzlOo0jiw7QESogG12iCrpFVVRDBD2iZ/SK3own48V4Nz5mrRkjndlHf2B8/gDDBpsG</latexit>

f(x) ⇡ f(a) +
f 0(a)

1!
(x� a) Dropping higher order terms, when x-a is small enough

Pretend that your function is linear in this neighborhood 
à Reapprox in a new neighborhood

Linear function in x



n Idea behind EKF: Linearize the dynamics and measurement 
around current μt

n Dynamics Model (linearize around previous belief):

n Measurement Model (linearize around post dynamics belief):

EKF Linearization: First Order Taylor Series Expansion

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

Now everything is linear à back to Kalman filtering!



Modified System under EKF Linearization
n Start by linearizing dynamics model under current belief

n Dynamics Model (linearize around previous belief):

n Perform dynamics update

n Linearize measurement around post dynamics belief

n Perform measurement update

n Repeat

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t



Original Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 

Estimate 

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)



EKF Algorithm – linearize non-linear functions
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

Linearize dynamics

Linearize measurement
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



Why might we still want to use particle filters?

§ Non-linear functions
§ Non-Gaussian functions EKFs still require Gaussian Distributions



Ok so what have we learned
Bayesian Filtering!

Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Motion and Measurement Model 

Linear Gaussian 
– Kalman Filter

Nonlinear Gaussian 
– Extended Kalman Filter

Nonlinear non-gaussian 
– Particle Filter



Why is this useful - Localization



Why is this useful - Localization



Lecture Outline

Kalman Filtering

Extended Kalman Filtering

SLAM as a filtering problem



Why is this useful - SLAM
§ So far, the maps have been assumed to be known à often untrue à SLAM problem
§ A robot is exploring an unknown, static environment.

Given:

The robot’s controls (u)

Observations of nearby features (z)

Estimate:

Map of features (x)

Path of the robot (x)

map

localize
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Given:
n The robot’s controls

n Observations of nearby features

Estimate:
n Map of features

n Path of the robot

The SLAM Problem
A robot is exploring an 
unknown, static environment.



Why is SLAM difficult?
n Localization assumed map was perfectly known in the 

sensor/motion

n Mapping assumes position is fully known

n Doing both jointly is hard! 

Mapping Localization
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SLAM Applications
Indoors

Space

Undersea

Underground



Illustration of SLAM without Landmarks

Courtesy J. Leonard

With only dead reckoning, vehicle 
pose uncertainty grows without 
bound
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Illustration of SLAM without Landmarks

With only dead reckoning, vehicle 
pose uncertainty grows without 
bound

Courtesy J. Leonard



Mapping with Raw Odometry



Repeat, with Measurements of Landmarks

n First position: two features 
observed

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Second position: two new features 
observed

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Re-observation of first two features 
results in improved estimates for 
both vehicle and feature

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Third position: two additional 
features added to map

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Re-observation of first four features 
results in improved location estimates 
for vehicle and all features

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Process continues as the vehicle 
moves through the environment

Courtesy J. Leonard



SLAM Using Landmarks

MIT Indoor Track

Courtesy J. Leonard



Test Environment (Point Landmarks)

Courtesy J. Leonard



View from Vehicle

Courtesy J. Leonard



Comparison with Ground Truth

Odometry

Courtesy J. Leonard
SLAM result



Simultaneous Localization and Mapping (SLAM)

n Building a map and locating the robot in the map at the same time

n Chicken-and-egg problem

map

localize

Courtesy: Cyrill Stachniss



Definition of the SLAM Problem

Given
n The robot’s controls

n Observations

Wanted
n Map of the environment

n Path of the robot
Courtesy: Cyrill Stachniss



Bayes Filter
n Recursive filter with prediction and correction step

n Prediction

n Correction

n EKF Slam sets x to be (position of robot, position of landmarks)

<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)



EKF SLAM
n Application of the EKF to SLAM

n Estimate robot’s pose and locations of landmarks in the 
environment

n Assumption: known correspondences

n State space (for the 2D plane) is

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n Map with n landmarks: (3+2n)-dimensional Gaussian

n Belief is represented by 

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n More compactly

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n Even more compactly (note:                    ) 

Courtesy: Cyrill Stachniss



EKF SLAM: Filter Cycle

1. State prediction

2. Measurement prediction

3. Measurement + Data Association

4. Update

Courtesy: Cyrill Stachniss



Why is this useful - SLAM



Class Outline

Motion Planning Lazy Search

Search

Feedback Control

LQRMPC

Robotic System Design Filtering

SLAMLocalization

State Estimation Control

Planning

PID Control

Heuristic Search

Learning

Actor-Critic Model-Based RL

Imitation Learning Policy Gradient


